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A downlink heterogeneous cellular network model with intra- and inter-tier
correlated base station locations
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A Markov Model of Eusociality at its Origin

Hiroshi Toyoizumi Jeremy Field
Waseda University University of Exeter

Abstract  To understand advantages and disadvantages of various eusocial strategies, we use a transient
Markov arrival process and branching process modeling the group dynamics in a cooperatively-breeding
nest and its offspring dispersals. We show how to derive the basic reproductive number and the extinction
probability, and give some insight to the origin of eusociality.

1. Introduction

The origin and maintenance of eusociality is a question of major interest in evolutionary biology.
In eusocial and cooperatively-breeding taxa, some individuals, known as helpers or workers, forfeit
their own reproduction to aid the reproduction of other individuals known as queens or breeders.
In a recent theoretical paper, Fu et al. (2015) took a new approach by using Markov chain and
branching processes to model colony and population dynamics respectively. We here extend the
model of [Fu et al.| (2015) to include:

1. Worker mortality: we model not only queen but also workers’ death rates.

2. Inheritance of nest: instead of queen death causing catastrophic group failure, we assume
that if the queen dies a surviving worker can take over as the egg-layer so that the group
continues to produce offspring.

3. Productivity related linearly to group size: rather than productivity increasing only above a
threshold group size, we assume that each worker increases productivity by the same amount.

We use branching process (see |Durrett| (2012) for example) and transient Markovian arrival process
(Latouche et al.|2003) to analyze our models and to derive both the basic reproductive number
and the extinction probability. We find that allowing inheritance is particularly important for
understanding the origin of eusociality. Note that [Toyoizumi and Field (2014) uses a similar
technique using quasi-birth and death process but only to derive the basic reproductive number.

2. Solitary Model

We start with the basic solitary model, which introduces the concepts we will use. Like [Fu et al.
(2015), we assume that a solitary lineage starts with a single foundress that builds a nest and
starts producing offspring. Birth intervals and the lifespan of the foundress are independent and
exponentially distributed with by being the offspring birth rate and dy being the death rate of the
foundress. Let X be the number offspring that the foundress produces in her life span, then we

have
do bo "
P(X =n)= . 1
( n) bo + do <bo+d0> ( )

This can be interpreted as the following stochastically equivalent setting: set neutral random events
in time with the rate by + do, where each event is birth with the probability by/(bg + dp) or death
with the probability do/(bo + do), so that the number of births until foundress death follows a
geometric distribution as in .

Using the expectation of X, we can find the basic reproductive number R as

> do b \" bo
= F|X| = .
R [ ] nz:;)nbo—l—do <b0+d0) do’
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which is simply the product of the average life span 1/dy and the birth rate by. When R is greater
than 1, one foundress produces more than one offspring, and the population grows exponentially.

In the solitary model, all offspring act as foundresses, start their own nests and begin reproduc-
ing immediately. The population is extinct when all foundresses are dead. We also investigate the
populations extinction probability p, which can be analyzed by the probability generating function
¢(z) = E[zX] for z € [0,1]. Assuming that each offspring is marked red independently with the
probability z, then ¢(z) can be interpreted as the probability that all offspring are happened to be
red.

The extinction probability p is known to be the minimal solution of the equation for the branch-
ing process (e.g. see Durrett| (2012) for an example):

p=¢(p) = E [p¥]. (2)

Equation can be interpreted as follows: given that the initial nest produces X independent
dispersing foundresses, all of these X lineages go extinct with probability pX, and thus the extinction
probability p is simply the expected probability E[p*]. By (), given R = by/dp > 1, we have

o0 k
8(2) = BN = Y A ( " ) -
k=0

bo + do \ by + dy :bo—i-do—b()z.
Thus, the extinction probability p has to satisfy

0 = p(bo + do — bop) — do = (—bop + do)(p — 1),

and it is easy to show that p = dy/by = 1/R is its minimal solution. Thus, the extinction probability
and the basic reproductive number are essentially the same in the solitary model, with a larger
reproductive number R always giveing a smaller extinction probability p. However, we will see
that there is not always such a simple relationship between extinction probability and the basic
reproductive number.

3. Transient Markov Model for Estimating Dispersals

We can extend the above argument to more general models including group dynamics within a
eusociual group. We use transient Markovian Arrival Process (MAP) (Latouche et al.2003) for
modeling the number of dispersals.

Consider an initial eusocial foundress that builds a nest and starts producing offspring. Under
the eusocial strategy, some of her offspring may remain in the natal group as helpers, and we let
L(t) be the group size (i.e. the number of individuals in the group at time ¢ including the foundress
if she is still alive). We let X be the number of dispersing offspring (new foundresses) produced
before the group termination time 7" that occurs either when no individual remains alive (L(7") = 0)
or when a sudden catastrophic event happens to the group. We assume the group has a maximum
size M.

For simplicity, we assume that the group dynamics of L(t) can be analyzed by a Markov chain,
which means that we can focus on only the current group size L(t) to predict the future dynamics
(see F igure. Suppose that group size L(t) = i. The group size increases with rate A; and decreases
with rate p;. In addition, the nest may be terminated with rate v; due to some catastrophe (the
queen’s death in the model of Fu et al| (2015), or in our bet-hedging model of Section @ perhaps
due to attack by predators). When L(t) = 1, the death of the last remaining individual terminates
the nest so that there can be no downward transition from L(¢) = 1, and we set 41 > 0 and p3 = 0.
An offspring dispersal event occurs with rate v;, and each dispersed offspring is assumed to be a
foundress that starts her own nest.

Let D = (D(i,j)) be the transition rate matrix of a general M-state Markov chain of L(t),
where the component D(i,j) represents the transition rate from group size i to group size j. We
decompose D by the transition with and without dispersal. Let Dy be the transition rate matrix
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Figure 1: Transient Markov chain model of dispersal. Numbers in blue circles represent group size L(t)
(including the queen), which changes at the rates shown. Green arrows are related to the birth and
red arrows are related to the death of individuals in the group or (downward-pointing red arrows)
to catastrophic group failure. Note that upward-pointing green arrows indicating dispersal do
not change the group size.

without dispersal, D; be the transition rate matrix with dispersal, and C be the transition rate
matrix to catastrophe. To give an example, Dg for Figure [1|is a tridiagonal matrix:

(M +71+rv1) A1 0
u2 —(A2+ 72+ p2 +12) A2
Do = 1“3 —(A3+v3+us+rv3) A3
0 une —(yar + par +var)
and Dj is a diagonal matrix with Dy = diag(v1,vs,...,va) and C is also a diagonal matrix with

C = diag(y1,72, - -, VM)

Since there can be a catastrophic event, L(t) is transient, and both D = Dy + Dy and Dy are
non-singular, where we assume that a catastrophe and a dispersal do not occur at the same time.
Note that we could potentially apply this analysis to more general models than Figure [T} such as
when two or more births can occur at the same time.

The transient probability distribution ;(t) = P(L(t) = i,no catastrophe during (0,t)) is char-
acterized by the differential equation %7 (t) = 7(t)D and its solution:

m(t) = m(0)e™,

where 7(t) = (m1(t),...,mm(t)) and P! = Y22 ,(Dt)"/nl. In general, eP? is called the semi-
group operator of the system that can advance the clock of the model. Since the Markov chain
generated by D stops (terminates) at the catastrophic event, Zf\il m(t) may not attain 1. The
missing quantity 1 — Zf‘i 1 T(t) represents the probability that the nest has already terminated by
the time t.

Let T; be the time duration that the group size is ¢, then its expectation can be obtained by

EIT) = E [ /0 h uw)i}dt] - /0 T ri(dt = (x(0)(=D));,

which is equivalent to the lifespan 1/dy in the solitary model.
Since the Markov chain generated by Dy represents the process stopped either at the catastrophe
or dispersal, similar arguments give its semi-group operator as

P(L(t) = j,no dispersal and no catastrophe during (0,¢)|L(0) = i) = (eP°%), ;.

Let FF = fooo ePotDydt = (—Dg)~' Dy, which can be interpreted as the transition probability matrix
on the successive events of dispersal. Note that F' is a sub-stochastic matrix (at least one of the
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sums of each row is less than 1) since there is the potential for a catastrophic event. Similarly,
we define G = (—Dg)~'C which is the transition probability matrix from dispersal to catastrophe.
The matrices F' and G corresponds to by/(bp + do) and dy/(bg + dp) in the solitary model. Then,

(P(X =n,L(T—) =1),...,P(X = n, L(T—) = M)) = 7(0)F"G. (3)

where 7(0) = (1,0,...,0). The right-hand side of can be regarded as starting from the ini-
tial distribution 7(0), repeating the dispersal transition F' with n times and then a catastrophe
transition G occurs. It is not difficult to see that

P(X =n) = n(0)F"G1,

where 1 = (1,1,...,1)T. This is indeed equivalent to Theorem 4.1 in [Latouche et al.| (2003)) with
fo = G1 and fi; = 0 for the case of no catastrophe occurring at the same time as another event.
Since F' is sub-stochastic matrix, we have the identity (I — zF) ) >° 2" F™ = I. Thus, we have

E[*] = iz”P(X =n) =7(0)(I — 2F)"'G1.
n=0

Also, since (I — F) Y > (nF"™ =% >, F", the basic reproductive number is obtained by
R=E[X]=7(0)F(I — F)"G1. (4)

Note that these expressions are the direct extension of the solitary case. Using these expressions,
we can easily derive the basic reproductive number R and the extinction probability p in general
models such as the one shown in Figure [T, especially for a small M.

4. Specific Eusocial Models

Using the general model described in Section [3} we now define the specific models shown schemat-
ically in Figure [2| including our Primitively Eusocial model.

bo (1-q)bo (1-g)bo (1-q)b b (1-g)bo (1-g)bo b b (1-g)bo  (1-g)bo (1-q)b

i i qbo qbo qb

v v

do do do d d
Solitary Fuetal. Fu + Worker Mortality Fu + Inheritance

(1-g)bo (1-q)(bo+ba)  (1-q)(bo+2ba) bo+3ba
q(bo+ba) / q(bo+2ba)

(1-g)bo (1-q)(bo+ba) (1-g)(bo+2ba)  bo+3ba

qbo q(bo+ba) q(bo+2ba)

! v v

do do d d
Fu + Linear Birth Rate

Primitively Eusocial

(a) Solitary, Fu et al. eusoicial and Prim Eusocial (b) Auxiliary Models

Figure 2: Models Analyesed (with m = 3 and M = 4).

First, we define the model used in [Fu et al. (2015)), which has: (1) no worker mortality (2) no
inheritance following queen death, and (3) a threshold-type offspring birth rate, and a threshold-
type queen death rate which causes a catastrophic event. In contrast with the solitary model,
newly-born offspring now remain in the natal group with probability ¢ (the staying ratio), where
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they may help their mother. All newly-born offspring must leave the nest when L(¢) = M. If group
size reaches a threshold (L(t) > m), both the birth rate and the death rate change (positive effect
of helpers). When the foundress dies, the group is terminated. Thus, in terms of our general model
in Section [3] the Eusocial strategy of Fu et al. is described as:

qbp for 1 <i<m, (1—=q)by forl<i<m,
Ai=<gb form<i<M-—1, vi=<(1—-¢b form<i<M-1, (5)
0 for i = M. b for ¢ = M.

o do forl<i<m,
" )4 form <i< M,

and p; = 0 for all 4 (there is no mortality except catastrophic group failure following the death of
the queen). Using this approach, we successfully reproduced the results shown in [Fu et al.| (2015)
Figures 2 and 3. Note that either simple probabilistic or linear algebra arguments on lead to

R=M, (H;?;ll %_jgj) U which coincides with (16) in [Fu et al. (2015).

We next specify our Primitively Eusocial model (Figure . As in Fu et al.’s model, offspring
stay in their natal groups with probability ¢, but in contrast with the threshold-type offspring birth
rate in Fu et al.’s model, so that workers contribute something even at small group sizes (linear
birth rate). We also allow worker mortality at a rate proportional to group size, reflecting the cost
of the linear increase in productivity. In contrast with Fu et al., when the foundress (queen) in
the group dies, we allow inheritance of the egg-laying position: the group is not terminated and
continues producing offspring (initially at the rate appropriate for the smaller group size) until the
last individual in the group dies. Thus, our Primitively Eusocial strategy is described as:

i =

) q{bo+ (i —1)ba} for1 <i< M (1 —q){bo+ (i—1)ba} forl<i< M
= v —
0 for i = M. bo + (M — 1)ba for i = M.

~_)do fori=1, )0 fori=1,
Y0 fer2<i< M, Fi=Yayi for2<i< MM,

where ba represents the productivity boost provided by each additional worker. In this case, by
or by the simple probabilistic argument based on the memoryless of exponential distritubion,

we can derive R = 212/1:1 (Hf;ll 2—;) Z—’Z where we set p1 = =1 for simplicity.
To separately examine the effect of each of our modifications to Fu et al.s Eusocial strategy
model (worker mortality, inheritance, linear birth rate), we use three auxiliary models; (1) Fu +
worker mortality, (2) Fu + inheritance, and (3) Fu + linear birth rate (see Figure [2b). Each
represents a single component of our Primitively Eusocial model.
In the Fu + worker mortality model, with each additional worker we add dg to the downward

group size transition rate. Thus, in , we add the downward transition rate as

i = (Z - 1)d07

where the factor —1 reflects the fact that foundress death results in whole group failure and counted
in the catastrophe rate ~;.

In the Fu + inheritance model, we modify Fu et al.’s Eusocial strategy by assuming that one
of the remaining workers inherits the egg-laying position when the queen dies, so that there is no
whole group catastrophe rate for L(t) > 2, and we set:

) do fori=1, - Jdo for2<i<m,
n= 0 for i > 2, Hi = d for m <i < M,
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Figure 3: Comparison of Models in terms of R and in terms of the probability of avoiding extinction
(emergence probability). The parameters are set by M = m = 3;bp = 0.12,dy = 0.1;b =
0.45,d = 0.05;ba = (b — b0)/(m — 1) = 0.165.

Note that this model is otherwise specified as in (4), i.e. we do not allow worker deaths.
Finally, in the Fu + linear birth rate model, we assume that group productivity increases linearly
with the addition of each worker, so that:
) g{bo+ (i—1)ba} for1<i< M (1—=q){bo+ (i —1)ba} forl<i<M
P vV, =
’ for i = M. " ) bo + (M —1)ba for i = M.

Otherwise, the model is specified as in (4). If we add all three modifications simultaneously, we
obtain our full Primitively Eusocial model.

5. Numerical Examples

Numerical example derivations of the basic reproductive number R and the emergence probability
1 — p (probability of avoiding extinction) are shown in Figure The maximum group size is
assumed to be small (m = M = 3), which seems more realistic, when modelling the origin of
eusociality, than the assumption (m = 3, M = 100) in Fu et al.| (2015). In our Primitively Eusocial
model and the Fu + linear birth rate model, the increase in productivity with group size is assumed
to be a linear interpolation between by and b; thus we set ba = (b—b0)/(m —1). Other parameters
are identical to those in the middle graphs in Figure 2 of |[Fu et al.| (2015).

In some of their numerical examples, Fu et al.|(2015) found that both R and 1 — p decreased
at smaller staying ratios ¢ (see the orange lines in Figure [3]), which they interpreted as reflecting
a risk inherent in eusociality: the opportunity cost of worker production delaying the production
of offspring that immediately disperse. However, in our Primitively Eusocial model, both R and
1 — p increase with ¢, so that this risk apparently disappears. We check what causes this difference
by analysing the three auxiliary (partially modified) models; (1) Fu + worker mortality, (2) Fu
+ inheritance, and (3) Fu + linear birth rate (see Figures . Adding worker mortality is a big
disadvantage for eusociality, while adding either inheritance or a linear birth rate are advantages
(see Figure [3]), and the sum of the latter two positive effects is larger than the negative effect of
worker mortality, so that the risk disappears in our overall Primitively Eusocial model.

For a detailed comparison of the models (Figure {4)), we illustrate the number of dispersing
offspring produced at each group size L(t) when the staying ratio is small (¢ = 0.1) and large
(¢ = 0.7), which are easily estimated by the vector 7(0)(—D)~*D;. Also, we include the expected
time duration at each size. First, consider the case when the staying ratio is small (¢ = 0.1).
Because we allow worker mortality, group size reaches the maximum (M = 3) less frequently in
the Primitively Eusocial model than in Fu et al.’s eusocial strategy, so that productivity at this
group size is smaller (see also Fu + worker mortality). However, inheritance results in greater
productivity at L(¢) = 1 than in Fu et al.’s model (the nest always returns to group size 1 before
group termination), and this is the main source of the improved performance of eusociality in the
Primitively Eusocial model (and the Fu + inheritance model). Inheritance is important because it
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Figure 4: Mean number of dispersals and mean time spent at each group size, where colours represent
different group sizes (¢ = 0.1 or 0.7; M = m = 3;by = 0.12,dy = 0.1;b = 0.45,d = 0.05;ba =
(b—00)/(m —1) = 0.165)

avoids the wasted investment in worker production that occurs when catastrophic group termination
follows queen death in Fu et al.s eusocial model. Instead allowing productivity to increase linearly
with group size does lead to increased dispersal at group size L(t) = 2, but it is a smaller effect
(compare the total dispersals at L(¢) = 1 and 2 of Fu + inheritance and Fu + linear birth rate).
Next, consider the case when the staying ratio is high (¢ = 0.7). Fu et al.’s eusocial strategy now
spends longer at the maximum group size thanks to the low queen death rate. This advantage
is significant because reaching to the maximum (M = 3) is relatively easy now. At high staying
ratios, Fu et al.’s eusocial strategy can therefore perform better in terms of the basic reproductive
number E[X] for some combinations of parameter values, as shown in Figure

To obtain an idea of the robustness of our results when maximum group size is larger, we also
illustrate the number of dispersals when m = 3, M = 10 (see Figure[5). The results are qualitatively
similar to those for m = 3, M = 3, but the emergence probability for the eusocial strategy of Fu
et al. now continuously decreases with increasing q. The effect of allowing just inheritance is much
larger than in the case of m = 3, M = 3, because more offspring can potentially become helpers
when M = 10, so that more investment is wasted in Fu et al.’s eusocial strategy when catastrophic
group failure occurs.

Further, we checked the robustness of our result by looking at different b/d ratio in Figure
[6] which clearly shows that the primitively eusocial model performs better especially at smaller
staying ratios q.

6. Bet-Hedging

We also view our general model in terms of spatial bet-hedging (Starrfelt and Kokko|2012), where
the solitary strategy effectively spreads risk by producing offspring that disperse individually as
opposed to staying on the natal nest under the eusocial strategy. To illustrate this, we consider a
simple case of the Primitively Eusocial model with M =2 and ¢ = 1 (all offspring become helpers
below the maximum group size). We additionally specify completely linear productivity ba = by
and a rate of catastrophic group failure ¢ that is independent of group size (see Figure @:
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Figure 5: Comparison of Models as in Fig. and but with M = 10. The parameters are set by
m=3,M =10;by = 0.12,dy = 0.1;b = 0.45,d = 0.05;bp = (b — b0)/(m — 1) = 0.165.

(a) Basic reproductive number R.
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Figure 6: Region graphs comparing Fu et al.’s solitary and eusocial strategies with our Primitively Eusocial
strategy in terms of basic reproductive number and emergence probability in the b/d — ¢ plane.
Other parameter values are m = 3, M = 3;bp = 0.12,dy = 0.1;d = 0.05;ba = (b —b0)/(m — 1).
The white region indicates the area where the Primitively Eusocial strategy is certain to go
extinct (its basic reproductive number is R = E[X] < 1). The area surrounded by the blue
boundary is where the solitary strategy performs best so that in (b), for example, our solitary
strategy performs best at all ¢ values when b/d is low, whereas Primitive Eusociality performs

best when b/d is high.
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Figure 7: Schematic for a simple eusocial model to illustrate one form of bet-hedging
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Then, with some direct matrix calculations as in Section (3] the probability generating function for
the number of dispersals X in this model is obtained by
be+ (c+d)(c+ 2d) + 2b(c + d)(1 — z)

Bl="] = be + (c+d)(c+2d) + 2b(c+d + b)(1 — 2)’ ?

and also the basic reproductive number is obtained by

_ 2b?
~be+ (c+d)(c+2d)

Reusocial = E[X] (7)
We compare these results with the solitary model under the same catastrophe rate c.

Before comparing the two strategies, however, we check the results in the case with a zero
catastrophe rate: these should be the same for solitary and eusocial. As described in Section

given b > d, we have the extinction probability p = d/b and the basic reproductive number
E[X] = b/d for the solitary model. If we set ¢ =0 in (6], we have

2d? + 2bd(1 — z)

Bl = bt 1 (1~ =)

and set z = d/b to have

B2 _ 2bd*+2d(b—d)  d
=T obd® + (b + d)(b—d) b

This shows that the eusocial model has the same extinction probability as solitary model as pre-
dicted. However, if we set ¢ = 0 in @, we have

b\* b
Rsusocial = E > g = Rsolitarya
thus the eusocial model has always a larger basic reproductive number. This is because the lifespans
of the two types of group are different, and suggests that generally, comparing the strategies in
terms of the basic reproductive number could be misleading. Using the extinction probability is
preferable.
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Figure 8: An example where the solitary strategy has an advantage through risk-spreading. The parameters
are set by M = 3;6=0.12,d =0.1.

Next, we compare the two strategies including a positive catastrophe rate. Given b > c+ d, we
have the extinction probability p = (d 4 ¢)/b and the basic reproductive number E[X] = b/(c + d)
for the solitary model with catastrophe. If b > ¢ + d, the simple eusocial model has

R B 2b* . 2b? b

ewocial T et (c+d)(c+2d) ~ be+blc+2d) c+d

thus the eusocial model has always a larger basic reproductive number, but this may not be mean-
ingful as just discussed. For the extinction probability, taking z = (d + ¢)/b in @, then we have

B, b+ (c+d)(c+2d)+2(c+d)(b—c—d)
“ = = e+ d) (e + 2d) + 2(b+ ¢+ d)(b— ¢ — d)
b+ (c+d)(20 - c)
oelb—c—d)+202

Rsolitary )

Now given b > d + ¢, we have

d+c c(b—c—d)?
X
E[Z ”z:(d—I—c)/b_ b = b{2b2+c(b—0—d)}

> 0.

Since E[2¥] is a decreasing function of z, the extinction probability satisfying p = E[p¥X] is greater
than (d+c¢)/p. Thus, the extinction probability for the simple eusocial model is always larger than
for the solitary model. The solitary strategy performs better if we have a positive catastrophe rate,
and the only difference between the two strategies is the fact that offspring produced under the
solitary strategy initiate new nests.

Figure [8] shows the basic reproductive number and the extinction probability for the case of
M = 3. We can see that as shown above for the case when M = 2, the solitary strategy performs
slightly better than eusociality in terms of the emergence probability. However, the advantage is
marginal, and so may be overcome by only a slightly super-linear productivity for the eusocial
strategy.
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Abstract  In this paper, we theoretically analyze temporal correlations of interference under a spatially correlated
shadowing environment in non-Poisson networks. We utilize well-accepted Gudmundson (1991)’s model for the
spatial correlation of shadowing and model the transmitter locations by repulsive point processes and attractive one.
For the repulsive one, we consider determinantal point processes and for the attractive one, doubly Poisson cluster
processes. In addition, we consider i.i.d. mobility models for each transmitter. By using a useful mathematical tool,
Watson’s lemma, we derive simple asymptotic formulas of the temporal correlation coefficient of interference when
the variance of the shadowing is large. The obtained results show the readable relationship between the correlation of
shadowing, that of transmitter locations, mobility effect, and the correlation of interference.

1. Introduction

In general, shadowing effect in wireless transmission channels is spatially correlated on a scale from 50
to 200 m [1] due to the effects of blockage and reflection. A well-accepted model for the correlation
of shadowing is Gudmundson’s model [2], in which the shadowing is modeled as an autoregressive log-
Gaussian process with an exponentially decaying autocorrelation function subject to the moving distance of
the transmitting node. Due to the spatial and temporal aspects of wireless systems, such spatial correlation
may affect the performance of wireless communications. For example, if the channel quality is spatially
correlated, outages at multiple antennas are spatially correlated, which may lead to frequent simultaneous
outages. However, few studies theoretically analyzed the impact of the spatially correlated shadowing on the
performance of wireless communication systems due to its mathematical intractability. Most of the previous
works assumed i.i.d. fading (only Rayleigh fading is often assumed). In addition, the impacts of the mobility
of transmitters in the correlated shadowing environment has not been sufficiently analyzed.

To characterize the spatial and temporal performance of wireless systems, correlations of interference
or outages have been studied in this decade. Indeed, interference is one of key factors of the performance of
various wireless communication systems because it directly relates to the communication quality. In addi-
tion, interference can be spatially and temporally correlated due to the locations of interferers, transmission
patterns, and fading effect including the spatially correlated shadowing. Furthermore, such correlations of
interference may degrade the performance of wireless communications in various aspects, e.g., end-to-end
throughput, retransmissions [3], cooperative relaying [4], broadcast communications, multiple antennas [5],
and handovers [6]. For example, quick retransmission after a transmission failure is likely to fail again due
to the temporal correlation of interference. Thus, understanding the correlation of interference is important
in the design and control of various wireless systems.

In this paper, we study the temporal correlation of interference in mobile ad-hoc networks (MANETS)
under a spatially correlated shadowing environment. We model the locations of transmitters (i.e., interfer-
ers) by two types of non-Poisson point processes: repulsive one and attractive one. More precisely, we
consider determinantal point processes and doubly Poisson cluster processes for repulsive and attractive
point processes, respectively. The spatially correlated shadowing is modeled by widely-accepted Gudmund-
son’s model [2], and we consider i.i.d. mobility models for the mobility of transmitters. In our previous
work, we study the temporal correlation of interference under spatially correlated shadowing in Poisson
networks [7]. Thus, this paper is an extension of the work toward non-Poisson network models. The
Poisson model assumes independence among the locations of transmitters, however, they may have posi-
tive/negative correlations in the real world due to many reasons, such as geographical limitations and human
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activity. Therefore, we reveal the impacts of such correlations of transmitter locations and shadowing on
the performance of wireless communications in this work. However, the temporal correlation coefficient
does not have a closed-form expression due to these correlations. Thus, we derive simple asymptotic expan-
sions of the correlation coefficients when a variance of the log-normal shadowing increases by enhancing
the approach in [7]. The obtained results show the readable relationship between the correlations of the
shadowing, transmitter locations, mobility and the correlation of interference.

In what follows, we briefly summarize related works in the area of theoretical analysis of spatial or
temporal correlations in wireless communications. Due to their importance, many researchers considered
spatial and temporal correlation of interference in various scenarios in this decade [6, 7, 8, 9, 10, 11, 12, 13,
14]. Those in Poisson ad-hoc networks were first studied by Ganti and Haenggi [8], and they showed that
interference can be correlated due to node locations even with ALOHA. Schilcher et al. [9] extended this
work by considering the durations of traffic and block fading. The impact of the mobility of transmitters
on the correlation of interference was studied in [10]; and it was shown that the correlation of interference
becomes lower in a higher mobility environment. As extensions of a model of node locations, Wen et
al. considered K-tier heterogeneous networks [11] and also studied the cases when node locations are
distributed with a Matérn cluster process or a second-order cluster process that has a repulsive property.
Krishnan and Dhillon [6] studied the spatial and temporal correlation of interference and the joint coverage
probability in a cellular network with a closest base station association policy. Furthermore, Koufos and
Dettmann [15] studied the impact of the correlation of the node mobility with a random waypoint mobility
model in a 1-D finite lattice. However, these studies assumed i.i.d. fading for each transmission channel
(often Rayleigh fading is assumed) due to mathematical tractability and ignored the spatial correlation of
shadowing. Most recently, Koufos et al. [13, 14] analyzed the effect of blockage on the temporal correlation
of interference. In their latest work [14], they modeled the locations of nodes and obstacles by 1-D PPPs
and consider the penetration loss of obstacles. However, they did not analyze the relationship between the
correlation distance of shadowing and correlation of interference in a general framework. In addition, the
obtained results are complicated, and so the impacts of various system parameters were not clearly shown
even though their modeling assumption was quite simple.

There are also several studies that aimed to efficiently model or approximate the mathematically in-
tractable shadowing effect. Blaszcyzyszyn and Karray [16] studied the mean interference in cellular net-
works when the variance of the shadowing increases. Similarly, Btaszcyzyszyn et al. [17] considered
the path-loss process. Heath et al. [18] approximated the log-normal shadowing by gamma distributions.
Whereas the above studies assumed i.i.d. fading for each transmission channel, Renzo et al. [19] considered
a model where all channels are equicorrelated. Baccelli and Zhang [20] recently proposed a correlated shad-
owing model in which correlated log-normal shadowing is approximated by a random variable depending
on the number of buildings that a transmission channel penetrates. Recently, this idea was applied to a 3-D
network model by Lee et al. [21]. Contrary to the above studies, we aim to derive a simple and readable
relationship between the spatial correlation of shadowing and temporal correlation of interference on the
basis of Gudmundson’s shadowing model. In addition, we also investigate the impacts of node mobility and
correlation of node locations in this paper.

The reminder of this paper is organized as follows. Section 2 explains our model considered in this
paper. Section 3 presents our main results, the temporal correlation of interference. Finally, we conclude
this paper in Section 4.

2. Model Description

2.1. Network modeling

We consider 2D-space R?, in which the target receiver is located at the origin o, and assume that time is
slottedast € Z £ {0,1,2,...,}. Inaddition, potential transmitters (interferers)' are randomly distributed
on the space at the initial time slot £ = 0 according to a certain point process and randomly move in each time
slot according to an i.i.d. mobility model. Let z;(¢) € R? denote the location of the i-th transmitter (i € Z)

'In this paper, we only consider the transmitters of the interference channel and assume that a certain transmitter of the desired
channel is located independent of the interferes.
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and let ®(t) = {z;(t);7 € Z,} denote the locations of transmitters at the time slot ¢. In this paper, we
consider two types of non-Poisson point processes for the initial transmitters locations (i.e., ®(0)): repulsive
point processes and attractive one. More precisely, we consider a determinantal point process (DPP) for the
repulsive one and doubly Poisson cluster process (DPCP) for the attractive one. In what follows, we give
the detailed definitions of these point processes. To simplify the notation, we write (0) = @, 2;(0) = z;
when considering only the initial time slot ¢t = 0.

2.1.1. Determinantal point process (DPP)

We first define the n-th moment density function p(™ (z1, ..., x,) of ® such that for By, ..., B, C R?,

#
/ / Pz, ... zp)dey ... de, = E Z I(x; € By)... I(zy, € By) |, (1)
B n

Ty, Lp €D

where 1(-) denotes the indicator function and # indicates the sum is taken over distinct points on ®. The
DPPs are characterized by their moment density function:

P (z1,. .. xy) = det|K](z1, . .., n),
where K is a kernel function. In addition, for stationary DPPs, p(?) (z,y) satisfies

pP(z,y) = pollz —yl),  z,y R,

where || - || denotes the Euclidean distance. A well-known example of DPPs is a 5-Ginibre point process
(B-GPP). Formally, if K is the Gaussian kernel such that

Kpo(z,y) = %e—C(IxPJrIyF)/(?ﬁ)6(0/6)9@’ 2y €eC,

® is called as the 3-GPP with intensity A = cr~! (¢ > 0). Its second moment density function is equal to

c\2 — Sz —2x2]?
PP (1, m9) = (;) (1—e ller—a2|l ), 1,12 € RZ ()

2.1.2. Doubly Poisson cluster process (DPCP)

In general, a cluster process is generated from a parent point process and related daughter point processes

(i.e., a point process in a cluster around each parent). In the DPCP, the parent point process is a homogeneous

PPP with intensity ), and the daughter points in each cluster are distributed according to an i.i.d. finite PPP

with intensity A.(y) around the parent point with mean ¢. Clearly, the intensity of the DPCP is A = \,c.
An example of DPCPs is a Thomas cluster process (TCP), in which each cluster has Gaussian intensity

function I ||2
c x
A = — . 3
() 2mo2 eXp ( 202 ) 3)

2.2. Mobility modeling

In this paper, we consider the following i.i.d. mobility model. The position of the transmitter ¢ at the time
slot (¢ 4 1) is determined as z;(t + 1) = x;(t) + v; and v; is independently distributed with a probability
density function (v) (v € R?). Thus, the moving distance of the transmitter 7 in 7 time-slots, i.e., v;(7) =
x;(7) — 2;(0), has the p.d.f. 1, (v) £ )7*(v), which represents the 7-th convolution of (v). In addition,
we assume that 1)(v) depends only on the moving distance, i.e., ¥(v) = ¥(||v||) and ¥, (v) = ¥, (||v]).
We choose the following two models as examples of 1)(v): (i) constrained i.i.d. mobility model; and (ii)
discrete-time Brownian motion model. The same models are considered in [10].

(i) Constrained i.i.d. mobility (CIM) model: In the CIM model, the location z;(t + 1) € ®(¢ + 1) of the
transmitter ¢ at the time slot (¢ + 1) is determined independent of x;(t) such that

xi(t+ 1) := 2;(0) + v;(1), teZ,.
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Here, v;(t)’s are uniformly distributed in B(o0, Viyax), a ball centered at o with radius Vj,ax. Clearly,

“

w ('U): T}%axv UGB(Oyvmax)v
i 0, otherwise.

(i1) Discrete-time Brownian motion model (BM): In the BM model, the location of the transmitter ¢ at the
time slot (¢ + 1) is determined by

zi(t +1) == z(t) +vi(t),  tE€Zy, 5)

with v;(t) ~ N(0, 0% 1), and thus ¢, (v) = N (0,703 1).
2.3. Channel modeling

We next explain our channel model. For simplicity, we assume that all transmitters have the unit transmission
power. The distance based path loss model is assumed as

lr)= (o +Ir)%  rekR,

where o > 2 is a path loss exponent and €( denotes a parameter for avoiding singularity at » = 0. Let h
denote the shadowing variable. According to a widely-accepted assumption for the shadowing effect [1], h
is assumed to be log-normally distributed,

h=exp (—0ig/2 + dapZ) .

where Z ~ N(0,1). Note that E[h] = 1 and E[h2] = ¢%as. In addition, we model the spatial correlation
of shadowing on the basis of Gudmundson [2]’s model as follows. If we consider two transmitters at x; and
xzj (i # j)in R? and their transmissions to o, the corresponding shadowing variables h; and hj have the
following correlation coefficient in the logarithmic sense depending on the distance between the transmitters:

» Ellnh;ln byl e 1

,OdB = 72 =€ dcor
94B

(6)

Here, d..; is known as the correlation distance and a typical value of d., in urban environments is [50, 200]
m (see e.g., [2]). For simplicity, let dy = dcor/ In 2. Therefore, (6) can be rewritten as

9 5 - ll;—;l
E[h;hj] = exp (04ppas) = exp <UdB€ o > ) 7

In this paper, we only consider the effect of the shadowing and do not take into account the multi-path
fading, such as Rayleigh fading. In addition, the shadowing is assumed to be time-invariant, i.e., shadowing
variables do not depend on time but geographical locations of transmitters.

By definition, the received power from the transmitter ¢ at the time slot ¢ can be represented as h;(t) /¢(x;(t)).
Thus, the total interference power received at o is

I(t) = Z hi()Si(t) (8)

zi(t)ED(t)

where S;(t) denotes an i.i.d Bernoulli random variable with mean ¢ and equals to 1 when the transmitter 7 is
transmitting radio waves at the beginning of the time slot ¢, otherwise 0. In other words, we assume that each
transmitter transmits radio waves with probability ¢ in each transmission time-slot. In addition, we assume
that the transmission period is fixed and smaller than the mobility time-slot and thus the transmission of
each transmitter at the time slot ¢ does not continue until the next time slot (¢ 4+ 1). Therefore, S;(t) and
Si(t + 1) are independent for all 3.
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3. Main Results
In this section, we present our main results, the temporal correlation of interference, To do this, we first
derive the first and second moments of interference, which will be used for the derivation of the temporal
correlation coefficient of interference. Due to the correlations of shadowing effect and transmitter locations,
the second moment and temporal correlation coefficient do not have explicit forms. Therefore, by apply-
ing Watson’s lemma (see e.g., [24] and Appendix A), we derive their simple asymptotic expansions for
sufficiently large o4g.

In what follows, we use the order notation as below. Let f(z) and g(x) denote functions on R. We write

f(z) =0(g(x)),  asz— oo,

f(z) =0O(g(x)), forz > M.

3.1. First and second moments of interference
The mean interference can be easily obtained from Campbell-Mecke’s theorem (see e.g., [23]):

. Q. 2
E[l] —E hiSi | / AE[R] 212)\q

vt g2 €0+ ||zl|* el=2aqasin(2r/a)’
k2

We next consider the second moment of the interference, E[I2]. By definition, this can be rewritten as

#

hihjSiSj Z ]’L%Si

B[] =E Uar) () ()2

(10)

Ti,x;€P z, €P

The second term in the above can be easily computed by applying Campbell-Mecke’s theorem (e.g., [23])
as follows.

28. E[h2
Z LSZQ :/ L}L]@de = \ge%iBny, (11)
2 WP |~ Jre Got )
where
212 (o — 2)

V=5 . (12)
Eg 2/eg2 sin(27/a)

On the other hand, the first term in (10) can be numerically computed, but it does not have a closed-form

due to the spatial correlation of shadowing and that of transmitter locations. Lemma 1 below shows simple

asymptotic expansions of the second moment of interference when the variance of log-normal shadowing

(i.e., ogp) is large.

Lemma 1 The second moment of interference has the following asymptotic expansions as 0(21]3 — oo: (i) If
® is the DPP with the second moment density function po(r),

Ard3qpy(0 1
E[IZ] — qudB"y |:)\ + %p()() + O <8>:| , (13)
948 4B
and (ii) if ® is DPCP with the cluster intensity function \.(r)
DW D) 1
E[I?] = ghedny |\ —DPCE | ZDPCP | () (8> , (14)
o o o
dB dB dB
where
DY) = 2nd?q ()\ + {/\9*)(0)) . DY, =2rdlq (3>\ +aiae(g) 4 2%y XC(O)> . (15)
& & C
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Proof. The proof of this lemma is given in Appendix A. O

Corollary 1 The second moment of interference has the following asymptotic expansions as oqg — 00: (i)

If @ is the 3-GPP,
dB 127diqe 1 1
E[I%] = Aqge” v [1 + TOUT +0 <010>] ,
dB dB

and (ii) if @ is the TCP,

1 1 3 1
E[I%] = Age%iny {1 + 27d2 Mg <1 + ) { + } +0 <)] .
0 ATt \,02 aﬁB USB 0'(81]3

Proof. The proof of this corollary is given in Appendix C. (N

3.2. Temporal correlation coefficient

In this section, we derive the temporal correlation of interference. To do this, we first give the definitions
of the temporal covariance and temporal correlation coefficient of interference. The temporal covariance of
interference for time interval 7 slots (7 € Z, ) is given by

Cov[I(0),I(r)] = E[I(0)I(r)] — (E[1])*. (16)
Similarly, we define the temporal correlation coefficient of interference as follows.

& ColIO). ()] _ EIO)I(r)] — (E[1))
T /NVar[I(0)] Var[I(7)] E[I?] — (E[I])?

The following results are asymptotic expressions of the temporal covariance.

Lemma 2 Suppose @; (0) exists. In addition, for any function f : R?> — R, we write

By, [f(v)] = . F)r(v)dv.

The temporal covariance of interference for time interval T has the following asymptotic expansion as
03 — oc: (i) If © is the DPP,

X (0) + Ey, [po(]|v]])]
UéB

Cov[I(0),I(7)] = 27rq2dge‘7<2ﬂ3fy [

3 (0) + 2Xdoi-(0) + 3E 1
) G0+ Bl o (L]
9dB 748
and (ii) if ® is the DPCP,
c@ c© 1
Cov[I(0), I(1)] = ghe%iny [ E}fCP - ggcp +0 <08> : (18)
dB dB dB
where
_ 1 i}
Chpep = 2mdgg (w7<o> A+ By ><Hvrm>) , (19)
1 . _
Clbee = 2y (30,0 + A+ 10, D@ + 2007,0) ) 20)
Proof. The proof of this lemma is omitted due to the space limitations. O
We can easily confirm that @/T (0) = 0 in our mobility models. In addition, ¥.(0) = 1/(7V;2,,) in

the CIM model and ¥.(0) = 1/(2n70%) in the BM model (see Section 2.2). The terms E,;_[po(||v]|)] and
Ey, [)\(()2*)(Hv||)] also can be calculated by using (2) and (3). As a result, we obtain the following corollary.

28



Corollary 2 The temporal covariance has the following asymptotic expansions as oqg — 00:

C AC 3C 3\C 1
00 s (1))

8

Cov[I(0),I(1)] = 27r)\q2d%e”t2ﬂ3'y [
948

048 4B

where (i) in the 3-GPP model with the CIM mobility model,

1 I} c _cy2
SR A B )
TV fax P V2 \B
(ii) in the 5-GPP model with the BRM mobility model,
1 267’0"2/
Cv = Y P = o3
TTOY, B+ 2croy;

(iii) in the TCP model with the CIM mobility model,

1 1 Vil
CV:THQMX’ szl—i-/\]ﬂrvr%a)((l—e 4%),
and (iv) in the TCP model with the BRM mobility model,
Cv:ﬁ, Cp:1+27r)\ (202 4+ 102)’
v pla0c v

Finally, we provide asymptotic expressions of the temporal correlation coefficient of interference.

Theorem 1 Suppose E,T(O) exists. The temporal correlation coefficient of interference of time interval T is
asymptotically equivalent to when oqg — oo: (i) If @ is the DPP,

1 4rd3qp)(0 1\
ptm,r == 271'ng |:1 + 7%/)0() + O (8):|

A 4B 94B
D (0) + LiE 30_(0) + 2dotb-(0) + 3E

o [0 3Bl S50 205 0)+ $En ] (L]

048 948 938
and (ii) if ® is the DPCP,

(4) (6) (4) (6)
D D 1 C C, 1

s = |1+ chp 4 Dévcp +O<8> D};CP 4 DgCP +O<s> ’ 22)
948 4B 03B 048 948 948

where D](341)>CP’ Dgil))cp, 01(3412013’ and C’gagcp are given in (15), (19), and (20), respectively.

Corollary 3 The temporal correlation coefficient is asymptotically equivalent to as oqg — co: (i) If ® is
the 3-GPP,

127dige 1 L\ ' [Cy +MC, 3Cy+3XC 1
Ptm,m = 27qu(% (1 —+ MT + 0 (10)) |: 4 4 £ + v 6 £ +0 <8):| ’ (23)
g 03B 048 048 03B 938

and (ii) if @ is the TCP,

1 1 3 1\\*
Ptm, = 2mqd? (1+27Td2>\q (1—|—) {+}+O<)>
mT ° ° Ar Aol ois %% 4B

1
. [Cer)\Cp +30V4%3A0p+0< ﬂ o

Tdn 94B o
where Cy and C), are defined in Corollary 2.
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4. Conclusion

In this paper, we study the temporal correlations of interference in non-Poisson networks under spatially
correlated shadowing. By assuming Gudmundson’s correlated shadowing model [2] and modeling trans-
mitter locations by determinantal point processes (DPPs) and doubly Poisson cluster processes (DPCPs),
we derive the temporal correlation coefficient for each model. Since the exact expressions of the temporal
correlation coefficients do not have closed forms, we derive simple asymptotic expansions of them when the
variance of the log-normal shadowing is large. The obtained results show the readable relationship between
system parameters. Since we only focus on the correlations of interference in this work, spatio-temporal
analysis of more practical performance metrics, such as correlations of outage probabilities under spatially
correlated shadowing, is our future work.

A. Watson’s Lemma

In this appendix, we explain Watson’s lemma, which is a useful mathematical tool in an asymptotic analysis
of the following form of exponential integrals:

5 a+d 0
F(o) & / "’ g(t)dt = / Rt g(a + 7)dr, (25)
a 0

where § > 0, R(t) has its maximum at ¢ = a, and g(t) is a nonnegative function. Moreover, let R(t) :=
R(t) — R(a). Watson’s lemma gives an asymptotic expression of F'(¢) when o is large.

Proposition 1 (Miller [24] (Section 3.3)) Suppose that R(t) and g(t) have an infinite number of continu-
ous derivatives for a <t < a + 6 and R'(a) < 0. We then have the following asymptotic expansion.:

- > ™) (0
o) =3 P,
n=0

as o — oo witho > 0, (26)

where

U(s) =gla+7(s)7(s),  R(a+7)=-s, 27)

We can immediately obtain the following corollary from Proposition 1.

Corollary 4
F(o) = e?B@) w((j()) + ¢(;(§)) + T/Ji;(go) +¢/;ii0) +0 <015)] ,  aso — o,
where
_ g(a) / . 1 / / _ 1
v(0) =~k V10) = a0 @R (@) = g@R' @),

$"(0) = —(R,(la))5 [9"(a)(R/(a))? = 3¢'(a)R'(a)R"(a) —g(a) {R'(a)R"(a) — 3(R"(a))*}],
" (0) = (R/(1a))7 [9" (a)(R/(a))® — 6¢"(a)(R'(a))*R"(a) + ¢'(a)R'(a) {15(R"(a))* — 4R'(a)R" (a)}

—g(a) {(R"(a)*R""(a) — 10K (a)R"(a) K" (a) +15(R"(a))*}]. (28)

Furthermore, by applying the above results, we obtain Proposition 2 below, which is used in the proof of
our main results.

Proposition 2 (Proposition 4.2 in [25]) Let f(-) denote an arbitrary function on R such that f'(0) exits.

In addition, let
=yl
exp ( i ) £yl

//Rz Qe +ol) @
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We then have

U(f) = 2770%6027 {f;g) + 37(0) +2do f'(0) +0 <1>] , as o — 00,

o6 o8

where 7y is given in (12).

B. Proof of Lemma 1
We start with the case of the DPP. It follows from (1) and Campbell’s theorem (see e.g., [23]) that

hih;SiS; // _ Byl o)
' 2E (zi, x;)dz;dz;
Z o (llilDedlz5]) H-’IJJH (PR ! ’

@ 2 / / po(llyl)dzdy, (29)
g I (EIEE

where we use (7) in (a). Note here that pp(0) = 0 in the DPP. Therefore, by applying Proposition 2 to the
above, we obtain

2OZOPO(O)

odn
Combining the above and (11) with (10) results in (13).

We next consider the case of the DPCP. The second moment density function of the DPCP with cluster
intensity function \.(r) is given by (see e.g., [23])

1
I'= 27rq2d2 UdB7 [ + 0 <8>} , as ogg — 00. 30)

948

,082) (r) =M+ )\p/\gz*)(r), reRy,

where f (2%) represents the two times self-convolution of a function f. Similar to the derivation of (30),
applying Campbell’s theorem (see e.g., [23]) to (1) yields

Hy\l

O'dBe
I=gq A2 £ A2y ) dzdy.
//<Rzz£||m|| ||:c+y||>< Aol

It follows from Proposition 2 that

= 27rq2dge"§ny [(AQ + /\,,A§2*)(0)) %
94B
( 2 (2%) ' 1 1
+ (302 4 30, A29(0) + 2doA, )\ % )\C(O)) — 10 . asogg —oo. (3D
odn o3n

Finally, substituting the above and (11) into (10) leads to (14).

C. Proof of Corollary 2

The statement (ii) can be easily proved by applying Lemma 1, however, we cannot use Lemma 1 in the case
of the 3-GPP because py(0) = p((0) = 0. Thus, we prove this case by modifying the proof of Lemma 1.
By considering a planar coordination, i.e., z := (rcosf,rsinf),y := (scos ¢, ssin¢), I' in (29) can

be rewritten as .
r=g /27 /27 srevas® " po(s)dsdgdrdd (32)
0 Jry Jo Jr, E(r)é(\/r2+s2 + 2srcos(¢ — 0))

Recall that po(0) = p(0) = 0 in the 5-GPP. Since the function e has its maximum at s = 0, it follows
from Corollary 4 that as oqp — o0

g € 1 1
/ sre?dB po(s) _ds = d4 gdB 3p 1(0) Lo (loﬂ
Ry €0 + (72 + 52 + 2s7 cos(¢p — 9)) g0+ oSy (g0 + 1)1l
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which leads to

/! 1 1
T = ¢?die”dn //d¢d9 r [3’)‘3(0)28 + 0 (,“O)]
R, L(e0o+7%)? 04 (e0 + 7)o

3p5(0 1
= 27rq2dée"c2u37 [ p%( ) +0 (10 ﬂ .
g g
dB dB

In addition, pjj(0) = 2A%c/j3 (see (2)). As a result, combining the above and (11) with (10) completes the
proof.
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SMT VILNNZRAWLEERNIRXRY MONX=T 2 G2 TV ITFZILTVX L

RS PLZ AN A b
R B RS RAEE TABE R

BEE : AT, MR 2y MCHT28=7 27 MY 7)Y PO TOEERT). S=7 =7 b
Y7 V7 EIHEIERREBICE T 2IRERY T VTR FETH D, BAENICARTIRG A 51
RN 2y Mlczvy_Xa—7 2w CFTP (Coupling From The Past) 2 #H T 27200713 X

LIZOWBTIRET 3,

1. FU&IC

¥ AT L OBEMERHEANE 2 E RIS 2 720 I I3HERE FLRBRERARTH 5. —MRINIC,
MERET N ZHWTY ZAT LDERBIHMEITIZS AT LDIRZELZIRIEER € 7L LB L, BB
M7 A S DRSS K > THER T2 2 L2 KET 2. X frbhidETNbic<)L a7 @iz
Hozbo03d 3 [1]. w a7l 1, H5RED S HIDREHERL T 2R LD BIEICE]
R S BEDRED ARG T 5 Z & ZIK0E L 7 BEBCREDRERBERETH D, BIERNSIC X D ks
b 2 WIFEERIFR O AT L@ KRBT 2 2 LB TE S,

v )L a 7 EEEFHT RS E LRI ER AT Z 2 2 EBB T oD, ¥ AT LOERHIIC
B AT E U C, MERPIOHEREZIC EDIREZ LS D> & F - 2 EHIRNT & b 51k & I D
T EDIREEZIND D L E - O8NS 5. <)L a 78iH%E H\ 72 € 7OV Tl E§IRIT,
WPERHT O TS RNTFIEDHE L I NTE D, REHEDI D 20D O THIULINEHIZS A7 40
MERERER E 2B T2 2 LN TE 3, Y AT LADMREHIREDE 2 Fiko—DE LTEV T
AhaTIal—avdbhd BEVFALEY I 2L —a VIFEERELEE VLTS AT L DIREE
BEZET 2 2 & CHERIHEREZ WD 2 FETH 5, EvThrural—yaryofmk
SBWDNRHEZ DO AT LI L THBHTE I 3 TE S, L Lads, SiEOIEZIT) -
DIZELEEDY v TR EIC 5 L L, BRI CROoNS XIBREZHE2 LI TEDLS
WORFEHERS I ¥ 72 S EHIT 2 5 DDy DSHEETIZ 220,

BEOMERFIRT 2 —DDFEL LT R—7 27 bV ) v IBREIN TV S, REEER T
TMCEITE =727 b7 v 7L ZERICEFIREDP S DY v TNV 2G50 DFETDH
% . BEARIZ Propp and Wilson [2] 1& CFTP (Coupling From The Past) ¥ & /X4 2 Tk 2 Hé 4
L, BRI L3 788N T2 3—=7 27 b 7Y U S REBLL TS, FHCSUR [2] TIEHE
FreeLa 7 HEICH L CHEH CFTP &I 3, X DRI ETFERZREL TS, —, HR
ET 2N a7 EPHFHTHL I EEmTH D, MV AT LE2ET VUL I5GE, FEHRHFT
b5 L%\, Busicet al. [3] 1, JEHHL L a2 7 BICOBEHTE 2 2y Xu— 7L LN
% CFTP IEDIRZIRE L Tw 5,

AR TR Y 2y MIRT v RXRu— 7Rl 25 2 %, BRIy Xu— 7%z A
TABRITIIRNR E R BHERE T VORI L 72 7L 3 X L% BARICHEE T 2 08035 2, %
7z, Ty RAO—THETRIEFOERDTETH 5720, TR LEFICE > THOHEIN S BN
TIIY ZALDENT S, ZiudzrRXRu—7E2HT 22— HERT VIV AL %ZT REy 7
PR T 2 082 R L CTE D, EBROAHICE > TRELRBELE RS, 200, X HIHAN
BHERETNICRT 2 v Ru— 72 0RE LTI Y X L0RERZ A8 (22— 5 OR&ik
b) DPEEL %5, HERX MY 2y MHMEREOERNE vV a 7 2 RBLT 2 2% 7 + RREE
KThD, RN F2y MINT 220 RXu—THEoWELITH) 2 TPV ) X LHED HE1L
(=925 Dkikit) %2179,

AFROBBIZLL T OE) TH 5, 2 #TlE, CFTP B LNy Xa— koA 2% 20
WZOWTHHNT S, 5 3FETIE, RN 2y bR LREE O E, WERXMY 2y b ET
RO —TEERRT 3 FREICOVTRET S, FH 43T, HEEXM) 2y P it L 25D
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{1915y b7 =22 AF ML TREFERZEAL, AAEORIERTT). %5 50T, $iot
S OHFEIZOVWTIRR S,

2. N=7z9852TIVY

2.1. CFTP %

BERORF A OMERIBIE {X,,,n = 0,1,2,...} ZHRZREZRM S L2 #Ed 2 PR 2 BtsiR <L 2
7HEHE L, ZOREEBMRTIE P L35, ZOLE, EFREBICE T2 HREDMHERELRT
EFHER (1) X7 PV o ZM 22T X7 MLE LTEoNS,

w=nP, wl=1. (1)

ZIT1IETRTOERED 1 DIRT bLvThsb, ARTEN L2 7@ O5E, LRloER
R 7 ML~ v a 782 MRAHER L 72 & Z OIRBICH T 2040 (BERHERSMER) L5 w»,

WL 7HEBICNT A S AL —v a v R EZ A L-OHEFENAEAT S, £ 2oL
a7HEECHELELZTRTCOARVFDEALTE, ZOLE, KB X, D1 ATy 7T
DHER 2 KT HHBIEL B(s,e), s€ S, e € & ZERT 5. RN OYISDITIRAE s; 225 HREE s; #HERE
TEITRTDA XY MIHT HHER Y o P(D(si,e) = 55) & P D (i,5) BHFE (pi; £&Kid) TES
ns,

ARy M el=n = {el e? ... ,e"} KWRHLTRD n ATy 7HPEEEZERT 5.

q)n(:E’el—m) = (I)((I)(Cb(xa 61)762)"' ’en). (2)
S50, REBEMOWITES ACSITXNT 2 n ATy THFBEHBZRD L) ITERT 5.
DA, ) = (3" (2, e17), 2 € A} 3)

CFTP (Coupling From The Past) {2 k 2L a 7#iHD =7 = 7 b 7)) v PR OEMH %
HEiLTws [2.
EE 1 EROME (t=-n) POBUE (t=0) ETDOAXRY M e 0 TR LT, ROA %7
TR DFET 5,

ILm |®™(S, e )| = 1. (almost surely) (4)

FREOEHI, BEOED X ) RIRELSHEBRZIRO - E L THBELSHEFE TOAL RV M
e "0 DY ETIRIERZD (D A2) REKD | L4222 L2RHKLTWS, 2%, [=1¢
%5 XA Ry FHIBER S NIGE, BEE ENE T EI»DIE -7 L THHEDREIZ—D 12k
¥57:0, ZNEEFIRE (MREHERS L 2RFOIRiE) L322 E23CE %, DF D, CFTP Tl
FTRTCDIRED S5 F B IREHEE DS —D DIRAEIC 2 5 (@ (coalesce) EFESR) FTBEIZZ DD
EoTARY F2AERL, BUERATINBL Twa 2L a 7 o RER EHOMICHT 25 7L
ELTHRHT 5.

L L6, FEDOY a2 —ya vy TREIZIREBZEEZERTH > TH )b a 7 EIHLD 15
LT XRCOIREZ TFORDTELS ZEIFHLY, 72, RICTXRTORELRDLP-ZELTDH, TR
TOREPSIBEE AN a7 DS T 2L —arv2 T3 LIEREFICHBE X 305, 22
T, CFTP B L T DD LRBNEE %, 3CHR [2] T, < a 7o 2L
7-HEH CFTP 2L L Tw3, < a 7 oW FrE &1, <o 73 OIREEN S 236 2
IE < CTHFPAMHIToNTWwEbDETEHE, TRTDARVFecEITNLT

V(z,y) €S,z 2y = P(x,e) < D(y,e). (5)

DEDIDOZ ERFEL TS, UL, RAUAXRY PRSI, #lBE2T-> THHEBBROIERFZL
BRI ERERL TS, BHRIE O LT O JEFME IR (25D < <)L a 7 dgH o JFaNE & [H
iTH s EDRINTV A, i CFTP ¥TlE, REEZMDIRATE & /N eIt 2 REED &
DeNaA7HPET I 2L = avDAREEZS, LilOWBHFEOWE» S, TXRTOREIZRATCE
BANTED SR T L a 7EBORNHFET 5 2 EDPRIEI N B -0, mAIG, w6 D <L a
7 HEEASBERZICH U Z2 i o 7272 512, BIERZI o <)L a 7 g0 REBIZING L TE Y, Zh%
EWOHIINT AT TN ETEIENTE S,
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2.2. IyRO-7&
SCHR 3] TIREFH TR VWL a 7HEEICNT 5 CFTP e LTz vyXa—7 (Envelope) %M\
FEZEREL TS, ¥ CFTP & MRS, <L a 7EHOREZEM S I L CHIER < 2E
#7535, 61T, REBHEME S Z2E5T57MHHE (complete lattice) S* ZH 2 5.

RIZ, PER L 7IREEFHMDERE S* x S* EAXRV M ES EITNT v Ru—7HHEAK T 2%
25,

(m/,M") =T(m,M,e), m,M,m',M' € 8* ecé&. (6)
ZZTI(m,Me) &b L DHEFEBEZHOTRD L) ITELEI NS,

['(m,M,e) = (®(m, M, e)

, B(m, M,e)), (7)
P(m,M,e) = inf d(
P

);
).

z,e
m=x=M,xES

®(m, M,e) = sup T, e
m=z=<M,zeS

22T, ®(m,M,e) & ®(m, M, e) ZIRE m, M DNk E N7z )L 2 7 HREAEEITID 15 2R

BIRTZANYE e KXo THEBFILHLVIREBICNT 2 FRE LRTH B, VX, S 350K

ERELTVE%DZDE IR - ERIGHEICHRET 22 LICHERET S, 3612, 4 XV M

el7m T 5 n ATy v Ru— 7HEEKE

I"(m, M,e!™™) =T(---T'(I'(m, M, e'),e?) - ,e) (10)

LERTS, ZOLE, D n ATy FrrXa—7HEHEAKTY 2L — 3D (m, M), T(m, M,e'),...

DINIRAEZER] S* x S* o= a7dHE ks, X —7HREROEHICS ED\Tw5 (3],
EE 2 LEOMBE (t=—n) 2OHE (t=0) FTDOAXRY M e 20 iR LT, ROA A7
T DAERICEET 20D ERKET 5.

7 =min{n:I"(B,T,e ") € D}. (11)

ZZTD={(mM);m=M, mMeS*}, £/, B=infS* BLXVO T =supS* TH%. DLk
Z, 7S Lob o)L a7 X, OB AME Ay 7)) v IR (IR R]D) £k 5.

FRlowE, o Ra—7HEHBE T Ik > THER T 2 IREPBIERZICE T m=M &7%-5
TWAKE, ZOIREENS LDl a 7 BHOIREZRM S OEETHD, 2Nz d & D)l a 7
DEFIRFEBIZNT 29 7N ELTHRIRLTRWI L2/ L TW0S, HENZHHEELTE, LD
<)V a 7O R T T RZ (m, M) TRELL, ETRZFICGEH L)L a 7EHz2 % 2
%2 ETHITR VL a 7HEICNT S CFTP 2Bl Twa, LaLliads, TvyxXa— 7l
BB DIER G ERMTETH), BT LD m=M L5680 EIERET S, HlZ21E, 3XTD
(m, M) X LT

®(m,M,e) =B, O(m,M,e) =T (12)

LERIND TR —THPFBEBII T2 L COEHL2IE m =M Eixa)Bkwe, fito
T, 0w ETREE 222y Xu— 7 HHEROERGENREEIC R 5, SR [4] T, Xk
W ETRZ2522FHEELT, ZoyXRu—7TECRIEFOERIITETHS 2 E2HM L 5% 2)E
e nwi% oy Ru— 7EFEE 2 HRL T» b,

3. EERMIRYBMIHIZIIVOANO-TE

3.1. HEEXRMIRYE

X FY % b (Petri Net; PN) 1 7L —Z (Place), F 7> ¥ a ¥ (Transition), b—2 > (Token)
THR SN, 7V—RE LYy a v ERY 2 AR 7 7 TRESNS, HHET Ty a
VIEHLZLE, 207 vy aviciagy ) RANCER L TWE 7L —RA2 A7 V—Z, 7
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P avhroARANCER L T3 L =22 7L =R LR, b= 3 7L —RICHE
IND, TRTCOANTL—RIZ =7 VDET B, 2D b 7Yy a vIi3FKn[EE (Enable)

EVW, TRTOFAKAELE 7P arddsb, winp—20%K (Firing) $5. P70
TavORKICESoTTV—RAICEIN F—07 VEDIENT S, HHbT7 0P a vy
B, 2D 7Py a v ANV —RCBRES I b =7 U323 O bk, 7L —
AW =7 PO FTOREING,

PN Tlf, &7V —ARZNT 2 =7 VORERE (v—F 7)) ITk> T AT LDREZ LT
T5., F7vPravoRRKIEIEe—F VOB E—F v 77 ur R LY, ZNHNRE;
BETNICHIGT S, T VOEBNZALIEE20D, PPy avoFg k2R
T, ZOEMD N7 SN WA RFEKEMIET 2 2 EMftbins, Z0%&E%E N — FEMF (Guard
Condition) EWEQN, A'— FE&U4Z2FFT PN ORBEIEF 2=V v 7EEM E RS TH 2 2 L6 N
T3 [5).

o UYya vFKATRE L o T B F KT 5 £ TOEARN R CGEJGERE) ZZE L 7k
)%y b EFFHESR MY 2y b (Timed PN) EFEXY, Z DFJCBEPRBIMHIHE) 7Py a v
b7y ay) THEINEDDOZMEHRRNY %y I (Stochastic PN; SPN) & FES. 211
IRAEE RN T R TR caib I 5 720, SPN O~ —* v 7 70t 2 3k~ L 2
7 SIS IS,

3.2. REAFERXEINVFVH

PN D7V —2#% Np, b 7 vy av#ze Ny £55%, ZDOEE, Npx Np OERiATI] A = [a; 5]
ZEFRTSH, Tl Ta; BE7vyray j BRRKLER, TLV—Xi TliEE S F—7 v HDZEA
HBERLTVD, HIZIE, a15=—-1ThtuL, +7v¥>av 53 KLER FL—2 18T
2b =0 VB0 E I ERBERL TS, PN ICBWTHED—F v 72K THIR7 P L (%
TLU—RARMESI NI =T VEDIIRT ML) 2 x &L, RDFEKERTHEKRI b LE r & T
5, FERRZ MNWVIEFHKT L7 vyvaviezl, 2NN I arvE 0 ETEPIRT7 ML
ThD, ZDLE, ROFKEDT—FV X7 ML o 13EHITH%Z T

' =x+ Ar (13)

FLCEBENS, Lil%d PN oRES R LIESR,
WX, ATJ =0 2= TIFAREIR J BEET A2 HDE T3, 22T T IXMTH0imERZ £,
CDEE, JIE P-A N7V EIEIN, REFEALSEDLIC

Jle = J7x (14)

ERDIERODL, RIS, v—Fv T e W —F VT g OB L —F I THS
7D DRLBGEMNE P-4 N7 T #HwT

Jlxy=J%x (15)

Eit b,

3.3. ARV MNIDES

SPN D~ —F ¥ 7R T 2R~ v a 738 N —7 = 7 by 7)) v I RE T 5 70 1
BRI~ L 2 7 lSE 2 RERR T 2 003 5. W E, SPN D~ —% ¥ 7R 2 i < )L o 7 g
DIEPVNERATIIE Q £T % &, MIR/INVESITHI O AER ¢ ; OHHEL D & KE WV ¢ > max|g; 4
BHER, ROZWZIT) T2 —RELLEE .

P=1+Q/q. (16)

22T, I IHNTAITH D, DX IHICL TR SN P IEEERRT <L a 7 EEH D HER RIS
L, P OERSAIZS EOHEGERR L2 7#BEOEE M E RT3 LN T VS,

AT, SPNIZBUI 2L 7Py avdRHKL—rEe—Fr JIKEFELEZVD D EL, ¢
ZETCOHRBE 7o aryDFE KL —FONTEZS, TOLE, DT ¢ > max|q,| Zifiz
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T Fe, BRI NEERIRR oL a 7B T, A XV RAIELT TED I v Yy a VAT
5720 EVWIARY P RESIIEPTES, BFNC Tj/RED 7Yy avhBFEKT 5 Ev)
ANV b ej EROFERIC K > TEIIN S,

Aj
PINEPYE

ZITN I BEHOBEBE I vy a it T 3R KL —FTH D,

3.4. LETREDEH

FUTR Lk H ey Ra— W TIIERBESE LT, G2on/ E TR (m, M) THEA4 XV T
e DFEEL 7D ETIRME (m/, M) 28T 20580352, W, SPNOY—F VI XR7 MLl
HLUTRD &) B N2 EZ 5.

P(ej) = (17)

= (r1,22,....,2Np) 2 Y= (Y1,92, .-, YNp)
ifa; <yii=1,2,..., Np. (18)

FELDOHFNEF EARENTIE 2, BROFHZHRICT 27-DICHEL T 5, HFOBRIE 3.6 THA
RSN,

WE, ARV FELTe (FFvvvay j kT s) WMERSNbDLETS, ZDLE, A
Ny FFAERO FNREZ KD ZREIE, DUTORKRAMUREZ # Z L iIcRE I N5,

Solve

m; =minz, fori=1,..., Np, (19)

M! =maxz, fori=1,...,Np, (20)
Subject to

enablej(z) — ' = x + [A];, (21)

enablej(z) — o' =z, (22)

mlgxlgMZ fOrizl,...,Np, (23)

Jleyg=J%x. (24)
ZIT, m B M 1 F ETRIA (m, M) ITB ) 28EFE2ZKT. %7, enablej(zy,.. ) iﬂt
HER 7 ]\}I/iﬁx:(xl,...,xn) DRFIZ S 7Py ay j BIEKATRED £ 9 %2 R T i fif ) i
Has, a 3P o OMEZET. 51T [A]; FEHETIIO jIHOXNZ FLzek, ToX

u— kT i SPN DIRFER Y FOVYERRICIND 52 DRI 2E 2 2083 D 570, 3.2 TRL
7o P-A YN 7 Y MK 208ELEZMA TS,

3.5. SMT VILI\DOFIA

HRRD ETFREOEHIZ N 7 vy a vPh— FEEZEE R VAR, P-4 YN 7 v b A3l
SDIZOWTIIEMIIRES ST EBTE S, L2LAEDS, FIvyrarvdPh—FEEZ2ECE I %
RIS B TIEEBICHRL 2 ENTER, 22T, ARTIE SMT (Satisfiability Modulo Theories)
VYN Z T 7L a3 AL %&E%a‘é HARINIRREER 7 F LD ETFBRDY (m, M) TA XV b e
(FZvyravy jgek) LIgaic, #itca ETIR (m/,M') 2Kk 5 FHi &% Algorithm 1 &
Algorithm 2 127”77, ] Z1E Algorithm 1 Tl& m/ DFEFEIZOWTHEED & % #HiFH T/ X 22 fiid
SIAFICSM 272§ E ) PHEL, RIS Zw7: L72BHET m' OBEFEZEZ TV 5,

3.6. KEBELUVIERFDILE

ZZETOEMTIE, SPN OREZ2—F VIRV PV THZ, £V —AD =7 VEIZ X 3)H
P, 22T, IS DIFRISOWTIERNS,
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Algorithm 1 A function to obtain the lower bound vector for the event e;; ®(m, M, e;).
1: for i =1 to Np do
2. for m) = min(m;, m; + a; ;) to max(M;, M; + a; ;) do
3: s < solve the satisfiability problem with SMT solver:

m; =,

enablej(z) — o' = x + [A];,
onable;(@) — @' = =,

m; <x; <M; fori=1,...,Np,

JT:UO =J"z.

4 if s = true then {The problem is satisfied.}
5: break

6: end if

7. end for

8: end for

9: return m’ = (my,...,mly,)

SPN O~=—*% v A6 M BWHRTH 2 LIRET 2. 361, BEHEOES Z 2V THEH
M= 2Z"2ERTE, ZOLE, PNOY—Fv T % f2HOTEBIEORY M VICZEHL
TRUHT LI EVTE S,

z=1(z1,22,...,2n) = f(x), xe& M. (25)

X512, FEHOBHAEDORZ PN L TRDE S L¥EFT 252 %,

z=(21,20,..,2n) 22 = (21,25,...,2})

if 2, <z i=1,2,...,n. (26)

Bl Z X, FEDOIRIZEWT 2, 2 7L —R2 i IKMEIN TS F—7 VEIC -1 ZRELHD EER
THILEHTE, ZOEBIEZETOTL—ATE—7 VEPLWITHIVNZWIER (FIE) &7 5,

F7, TRTCOBEEVBEMD»S%D nx Np DTV B TRD X L BER %2525 HT
X5,

z = Bx. (27)
o8, ETRiEZRKD 2720 DREIFLLTO X 9124k 5,
Solve
m; =minz, fori=1,...,n, (28)
M =maxz, fori=1,...,n, (29)
Subject to
enablej(z) — 2’ = z + [BA]j, (30)
enablej(z) — 2’ = z, (31)
m; <z <M; fori=1,...,n, (32)
JTa:O = JTsc, (33)
z = Bx. (34)
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Algorithm 2 A function to obtain the upper bound vector for the event e;; ®(m, M, e;).
1: for i =1 to Np do
2. for M] = max(M;, M; + a; j) to min(m;, m; + a; ;) do
3: s < solve the satisfiability problem with SMT solver:

M; = ,

enablej(z) — o' = x + [A];,
onable; (@) — @' = =,

m; <x; <M; fori=1,...,Np,

JT:L'O =J z.

4 if s = true then {The problem is satisfied.}
5: break

6: end if

7 end for

8: end for

9: return M’ = (Mj,..., M}, )

4. EAGI

ZITE, 6 AT =Y a v bR AMBMOR LTI Ry F 7 —2 T SPN IZXT 51y Xu— 77k
OB Z RS, K1 3505 %y b7 —2%KT SPN THDH, £7L—X pl 5 p6 I[ZHALE
INDF—=V VEDPEAT—2 avyDEBIWIET 5, TITEZEAT—Y a VITPETE 25803
GRTHY, RRNEZHEZ K TRELTWS, 20k, b7y ay tl 6 th IOV Ttk
KINEB BB E I — FEEINEINT B DS, £, BMELRERTD P-4 N7V
BFELR\DS, =27 v ORE IR N2 3081 H 5,

p2 +p4s = p3 + Ds.

TITp BTV —R i KREINT VS =7 v xR,

WX, REBX7 M V% 2 = (p1,p2,p3, 04,05, 06) EEFET S, SPN 2L L TR o6Nns~La
ZHBITHFA T R d Ty Ru = KO 2T I MEBH L. —FH, TRTOTL—ATr—
VB0 LR BREDRAIG, TRTDTL—ATr—7 VBN K L3880 RAILER S,
2%, m=(0,00,0,00) & M= (K KKKKK)D»6bbAX Mgl TzrRu—7
BT EE%s, L Lo, ETRED m=(%,0,0,0,0,%x) & M = (x,K,K, K, K, )
EoTwaEE (FL—Apl & p6 D LETHREIZER), LITOEZLS 7 vy avtl 6
t6 DVTNDFKT B4 RV FINEITNTDH, 7’L—R p2 225 pb FTHOETFRMEICEIZER NS
EDb 5,
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Queues driven by level dependent Lévy processes

Irmina Czarna José-Luis Pérez Tomasz Rolski Kazutoshi Yamazaki
Faculty of Pure and Applied Mathematics, Wroctaw University of Science and Technology
Department of Probability and Statistics, Centro de Investigaciéon en Matematicas
Mathematical Institute, University of Wroctaw
Department of Mathematics, Kansai University

Abstract Motivated by the M/G/1 queues with abandonment, we study a generalization of the Lévy queue
whose drift term is decreasing in the queue level. This is modeled by the stochastic differential equation
(SDE) of the form

dU(t) =dX(t) — p(U(t))dt, t >0,

for a given spectrally negative Lévy process X and an increasing function ¢. We analyze the solutions to
the above SDE and investigate the so-called scale functions, which are counterparts of the scale functions
from the theory of Lévy processes. We show how fluctuation identities for U can be expressed via these scale
functions.

1. Introduction
We consider continuous-time queueing models driven by Lévy processes with negative jumps (spec-
trally negative Lévy processes). Our motivation is to model queues with abandonment where
a customer is not patient enough to line up if the queue is long, and consequently the rate of
increments of a queue decreases when the queue length is high.

We start with an ordinary spectrally negative Lévy process X = {X(t),t > 0} with its Laplace
exponent:

1 o0
B(\) == log [e”f(t)] = A+ 50N +/0 (&Az 1y )\zl(oﬂ(z)) (dz), A >0,

for y € R, 0 > 0, and a o-finite measure II on (0, 00) such that [;°(1A2?)II(dz) < co. Our objective
is to study the evolution of a queue U as a solution to the SDE

dU(t) = dX(t) — ¢(U(t))dt, t> 0. (1)

Here, the degree of abandonment is modeled by the measurable function ¢, which is assumed to be
non-decreasing.

As a special case of the SDE (1), Kyprianou and Loeffen [1] studied the refracted Lévy process,
which is the unique strong solution to the SDE (1) for the case ¢(z) = d1,~p) with § > 0. Using
the scale functions W@ and Z(9 of the process X (see [1]) and those for the drift-changed process
{X(t) — dt,t > 0}, they computed various expectations of interest.

2. Multi-refracted Lévy processes
We first extend the refracted Lévy process [1] to a multi-refracted case with

k
¢($> = ¢k(x) = Z(Sil{x>bi}7 (2)
i=1
for 61,...,0r > 0 and refraction levels by < --- < bg. For the case X is of bounded variation, we
assume additionally that
1
o(x) <~y —I—/ 2II(dz), = €R, (3)
0
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so that the process does not have monotone paths on any interval.
Under these conditions, there exists a unique strong solution Uy, to the SDE (1), and we call it
the multi-refracted Lévy process. For a € R, let

kT i=1inf{t > 0: Up(t) <a} and w§" :=inf{t > 0: Uy(t) > a},

with the convention that inf () = co. Our first main results are given as follows.
Theorem 1. Using the scale functions w,gq) and z,(cq) as defined in Section 2 of [2], we have the
following expressions:

1. Two-sided exit identities:

@,
Ex [efqﬁzﬁl a4+ _ d,— :| = W (:U’d)’
{’% <Ky } w]E;Q)(a;
(@)
—qnoﬁ —_ (@) _ o (a) @,
E, [e k 1{&2"«2’*}} 2. () 711;,(;])(@;0)10]6 (z;0).

2. Resolvents:

D (a3 ) — wi? (3)

e / at ai / 0 (aid) d
i {Un(t)eB} B(da) 1 —W@(0)px(y) i

3. Level dependent Lévy processes

We now consider the SDE with ¢ such that it is non-decreasing and continuously differentiable and
¢(x) = 0 for x < 0. We additionally impose (3) for the case X is of bounded variation. By taking
a sequence of (¢ )n>0 of the form (2) converging to ¢, we analyze the solution to (1) and obtain
its fluctuation identities.

Under these conditions, there indeed exists a unique strong solution U. By taking limits on the
results in Theorem 1, we have our second main results.
Theorem 2. Fora € R, let k%~ :=inf{t > 0: U(t) < a} and x> :=inf{t > 0: U(t) > a}. Using
the scale function w9 and 29 as defined in Section 3 of [2], we have the following:

1. Two-sided exit identities:

(D (g d
_grat _w (z;d)
Eac |:e 1{Na,+<,{d,—}:| = w(Q)(a;d)
(@)
e _ @y 2@ @)
E, [e l{ﬁo,—<ﬁa,+}}—z (x) w(Q)(a;O)w (z;0).
2. Resolvents:
w(® (2;d)

w@(a;y) — 0 (2;y)
) W@ (a;d) ’ ’
E, / e 1 at _/ W v
{ i {U(t)eB} } Br(d.a) 1 — W@(0)p(y)
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WE 1. ieP_1, ne NIZHLU TR D L.

0;(n+1) < D(n)
SEBA. OF(n+ 1) ®EHEIZ QP(n), QVE(n), QF(n) DEHEEXZIZRALTWVL &,
07 (n+ 1) = min{Q} (n) + D(n), @"¥(n) + Py(n), Qi (n)+ Pi(n)}
= min{Q?(n —-1)— Ols(n) + D(n—1)+ D(n),
QX (n—1) = O} (n) + Py(n—1) + Pu(n),
Qi (n—1) = OP(n) + Pi(n — 1) + Pi(n)}
= min{Q?(n — 1)+ D(n—1)+ D(n),
QM (n —1) + Pu(n—1) + Pu(n),
QF (n = 1)+ Pi(n — 1) + Pi(n)} — O} (n)
= min{Q?(n —2)4+D(n—2)+D(n—1)+ D(n),
QY (n —2) + Py(n —2) + Pu(n — 1) + Py(n),
Qi (n—2)+ Pi(n —2) + Pi(n — 1) + Pi(n)} — (0} (n — 1) + O} (n))
= - =min{QP(1) + D(n), QV¥(1) + Pu(n), Q¥ (1) + Pi(n)} — 05 (n) + O(1)
= min{D(n), SVK + Py(n), SE + Pi(n)} — O, (n).

FLD O (n) 2ELIIBITT 5 &,

0; (n+1) = min{D(n), SVX + Py (n), ST
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SRUZHEE 1 2HNT QP(m) IZDWTHFHEiT 5. i € Py IZ2WVWT
Q7 (m) = Q7 (m —1) + D(m — 1) — O} (m),
QP (m) — QP (m —1) = D(m — 1) — OF(m).

W%z m=126nEXTRLAEDED L

HiE 1. 25
QP(n) =D(n—1) —min{D(n — 1), SV® + Py(n—1), S¥ +P;(n—1)}.
£oT

Ai(n)
= Q7'(n) = Q7 (n)
=D(n—1)—min{D(n —1), SYE 4+ Py(n—1), S + Pi(n—1)}

—[D(n —1) —min{D(n — 1), S¥E +Pu(n—1), S, + Py(n—1)}]
= —[min{D(n —1), SVK +Py(n—1), S¥ +Pi(n—1)}

+max{D(n — 1), SVE + Pyu(n—1), SE + Py(n—1)}]

{ max[0, —SY® — P,»D(n—1), =Sy — PyD(n —1)], }

= —min -

SWK 4+ max[PyD(n — 1), —SWK — PwPy(n—1), —S¥],
SP + max[P,D(n — 1), —SWVX — PuPi(n—1), =S5 — PyPi(n — 1)]

min[0, SVK + PD(n —1), SE + PyD(n — 1)),
= max

—SZWK + min[—PyD(n — 1), SZYVK + Py Py(n — 1), Sif’)]’
—SP + min[-P,D(n—1), S¥®+ Py Pi(n—1), Si + PyPi(n—1)]

ZIZT, MEEHTS.

X;(n) = min[0, YK + PwD(n—1), S5 +P,D(n—1)],

Y;(n) = —=SVK 4 min[-PyD(n — 1), SYVE + PwPy(n—1), S5,

Zi(n) = =S¥ + min[-P,D(n — 1), Sy + PuP(n — 1), Si + PyPi(n —1)]
ieP_q, neN.

T5HE,
A;(n) = max{X;(n), Yi(n), Zi(n)}, i€ P_1, neN.

ZZT, Ain) ZFHIIT 572012 X 5120V O OiEERT.
WRE 2. ieP_1, n e NIZHUTIRIRL D LD,

PD(n—1) € (—o0, STK].
SEBH. QPK oEHs S,

QY (m+1) = Q™ (m) — Pi(m) + OF (m + 1),
Py(m) = Q% (m) — Q7" (m+1) + O (m + 1).
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(1) X% m OVWT 175 n ETRLADES &,

Pi(n) = QF%(1) = QF(n +1) + O] (n+1) - 03(1)
:SfK—QfK(n+1)+5iS(n+l).
Yo THE 1. 25,
P,D(n—1)=P;(n—1)—D(n—1)
< S — Q™ (n+1)+ D(n) - D(n)
< S,
. PDi(n—1) € (=00, SFX. O

HE 3. iecP_1, ne NIZHLUTRIELY L.
SEBR. QP (n), QM(n) DEHDS,

({87 + S5, 87 + 5.

QP+ 1) +QMn+1)=QP(n) + Pi(n) — 05 (n+ 1) + QM(n)
= P,(n) — Py(n) + Q} (n) + Q}(n),
Py(n) — Pi(n) —{Q (n) + QY ()} —{QF (n+1) + Q' (n+1),}
Z{QP ) + Q) (m)}

—Qf( )+ Q1) —
—Q(n+1)+

= 9P
2T, QP(n+1) DHLD S BHHAER S &,

Qf(n—l—l)e

{QF(n+1)+ Q) (n+1)}
S = QM (n+1).

[0, K;]

= [07 SF+S1})K]7

—Qf(n—l—l)e

[ABRIZ,
Q' (n+1)e

0, K]

=[0, SM+ SVEY,

S —QM(n+1)e
UEED,

ZZT, Ain) DRHEIZOWTHHId 5.
BE 4. i€ P, n e NIZTHUTRDELD LD,

({87 +

(=S5, S,

SYRY, S+ 5. O

Xi(n) € (—o0, 0].
AP, Xi(n) O&/IEE NS 5.
Xi(n) = min[0, S;¥™ + PuD(n —1), S + PyD(n—1)],
SWE L PuD(n—1) € (—o0, SyE 4+ SPK],
SE +PyD(n—1) € (—o0, SH + SHX],
. Xi(n) € (—o0, 0. O
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5. ieP_1, n e NIZHLU TR D L.
Yi(n) € [-S)% — SR, SsY — 5V,
AERR. Yi(n) D&z T 5.
Yi(n) = —SVE + min[-P;

(n—1), SzWK‘i_Pi“Pi’(n_ 1), Sﬁ],

~PyD(n—1) € [-5;%, o0),
SV + PunPy(n —1) € [-S%, S} + KV,
= Yi(n) e [-SER — sVKgF _ sWKI O
WRE 6. icP_1, nc NI L TRHEKD LD,
Zi(n) € [-SFK — KF — sVK sb 4 M.
SEBH. Zi(n) ORI FAHiS 5.
Zi(n) = =S + min[-B;D(n — 1), S} + PwPi(n - 1), S; + PyP(n— 1)),

—1) € [=57%, o0).
SWK—i—PuP(n— 1) € [-SPK — PR — gWK KWV + S5 + ST+ SM,
] e [SF — oFPK _ WK 6P 4 oF 1 sM],
. Zi(n) € [=SK - KT = SV, sy + 5M. O
Ai(n) DEIIZDWCEFHEA T E 72D T A;(n) 27T 5.
EHE 3. Aj(n) 1T ieP_q, neNIZTKUCTHHMEIZDAMKT L - GROFFHIZINE 5.
ZEEA. W 4., 5., 6. K VIR D 3D,
Al(n) c [_SEK SWK SP —I-SM] [Amax Amm] 0

RDEMEIRT.
EH 4. H(n) BHHREVE EERREBOHR I IL(n) ITHEREL 2.
T, Pi(n+1) BEHEDSWIS M ) ILEAFL B, $72, IORTEA Y V7D
& 7. I(n) > min(KYV, KF) — Dlepostal(in 1y A 1 € Poy BT L F, O3 (n+1) OHEH
1 I(n) IZHRAEL 72\,
FEPA. postAll(i)  THE i DB THENLS TR 1 EFTOTRETOA YTy I ADELGLT L L,
QP+ Y AP =0QP(n)

lepostAll(:)\{1}
THEDT, ]KENS
QY (n) + > AM > min(KY, K)
lepostAll(i)\ {1}
Q7 (n) > min(K, K[')
= min{Q}"*(n) + @} (n), Q (n) + Q' (n)}
> min{Q}""(n) + Pr(n), Qi (n) + P;(n)}

THBDT,
03 (n+1)
= min{QP(n) + D(n), QVE¥(n) + Pi(n), Q¥(n) + Pi(n)}
= min{Q}"¥(n) + Pr(n), Q} (n) + P;(n)}
k> TRENL. -
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b S R 4, AR
SERR (EEHA). EED D

Qi'(n+1)

= Q}'(n) = Py(n) + 0P (n+ 1),
Qi (n+1)

= Qi (n) + Pi(n) — O} (n+ 1),
Ai(n+1)

= Ai(n) — O (n+1) + O5(n+1),

TH 5D TIMKFNEDNE X 7. O

6. BBbYIC

ARFZE T, AEE 2 RO — 82 TRIED AZA Y AT L2 D W CHERIFR R B ATH Y AT A
EHWSZ 2T, M/G/1 IO a7 HPIZRETEL 2L 2R Uz SHOMEE LT, £FEE2T
DRVWYIRTROEZRE®, V—FXA L5870 TRVETIVPLHEETIVADIRREDREZ 5ND.
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(1] REFf—: b I REEHABHEOREZ2DI L T—, X1 YEY N, B, 1978.
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Science, Vol. 6, pp.475—490, 1960.

[3] M. L. Spearman, D. L. Woodruff and W. J. Hopp, “CONWIP: a pull alternative to kanban,”
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M/G/1 =)L 7 EHICH T 5 L NILIESUIRHE LD EHE A

RN A HEl iz
AR R e R

BE ARG SCE, M/G/1 L)L 3 73BN B L~V IO AU O IUAGHE 12 DWW TR 5. M/G/1 T
IV 7HEBADEFHE DGR SIVIE, MIG/L X T XA LIZ K o TRHAMRETH S, L L, MIG/L /85 XA LD
LTIE, VRUVERYIN, $ibs, —HB S0 O L VISR YINT 2068285 5. T LT, L LISk
DFERIF S NDEHDMIIEDEHE DML L %%, ARG TIE, £ 5 L IWaaIc a5 5 U, YT X —
R EMHIZKE S Uz & DML EZ AR S, 9, LV 1045 DS A DS RARIN 72 L RGE U, 2 D4
e, VARVIEAYINNIC K > TEU D EHEDMANY MVOES OFEIWNENIZEMTH LI L E2RT. 5
iZ, LSOV A O SEHE 3 A S BRI T B 2 58121, EH MR 7 NIV D5y OREE L HOE R 534 D
gig%ﬁi@%ﬂc:%ﬁﬁ?% B RRT. BB, VAV AEDRRGEN TH 55 HI D0 TH, WL Dh O
Yiwi Z_ .

1. Fi

M/G/1 B~V a 7L, £ X - <)L a 7RSI Ol & X 2 BEE b~ a 7#EEHO—DTH
5. HIZI0E, <)V a7 REF 2] 1EFE (BMAP: Batch Markovian Arrival Process) [5] & — &7 — ' A
W] 346 % A 6 DB — Y — N\ FH 4750, MBS — & AR 06, B 5 Wi, EEEY —
YA & BMAP % AJJZH DB NEEEY — N\FH 17575 & O %, @E, M/G/1 B~ )L a0 7 #iH %
LU TiIrbnbd.

M/G/1 B )V 3 7 #EE D EH AR 2 b VI, Ramaswami D IR [14, 15] 2 LA & 55 M/G/1 /%
SEAL[BIZE>TEETBETHS. LU, MG/ N5 XA LAEEETBITIE, HB 2B 5
Ty 2175 OHERY Z YW Ll s v, 2ok, #7200 L RV oY)k &
EMTHY, ZhE TS YIN] & IR 28, LUVESYIEIZ X > THE NS <L T 7
H, M/G/1 L7325,

EZAT, LV YINNIZ K> TR ONSEE ML, 76D M/G/1 B~ )L 3 7388 O e # 04m 12
W BEMTH B, AL D HIE, L ARIVIESUIBNIZ & 2 DA OEIZEEH L, Uk ST A —&
EERIZKREL L EOMNERMEZFHARSE Z 2 TH L. DT, BFHEFEIZOWTERR S,

Miyazawa © [12] i%, ¥ HAESEJGEFE (QBD: Quasi-Birth-and-Death process) D E# L <)Lz LR %
BUFTZARL X)L QBD 2% 2 T\, Miyazawa & [12] &, AR L <)L QBD @ _ER L ~)L % fE[R 12
RKEL U EDEHDMAOHHEARZEH L TWD. HARAZ, HEEL )L (Thbb, @ D) QBD
&, Rl MIG/T BE< )V a 7B TH O, 1 BIOHR TE A1 L L NVIEZEL72Wv. 5127, Kim 5
[4] 1%, Miyazawa & [12] DFERZ, GIUM/1 B~ )L 3 7 #HEIZHER L TW 5.

ARV AL M/G/N B )V a7 #HE R e UBITHES H 5. b7aAI, ARV L M/G/1 HL<
V3 75EEE &K, BlEL AU EBRO B 5 M/G/1 B~ )V 3 75888 % 89, Baiocchi [2] 1%, ¥ )L 3 7 H
FE B EFEE D722\ BMAP) & — ¥ — U A0 2 D — 3 — N H RS 175 O IfE %R
DWHERNT 21T > T\ b, ZDOREBITHIORNEBORIE L, KOBERFLTEHT S &, HRL XL
M/G/1 <)V a 7@ 72 5. Masuyama © [11] 1, AR L~V M/G/1 <)L a3 75888 & Z IS
TAMEL ~)L (Fabb, MEO) M/G/1 B~ )La 7E#, ZNSHEDEEDHNY MLDESIZ
MNUT, ERUVARVEHRIZKES U2 EOFHREANZENTWS, BRIIZIE, L _RVHES 5370 D
ST A D EARIN T d 256, 20T NIVH L ROVIAES 346 O ST 3 A6 DHEIREE & [R5 O T
HITDHIZLZRLUTWVWD. 51T, LRIV DB AL TH 256121, HZES XY
NV DIEEDER L~V M/G/1 B~ )L 3 7 3 D EHE DAY MVOERE L [FETH S Z L %2
5L TWA.

Z DD BEAFIE L U T, UIWHELUZ K 2 EH DM OE ERZNRET2HD0HS. ETEK
UL7zARL ~)L M/G/1 B~ )V 3 7 g8 1E, e 28R L~V M/G/1 B~ )L 3 7 8 §E O Ri&s] 7 a
THRYIWE AT I ENTEL. 20BN 70y ZBKYIE, B X, &0 —#RKRIEEIC X >
TRONDEFEDMIIKT U T, FHREAEERRZE ERAP WL D REINTWS [6,7,9, 10].
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X C, R Tl, Masuyama & [11] 23R U 723 22 2R & FELT B A5 R AY, M/G/1 B~ )L 2 7 8 gH D
LAV EIRNZ T UCH RN T B Z 8 2R T, X 61T, LIV 046 O Sl 0 A D358 i) & 72 %
BEIZDOWTH, [ARkOHRL A2 EL .

X DHERIELATDEE D TH A, 52 HiT MG/ T~ )L a 7EiHE ZD L ) SgIHHIz D
TRtk 3 5. FH3HiB L OHE 4 HiTlk, YINEEEDN LRI ET 2356 L B IMICBET 2541
DWT, ZNZTHEANE R

2. M/G/1E<)LO7EH

AHEITIE, £9, M/G/1 Bl= )V 3 78O EH /346129 5 Ramaswami D fla RN Z2FNH 9T 5. 200
T, Ramaswami D IR 2 HE T HEIIHNE L 5 L )V YN 23T 5. 7ed, LN TIE, 33
SHROELGERT ZIZTNMA, RDES R L DENELEEZRT VW ODHL 52 H NS,

Zy={ne€Z:n>0}, N={neZ:n>1},
Z>p={n€Z:n >k}, Zipg ={n€Z:k <n <L}

ZIZTC kAIZERET S,
2.1. Ramaswami DBRFR
2 BRHERERE {( Xy, Jn);n € Zy ) ZAREZERMS = Ui o{k} X M LDV THHE $ 5. 7272
U,z Ay =min(z,y), My = {1,2,..., My} CN,M; ={1,2,...,. M1} CNTH 5. 51, REEH 7
ALy (k€ 7o) %,

Li =k x Mjnq, k€Z+,

CEHL, INELAVE L LR 22T, vV a7 {(X,, J,)} DHEBERITE] P X, 1RO &5 7%
Tay IiEEEEDLINET .

Lo L, Ly Ls

Lo / B(0) B(1) B(2) B(3)

L | B(-1) A0) A1) A(_2)
p=L| O A(-1) A(0) A1) 2.1)

1) A(0)

Ly| © 0O A(-1)

ZOYE (X, Jn)} i MG/ BV A 7 JIEN 5 [13). 0B, P IXHERITHITH 5 DT, 1741
A:=%7 Ak) BHERITIITH S, $8DD,

Ae= ) A(ke=e, (2.2)
k=—1
DI D 3D, FIRRIZ,
B(0)e+ > B(kle =e, (2.3)
k=1
B(-l)e+ > A(k)e =e, (2.4)
k=0
DL DD, B, BT, T I T,
Ak)= ) A, keZs o,
l=k+1
E(k) = Z B(g), ke ZZ—I;
f=k+1
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CEHLTEL. £, RQDDOE T, TFHZ LNV EIZNE L E, LRV EIZET 378 L
RWAZIBT BH» SR 550178 %, (k,0)-7ay 7L X3
AR T, #EBIHERITH P OE %ﬁ%ﬁ%%zét&b,‘{km&ﬁmx.

RE 2.1 () HERBHERITE] P B2 DA TH 5. () A BBENTH 5. (i) Y _poq kB(k)e < oo
THb. (i(v)o:=w) po_ kAk)e <0 %729 . 7272, w & ADHE—DEHENHRT L ET 5.

A2 2.1 DH & T, WHERTH P, $74bb, MIG/1 B~ )L 3 78 {(X,,, J,)} 1%, M—DEH 5
HRT MV = (m(k, 1)) (k,i)es & B 2 [1, Chapter XI, Proposition 3.1]. £ 2T, w(k) = (7 (k,))iem;n,
(k€Zy) b BLE, EBHEAHRI M 2, IRD XS IT VNV THEITEILNTES.

Ly L; L,
7= (m(0),7(1),m(2),...).

AR 2.2 P OIERAYEL, EE DA MV v OFERMFITIZERBERIZ WD, #iE 2.5 OFEHT
Hwosihs.

N7 bVH {w(k); k € Z4} 12D\ T, Ramaswami [14] 12 & o TR E N7z IR (Ramaswami D
R AR oNnTVWS. TOHRREZHLRT 5720, W< OPDREE2EHRT D, 713, bEHEER
G DBEANSIHD D LED k€ Z, 123 LT,

T<p =inf{n e N: X,, <k},
ZTE) if:,%éﬂhzk bl Lgk %%M%?ﬂ,

00 k
Ly = U]Lz, Lep = U]L& keZy,
—k =0

EBEL.INSEHWT AT G = (Gij)ijemy ZIRDEDITED .
Gij =P ((X1ep, Jrey) = (4,5) | (X0, Jo) = (04 1,0) € Lxz),  i,j € M.
IRE 2.1 D (i) & (v) & 0, G IZHERITHTH Y [13, Theorem 2.3.1], TDEF AN Mz g b $H
. %28, 175 G IZROITH ARRRNDB/NEARTH B Z & H/RINT WS [13, Theorem 2.2.2].
G= Z A(m —1)G™. (2.5)
DOWT, 178 G 2 fHWT, WO 72 EET 5. 175 K := (Ki;)ijem, %,

) + ZB )G I — ®(0)) " 'B(-1), (2.6)

CEET L. ANE 2.1 DT T, K IZHERTH L 720 ([15, Lemma 2.1]), TDEH DAY L E k &K
%BT% é 6 0:, (I’(O) = ((I)i,j(o))i,jeMl 75:,

i A(m 2.7

m=0

g, ZhE AT G &FWT, 781 R(k) = (Rij(k) i eany & Ro(k) == (Ro; (k) .j)emosnts
(ke N) &, TNEHRD & > ITEHT 5.

= i A(k+m)G™(I — ®(0))~, keN, 2.8)
m=0

Ro(k) = i B(k+m)G™(I — ®(0))~", keN. (2.9)
m=0
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5B, ETEHELU LGB/ IFLATD L S5 0Ekze 2.

Kij=P ((XTgm JTgo) = (0,7) | (Xo,Jo) = (Ovi)) )
(I%'J(O) =P ((XTg/z’ Jng) = (Ea]) | (XO, JO) = (&Z) € Lzl) )

[T<pir—1
Ri,j(k) =E Z ﬂ{(XnaJn) = (€+ k)])} | (X07=]0) = (£72) € ]LZ] )
n=1

T<p-1

Roij(k) =E | Y 1{(Xn, Ju) = (k, )} | (Xo,Jo) = (0,i) € Lo]| .

n=1

L EDY¥EfDE &, X7 VA {m(k); k € Z,} \ZBH9 % Ramaswami D FAZ 52 5.

#nRE 2.3 ([14], [15, Theorem 3.1]) =D ke NIz L T,

N

—1
n(k) = w(0)Ro(k) + S w(O)R(k —¢), keN,
1

~
I

A N0, 758, w(0) RIRRTH R 5N 5.

00 -1
w(0)=k |1+ —ia {ﬁB + (Z B(m)(I — Gm)> (I—-—A+ ew)_IBA}] . (2.10)
m=1
=72 L,
Ba = Z mA(m)e, Bp = Z mB(m)e,
m=—1 m=1
Thb.

2.2. Ramaswami DBRHDEE & L NJVIEQLIRT
M/G/1 T1= )L 2 7D EHE D AE N2 b IVIE, EOME TR X 172 Ramaswami O IR 2 HICHE X
5. UH LU, Ramaswami D BHIRROEEIZIEL, WS O0MERH 5. ZTDRPTREAEHN RS DI,
JERAOE D N TH 5.

Ramaswami D FIF A2 KT 51213, 175 G DR ETH 5. @H, 175 G OFHEIE, L FOERR,
HENFENERB U ZHRATERINETHDOHN {G(n);n € Z,} DIBRZRD 2 Z & THEHX
05 [3].

G(0)=0, G(n) = i A(m—-1D[G(n—-1]™", neN (2.11)
m=0

U2 L, EOERRICIZERS {Ak); k€ Z> 1} KHET 2 BRIV EEND. £/, 175 K OEHN
(2.6) \2®, HERRF {B(k); k € Z4 } IZBAT 2 MEBRIAE ENTWB. £ 2T, MRS {A(k)} & {B(k)}
EENTNEARINCE S B 20 TENR LIS HVSNS.

ZOMMTFIETIE, T3, 0T A =X NN eN)Z2ED, 75 P DEHR QD IZEWT, XD
IO MBEMZ 21T > THEONLHERTH PNV 2E 2 5.

AN-1), k=N

A(k) = ’ :
() {O, kGZZN+1,

B(N-1), k=N

B(k) = ’ ’
() {O, keZZNJr]_.
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72720, A(k) (k € Z>_9) & B(k) (k € Z>_1) &, IR\ % 72 T H RN 2175 CTH 5.

A(k)e = A(k)e = Z AL ke Zs_o,
l=k+1

B(k)e=B(k)je= Y  B(le, keZs_,.
l=k+1

=473 POY) 0 %% RIS AUR S 5 &, 0 (k,0)-7 0 v 2 PO (k0 € Z,) FRATER S
ns.

B(0), k=0, 0<{<N-1,
B(N-1), k=0, (=N,
B(-1), k=1, (=0,

P = A1), k>2 f—k=-1, (2.12)
A(l—Fk), k>1, 0<l—k<N,
AN-1), k>1, (—k=N,
(0] Z DAt

\ )
&, PN L, —HRBHZD DL RVESDE 2 N IZHIFR X 1172 M/G/1 BURERITHITH D,

lim PWY) = P, (2.13)
N—o00

RTINS, LMo T, KX TlE, PN %2 PIzxid 2 L AROVBESYIRHELL L & X

LAV EIWOEE, PO E, (RE 2.1 0B & T, @AM RZ PV o) = (xW)(k, 1)) er 25
2. X512, 7M(k) = (1M (k, 1) e, (b € Z4) EEHT D L, M ~R7 PVHI {axMN (k) k € Z4}
2% U C Ramaswami O FIRNAAE 0 375, T EHRHEIZ 525 3‘%5 EMNTE D,

=3, M/G/1 Bl R=A75 PO 1253 3 G 179013, LR OFRA TERE 13175105 {GN) (n);n e
Zi} DWRTH 5.

+ AN -D[GM -V, neN

R (2.11) 2 a‘ob‘éfﬂﬂlﬁ%mi, COHRATIFARMIESHDLD S TVWEZ LIZHEET 5.
<zozf PN iz LTH, K, ®, R(k), Ro(k) (k € N) iIZiIE$ 54751 KN, @), RW) (k),
N (k) (k € N) %E%—M TENTE, ZNSRMATERISNS.

-1
KW = Z B(m)[GM]" ! + B(N — 1)[G(N)}N1] (I —@(0)™M)'B(-1),
N-1
= Z Am)[GM™ + AN — D[GW)N,
N—k—-1
RM)(k [ A( k+m)[G<N>]m+Z(N—1)[G<N>]Nk] (I-®0) ™M)t keN,
o
RM(k [ B(k+m)[GM™ + B(N — D)[GMN-F| (1 —®0))!, keN.
m=0

BH 5202, 23S OIFFNIEBUERIZ RO B Z N TE 5.
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R7E 2.4
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k=1 k=1

HE25 KE2.1B8LU0240D8 2T,

lim ™) =, (2.14)

N—oo

NS ARVASS

3. SEMBENLE AR
ZOHITE, 7 B3, BRI ZEE T m IR 25 8% 5 2 5. T Ofian i BE & 732 5 HEEELS)
iz W< OPBEAT L. 28, LR TIE, ERO DA FIH LT, 2oz F L RKidd 5.
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k—o00 ka)
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EFH32 TRTOLkeZ, ILHLT, F(k) >0THY, o,

*2
lim Fi (k)
k—o0 ka)
ThdLE NHEMEF(2) 3BEBEAGTHDE VD L FF'=FTHH,n=23,.. IZHL
T, I nEHEAAAEZKRT. DF D,

)

k
k) => F (k- 0OF@0), keZy,
=0
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67



RE 3.2 A F2§7- 3 DA F € L EENT MV ea,ep BIFIETS 5.

A(N)e . B(N)e

lim — = cy, — =

72720, ca,eg lZZTNZFN M IR, Mg IRDFIRZ MLV THD, D &b L 5h—HIXIEEaRST b
VTHH.

NNV (k€T %,
(k) = Z m(0), keZy,

t=k+1
CEETDHE AHE25 ZHVTUTOEREZRT I ENTES.

FH 33 KE2.1,24BXUV3208 2T,

(N) _ T
i T T 7(0)cp +7r(0)cAﬂ_’ 3.1
N—o0 F(N) —0

AL DAL D,

WRIZ, FEHL 3.3 &2 FAWT, 55D M/G/1 U< )L a3 7B D EFH IO T(N) & 7N — 7 DU HHE
WZBET AN AN ZENT S, 22T, ZOEHIZHVWAEREARNZ N T 5.
8 3.4 ([8, Theorem 3.1]) KE2.1 BLU32DHL LT, FeSTHEH56IT,

lim 7(N) - 7(0)cp —l—f(O)CAw
N—oo F(N) —0 ’

MR DAL D,
EH 33 LME34 LD, ROZRBESND.

%35 RE21,24BXP, 320 T, FeSTHDHOIE,

g
m ———— =T
N—o0 F(N)e ’

NS ARVASS
4. EBMAEHEAI

ZOHITE, W) A, MAHREET IS 2B AEE X 5. 9, A(2),B(z) ¥ZhEh
{A(k);k € Zs 1}, {B(k); k € N} OHRREBE T 5. Thbb,

A(z)= Y FAk),  B(z)=) "B(k),
k=-—1 k=1
Y$B. X500, R A(2), B(z) DWHCEEE, T0E g, rp L U, AFOREE B
{RE 4.1 r := min(ra,rg) > 1.

DWW, IRDIREZE B K.
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1R7E 4.2 BAT 27 9 IEABE f BFIET 5.

A(N)e
Nose =N f(N) —

B(N
A}gnw% -

f(N)
MmosN—q b

772U, eak ep BENEN M IRIG, My IRTGDFINRZ bV TH Y, D7 b &b 5 h—IddEEn
N7 MLVTHB.

FEA3I INEA1 LD, ra>rgDEZ,ca=0THD,ry<rpDEE,cp=0Th5.
INSDIREDEH & TIROTEHZEL Z N TE 5,

EE 4.4 RE2.1,24 B X041 N7 nd e &, LR D D,

(N) _

hj?j‘ipﬁwif(ﬁ; = {_Ta +2(r—1) }{w 0)ea + w(0)cp ), @.1)
(N) _

l}ﬂ?of% = {_ra 2(r = 1)¢ } {m(0)ca + w(0)cp}m. (4.2)

72720, &= (T — A—Bag) le|o EBKIE/ VL) 2T B,

44D 5, RDREGD.
R A5 RE 21,24, 41 Bl I NTVB LT B, &SI (ERED m € Zy KL T, A(m) = A(m)
BLXU B(m)=B(m) ThH55561F,

N — 7 {7(0)cs + w(0)cp}
o — x, keZ,, (4.3)
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1 REE R, N 2T,

mee:rﬂI—RY%<ag 8)
k=1

722U, DEEYIRIRTE D BT & T 5.

BWTme,m 28HETS. FTER@GBELCk=12LERO6) 2HETTHEETSZ T,
X 2155,

By A 3
(7o m ) 42 ayima, )=(0 0). ©)
F7z, EEIREHEROBMD 1122 EE X VX 10) 2155,
Zﬂ'k€=1- (10)
k=0

ZLTXK®6), XA@®BLOKXU0) &b, X311 2E5.
moe + w1 (I — R)_le =1. (11D

PAEX by, MR OAELVRGHA RDPEHETE, RO BIOR U Z2ML<HA T BLF m
NHETE, R6) 2M<EFTrL (k=2,3,..)FHETE 3.
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34, MHeEEHMIEE

e, MEREFHMMifEIE 2R L, HHT 5. SEIIMRETMEERE L LRy 7 AY - AD T
Oy VIR, Bl N Ty 7 AAEYIOEYIE, EER Yy 7 AREYONEYIEEHRTSH. I TT
Oy F U IR E, HERZFE L MBEAY 7 A TZRALE] O %72 138EIZ LU 7= i1
MW ER ARy 2 A =22 FHLUZWERA I V7 TERR Y 7 AHEYORE BT TH D,
Y-V 2AE2ZIToNBVIHERYE T 5.

FTRULDIZ, TRy XU IHEP, #8HT 5. SREOEHEARY 7 A - 2D T0y ¥ Jhk
KixgX 12Dk izRBTE 3.

rdmoé + {(1 — p)uy + ra} 372, m;é

B rdmoe +{(1 - pyy +ra} X2, wie’ (12)
272U, éI3mBEOERDMEN 1 TENLUNDERDED 0 DEYRIRTHDIIRT ML ed b, %
LTR®)BLIUOFR12) &0, Piz2WTR(13) 2155.

rAmé + {(1 — p)uy + rA}ymwi(I — R)™'é

P, = ) (13)
radmoe + {(1 — p)uy + rd}mw1(I — R) e

WIZEE N 7 7 A O8N, #8495, FIHMGEOEHEL D, N FR 14 Dk > 12k
HaIns.

(o)

Ni = E[i(1)] = Z im;e. (14)

i=0
X7z, MAHEICES 28 EEIC LY, X 15 2/5.

[

Eli()] = Z Pi(H) > n) = i i TRe. (15)
n=1 k=n

X6) 2R ITRATEZ T, A(6) 2155,

E[i(1)] = 1 i i RF'e. (16)

n=1 k=n

72, XA ZROVELHWSEZ &2k, RA17) 2155,

iRkl (@-rY. (17

k=n

Me

l
—_

2R 14), RS BLORAT) LD, N 12DWTH (18) 2155,
Ni = {(I—R)—l}2 . (18)

REIZEE Ry 7 AP OB N, 28HT 5. FTHGHEOEELD, M IFRA) D LS IZ
REXIN5.

Ny = E[j(0] = ) m;€ = moé + ) | mié, (19)
i=0 i=1

72720, 3 nBHOEZDMED n— 1 DEYIRRTEDFIRZ bV TS, ZLTR Q) BLUR
(19) &b, Ny IZ2oWTR (20) 2155.

Ny = mgé + w1 (I — R)™'é. (20)
4. BIERBREEZR

RETIE, BI2HMTEM U LERME KU 3.4 BiCEM U 72 & MEaeaEMi a5 B 4 2 BUE 52 5%
PlemL, ZE21T5.
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4.1. REHEE

FINEUDIT, FHI2MTEM U ZERMICET 2BUEERZTS. 22 TRERKRY 7 AD#%iE
ME 7O TEEHBEDE N %2R, 72720, DEHEBE ITLEFMNFHZINTVWBHHEEE T 5. &
FE g, A % TN NREED, Ml 3525 7I2BWTLEMES 2 RT3 720, LEMSIEu,1>0
BLORQ) A THEL TS, 2oL E, RQD)IILEHEBOBRL 5.

e (p\K=¢
% (%)
Zc ok +p_c K—c(p k
k=0 k! ¢! “k=1 \¢

ZIZT, HHIRMIIBVWTCEEARY 7 A2 RE LU ZIGEDOZEEBIZOVWTER -\, HEI N
LhOR Y 7 AR BEEE L 72354, BEICRIRL 2k eid R y 7 2 a2 & CHERdE
ZEEETE 5720, BEVPHER 1 CTHRINT 2 RIUSEWVLZEFELNEONE. — AT, REINZE
BiRy 7 AR+ ITBERE L W E, FEIIHEIEZTORINIER ST, BlRY 7 ANKES
NTOVRWRIIGEWEZEHEIENEONSE. UEEZBER, ENTA =B A u,uw,p THAZ6N
TORIUZBWTHEE XNz ¢, K DERIR Y 7 A% — Y ADE AW E BRI G 2 58 % 3HME$ 5 5
HEEUT, MDIDOBETNTNDLEHEBOER*Z 2 5.

(a) BEEEIIEN 1T, BRAY 7 A2RET 256 (Thbb, p=1 LB LZLHE
(b) BERINED p T, BEAY 2 A2 HRET 256 (G216 RN)

(c) BlRLEINEN p T, BlARY 7 A%2ZRELRZWES (Thbb, c=K=0ZEHLEZEA
ZZT, BlEARY AR SIHEEL 7235E, (b) O LZEFEIR DRI (a) DL FEIR D B F U
U, EBlHRY 7 ARH5ITBEEE L o 7256, (b) DLEFIR OB (c) DZE fHIk D B i
5. TLUT(b) DLZEFIEZDEER L (c) DLEFIRDBEFITEE N 5580, iRy 7 A —¥
ADBANS T2 6 T LEFIZDI 7 L7525,

LEFHI DO BUEFERR L LT, r=0.10,p = 0.85 THEZX 5 NIZRMIZEWT ¢ = 50, K = 100 D il
Ry 7 AY—CADEANE 726 TLEMEDIE N 2EZ, up =0.1,1.0,5.0 FNTNDHEHIZDONWT
MEELTz. 22 Cw BRI FIZED2BEA Y 7 AR ORI DT A =R TH D, up HKE
W EZ T TR MPEICN U TS Th 2 2 E2 o5, TUTHREIMID LS 1T o7z,

(A =na+{ra+ 1 - pyu} = {1 21

(@) 1 = 0.1 DIFE. (b) 2 = 1.0 DEIE ©) 12 = 5.0 DIBE.
X 3: % 5E A D B 43 O B fit FE A L.

2T, SRIOERRY 7 AV —ECADBEANE 726 TLEFEDOHE I OVWTaMNITZ2To72. Z
DFERE D, wy WREVIFEREEBOE IR ENZ D005, 72, K 3a Tl (b) 2¥(c) 1T
ROEHREL, B3¢ TR (D)2 () IR VERELTWS Z ebhd. $hbb, ZITTERERARY
27 AN O AU R 72 5 IR L@ ST R E K ED Y, EEMIZHMEL 2T WER L 4o 72,
4.2. MHREFLMIEIE
oo\ TR VERE TR LI B 9 2 BUASEER 217 5 . A VEREFEMME AR DB ERR X o, r TN E N E LA
XEEGHEIZDODWTITo 7.

F3 1 OHOBUEERHIE LT, r =0.10,1 = 420,u; = 500,K =100, p = 0.85 & L, ¢ = 10,25, 50, 100
TNENDHEIZDNWT, wp 2SI THEEL 2. 2L THRIEIK 4D LS 1Tk 7.
B4 kb, SVEREIEMREEIX wo QAN U CTRAMER AR I N, K c RS WS IZ& MR
MDD BIIREL morz. £, B4AbIZT, =0 I1XERAR Y 7 ANHKE X N T WA VRI
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0 5 10 0 5 10 0 5 10

(a) 70y F v THER, (b) Bl b 7 v 7 AR ONEEE.  (c) BEKR Y 7 A DI

2 4: pp 2 HE U 7356 O A VERE R FE AR D BUiE F2 R 5.

CIRIEEMETH B DY, o OEINZ L > TN I KRIBIZIEA L TWE Z e 23bhb. £ LU TH4c T,
B, B HENRS Ny DEAELTWAZ W bnd., LEXD, w OEINZx LTI,
Py, Ni,No IZWTNHIEADTEZ e nbhrot.

FEWT, 1=490,u; =500,u =5.0,K =100,p =0.85 &£ L, ¢ =25,50,100 ZNZENDHEIZTDWN
T, reZfbI8THEEL7Z. ZUTHRERK SO L ST o 7.

100 100 O -~ |
i kA ke Ak oA AT =
.

i

Vs S 1| | o
\
\

X /

' »
f ’/ - T = OSSP S e R L
LR [ A A——— ° Rl e T R T T T T )

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5
r

OWAPEP 3 (b) Bl N 7 v 7 FAYI O, (o) BELAR v 7 A O FEE
X 5: r % 85 U 72356 O &M e FEAMFE A2 oD 200l S BRS 2R.

FIMSa LD, rOWINZFLTTa Yy FUTHEREBMUZ. ZHUIDWT, r OEINEER A v
I AY—CZADFHZROHEMZERL TH Y, BHEAY 7 A —CADORHANBERIZR 722 L TE
BlARYy ZAY—UE 2070y F U ITHERE ERLTWAZ bbb, HWTKSD XD, rOEEINZ
HUTN BHEMEETHERALUTHSHOEIMULTWS., ZHUZD2WT, rdMEWGEIZIZHEEATIZ
BHPERL, rPEWVESICIEERAR Y 7 ACEHENERT 5720, @4 r 2ERTHIETH
HES FLOMEINDBDEERTES. HEZIZKS5cIZDOWT, H4c DGEHE-IESEEWE LT
B, BclZWl, 5 rfhah»s Ny BafiLTtnwbd. B EX0SEOEE, rOBEImzN L T,
Py, No (TBEIOL, Ny iZH2EETRALUTORSHUHEINT 2 Z 2 hbhro .

5. EmESRORE
KX TIHERARY 2 AP — L 22 E50EHY — AV AT A DWTABRREEDOAZ R D A,
RHBITHETINE UTRE U, 2 U CTHENAEGRIE & U TRH 752 W72 2170, %
ESA, THEARGERER, MEREFMNfEREDEH 247 - /2. S IIMEREFHIfEIZE & L TRy 7 A Y —
vADTay VIR, BN Ty 7 AAYOEYIE, Bl y 7 AR O E EE - B
U7z, BUEERTIE, STERRY 7 A —E 2ADE AT X 2 LEHBORENZ DWW THEEIE 217
W, W TEMERERHE R D ZALIZ DOWTHAER R - I a b —Y a v E{To 7z, £ U CHAEERKS
B s, BlAR Y 7 ZNHY ORI U T2 FEAREMIK AIE 2 E IR E RN Y, KGR
iR E I Nz, UL, BEARY 72 A —E AOHHROININ L TlE4SE, Blilky 2
2ADTa Y F IR XOER KR Y 7 A ORI NMER TH L DI L, BN T v 2
AR DY 8L H B EF TR L TS5BTNS5 Z & bbb o 7-.

FATWIZETIE, EBhR Y 7 ZAOHEEIZ X 2 EEBDOZIZES 2155 [3], EhlH Y 7 ZAD il
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B2 BUEML L THOME - DT AEN TN T W [4]. LEL, TS DFEDH TIZERAR Y
7 ZRARMDEN 22 ZB D WTIRERIN TR o7, £z, BiFERTIIEE R Y 7 ZDIEH
W&o THEGERIZ IS Z EDRINT W [5,6]. LA UFEIFERFIZIZEE AR v 7 A D EERE
BhholGHEEH Y, TOHERE L TTa Yy F U 7R"BIFshTnwizdd, HiRWay 7a—Fidi7h
NTWEho7z., TUTHHILS 9 3R Y — AV AT LAOHRETIVALZIT-72H, 70y
VIMERZIIL O LT B MR DOE S - BRI OVWTIESHZROFEE LTW., 22T, K
WEIEEHELS [9] DETAVEZILEL 22l — AV AT AZ DWW THERERZ HWTETILL,
EhY — AT AT ARG OB E A DOREZATREIZL, 51270y F Y IHREZIIUDET
% EMERERTAM FE A 2 PRERIIC L U 72, A BRI ORI R E e B X 5N b.

LU, EFEOERY — AV AT LARSEIOETIVE D E D 0IEMR Y AT LER>T W5,
FOD, L0EBROEHEY — AV AT MMIOEWETIIVEIES BIZIZHICEMREZ 2 BMNL, #
MUzl siwn, £z, SEIIMHREITHMEfEEE U TRy 2 Ay —EAD 710y F v JiER
B LUEFBT O E E€F L, BIEFEBERIZ LD Z I FOMYIEIPGEE OFEEWEZ /7R L
7. UL LASENEER R Y 7 ADFHAIZL 22T FOAHEEE2EZERTE TWVWARWVWZD, T K
WZIEZITFOEENERMILTUED. 20720, SBRIEERY—VECAVATLZEBEL TR FE X
OZFFENEHET 2 I3 M EERIHMAEZEE UTEHL, MU—RA 7S LTRSS BELRD 5.

S EE
Z DRERIE, ENIWERRIE AR T ROV F — - EEHEMTR AT (NEDO) DOFRFLHEE DM RS
S5NbDTT.

& Xk

[1] B+ @EE, SiE O BEESEIZ I T, http://www.mlit.go. jp/seisakutokatsu/
freight/re_delivery_reduce.html, 2018 /£ 12 A 14 HE& 7T 7 & .
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[3] Iwan, S., Kijewska, K., and Lemke, J., Analysis of parcel lockers” efficiency as the last mile delivery
solution - the results of the research in Poland, Transportation Research Procedia, 12 (2016), 644—
655.

[4] Lachapelle, U., Burke, M., Brotherton, A., and Leung, A., Parcel locker systems in a car dominant
city: Location, characterisation and potential impacts on city planning and consumer travel access,
Journal of Transport Geography, 71 (2018), 1-14.

[5] N FV =y 2RAat, TElR Y 7 ASEGEFEER ] RS R, https://news . panasonic. com/
jp/press/data/2017/06/jn170608-1/jn170608-1.html, 2018 4E 12 H 14 HEi& 7T 7 & .
(6] /XY = kAt DL (AR D) OFEEEZHS Z 5 70y 7 b HEGEED43 %05 15%
1ZJ%4>, https://news.panasonic.com/jp/press/data/2018/03/jn180319-1/jn180319-1.

html, 2018 4F 12 A 14 HEHET 7 £ A,

[7] Phung-Duc, T., Multiserver queues with finite capacity and setup time, Analytical and Stochastic Mod-
elling Techniques and Applications, LNCS 9081 (2015), 173-187.

[8] Wang, Y., Guo. J., Ceder, A. A., Currie, G., Dong, W., and Yuan, H., Waiting for public transport ser-
vices: Queueing analysis with balking and reneging behaviors of impatient passengers, Transportation
Research Part B: Methodological, 63 (2014), 53-76.

[9] H LA, Phung-Duc, T., M H=¢Z, 5758w %2 AW/ EhR Yy 7 23 —EADE 7)1,
H AR E T4 2018 4EKTER 2R, 2018 4E 10 H 27 H-2018 4£ 10 H 28 H.

[10] FRERA &4, [BEKTHH] Shopping is Entertainment! : 1 > X — 3% v M K O@EEIRGE, @
A o4y ay ¥y a3 a=5 1, https://www.rakuten.co.jp/, 2018 £ 12 H 14 H#x
K7 7w A,

[11) FEEE, M/M/1 282 T —MEHASERGEREAN DM —, ARV —2 a3 v X - V¥ —F,59No4
(2014), 179-184.

80



VIVATERICE I BIREMSEEDMOBEASFARC LI HHDT

ARE et IR B
RBRAREE: T2EWER BB R L EHK

BIZE . ARITIE, FEOBEPSBHREEM ETERI NIV 7HEIZIE T 5, RE
EWVS JAENEDEFE DM BET D, BHFIRICB T, FMAA S ER 040 2 N IZ & O
%Eﬁﬁb%%fbé.*%ﬂ,&%ﬁ%ﬁﬁ%X%ﬁ%@%%%t%ﬁf%%k@,:m%@mfﬁ%#ﬁ

“2“2
=
=
-
)
N
N

BTD. X510, GEROITAIRETIXIEN S N C A< L 3 7 B DHi 72 5 e OB % A
PN P S A & e 0 A DR 1T 217 5.

1. LI
AT, ATRMEEAREEZEM 2T = {0,1,...} ETEHRI WL EGRE L3 7EE (X (1); t >0} 2FL
T5. {X(t); t >0} OHBEITHE Q LT 5.

—qo 4o,1 40,2
qi0 —491 q1,2
42,0 42,1 —Q2

Q=

WHRITH Q D (i,7) BHE q; (i,7 € ZT,i # j) LRE i »SRE j ~OHBRTHEZ O, WAEE ¢
(i € ZF) BATHIN 0 L B XS 12D S5ND. BUFTlk ¢y <o (i €ZT) THY, N3 7 {X(t); t >0}
FEFEP DIV I—RNNTH D ERESTS. VA 7HH {X(t); t >0} DEFSMiZ 7= (mgm ) &T
5. 272U, m=Pr(X(0)=i) (i Z') TH5. —ffiz, T)LI— FIREFIE <L 2 7880 & 5 /)16
m TR AR —E LTE5EX 6N 5.

7Q =0, we=1 (1)

72720, e ZBETOEEN 1 THEIELURIKGTTDIINRY MV TH B, 78, ZT ETERI NN TEHRR
TR~ )L 2 7 D EH A wp \ZHRDYH 55 A1, BRI E Pp L L2 E, mp=npPp
Zii7- 3728, WBERITH Q = Pp — I TR SN2 E@ER R~ )L 3 7 @ O EHE 0 2 B R T IER .
REgZE M A EMIR 254, KRIBCEM AR X EEREO RN, (i e Z1) BEEND 720, EER
i ZHBICHAT S LI —RIERETHS. ZhicdLTo207 Ta—F2AR{MoshTwWs, 1D
HIZUI R W ENn 5 7 7 —FTh 5. YIBHETIE, FoIckER N ezt oL T, kg%l z+t %
HROMBES ZY &2 OMEE 23, WHEIT S, 7720, Z (m e ZT) ST Z55 (m € ZT) 138
TTHRAONDREBEEERT.

{m,m+1,.... 4}, m<Y{,
0, m >/,

zt, =

m

Zy)={m,m+1,...}

7z, REBEFODENEDLETEREDIM m LHBRITH Q ZLATD XS ITHEIT 5.
Z(J)V ZF 41

zy ¥ 41
1 , LN 1.2 (N
m= (7OWN) 7@WN)), Q= " ( Z(MEN; g(z’Q)ENi ) ?

FNT, {X(); t >0} OEME LT ZY ETERSINARREY L 2 7HEHEET 5. bbb, (N+1)
WICDHBRTH] [QUV(N) + Qa(N)] Z2HET 3. 72U, Qa(N) X [QUD(N)+ Qa(N)le =0 %iiiiz
FTHAFITH S, 22T m(N) = (ro(N) m(N) -+ 7n(N)) ZIRES N BLF LS R & D) A
L9 BELD, FMEMNESERED IR 22T

%11

71-(1)(]\7)

"= e o
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Il EE Tk, HERRITH] [QUD(N) + Qa(N)] 25 DAMIRIE~ IV I 7 #EH D & H 1906 % AN & 8 H 04
m(N) DI 72PProx(N) & UTHRAT 5.

ﬂ_approx(N)[Q(l,l)(N) + QSJ)(N)] =0, wapprOX(N)e =1

7B, QUY(N) ZMUITERTNIE, N oo & LK (r2PProx(N) 0) KEH MM m 12T 5 2 & 535
SNTVWS. Thbb, N A+HHICKRENEE, (2PPX(N) 0) Ik 7 ORWVIEME 25 Z eI n 5.

2 0HIE, ISHIZBWTHIILT 2 BRI Q OWMEERIAT 5, FHMHIELFENS T Tu—FTh
. fTHIfRNTIE T, REBZEM ZT %2 L~V L IEEN 2 SERE OHE K GRS EE L, (n=0,1,...) (24
L, EROLVAVDRSDEBREZZZ - E, EAHMIIROELPEWEGE (LAY ERT 2L ST
1LV D G/M/LED) &2 WIEFRARAIZROEL 2 NGE (LARVA TR 2 e SIEHEIC 1 LRLg
2: M/G/1#) 122oWT, EHESMOBUEGFIEDSHFR I T WS (2, 3, 4]. UIEIE, FAEIED W
BWTE, (MM E) EHOME2EE HERATHEO, TRICEIOCTHIEFE 21T Z2ii725.

Ins L3NS, MIPAERRIZE T (RN E) EESMERHMO, ZTHITE D W HUEFHE L &
i, BEINTWD (1,5, 7). XHR (1, 5] TRRLVNIVKIES S M/G/1 Bxova7diEzng e LT, M/G/1
NS R & BORBRIEH U 72 8UHERHRIE G 2 6T wad,. — K, Xk [7] Tk, LARLITORUEL 7%
LW Z R 7220 b a 7HEBIIN LT, RN EEFED m(N) 23H 2% HIKDH NI & £
nN5Zr, moCITTTE D S EUEFHEEMRE I N TV A,

ARGDOEHIE, SR [7] TRON TV SREREMEAFTRRL WO BRPSBE L, BRI O
fES 5 (K +1)x (K +1) #2175 (K > N) 6O EEHDM n(N) 1ZBT 2 aFHEknilidZ e
b, —Mz, MEBERIIAEAERROMER L 2729 Z LA TE S [6, Theorem 2.15]. ARFDHETIE,
SCHR [7] TR E NI TR RIS R S EEE 2 DR TR FUZBE TE 2 Z 2 2R 7. £z, HR
FATHI DTG MBS D (N +1) x (N +1) BATHE (K +1) x (K +1) #HTH] (K > N) 3% D54
EEHDM n(N) IZBT 2HROBIRIZOVTEMEAERNRE WO BIRD ST 5. AROBLETIE, it
ROIFHRFMIETIIIEHATE R o 2 H L WG 2B AL, H#ERITHOIEA BT S (K +1) x (K +1)
H47H (K > N) B35 D&M S HAMICET 2BbEFMAEREAES 5. 2b, ZITHEATIHL
WHEIE X, RO L AVEIO REAFAORE R L WO &2 BRABRIETIHREL 25D LR >TW5.

AFOHERIIATDE B TH L. 2HiicHNWT, Wk [7] OFREzZ L DL, 3HITHWT, WK [7] Ofb
REMEAERR L WIBIAPOHE TS, 4HITIRH -G L UT skip-free £EAZEAL, HBEITHIO
A DO R FEM R EREZPIS IS T 5. mBIC S HiTHmE AR 5.

2. BEWRE [7]
AREITIE, Sk [7] THRONTWVWSHERE2ZLDS. £7, FEDO N, K (N < K) IZULT, REEZEH 2+
2 ZY, 7K., "SI LE,, D=2 ET 5.

zy 7R 1 ZR% 11
= (7#W(K,N) 7@K, N) «B(K,N)) (4)
zy ZRia L%
z§ QUV(K,N) QU (K,N) QU¥(K,N)
Q=z5, | Q*V(K,N) QI (K,N) Q*(K,N) (5)

22 \QPV(E,N) QP2(K,N) Q¥¥(K,N)
K =N o5&, X 4), X(5) 13X (2) LEMTHD. 512, d; (i,j €L, i+#j) ZIRANTEHT 5.

1, qi,;j >0
di,j =
0, Zfth

di; &, KRR i D2 SARTE j ANOELEE VS ARENE 1 A2 RTRRBEBTH L. 72, REBEM ZT OLRD%E
TRVWESEA B LT, d(i,B) i€ Zt,i¢ B) o0 d(B,j) (j €Z",j ¢ B) IR TEHT 5.

1, Zdi’j > 0, 1, Zdi’j >0
d@i,B) = jeB d(B,j) = i€B (6)
0, T oA, 0, Zoftt
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oL, TNSEMAVWT E(K,N) 2R TEHT 5.
E(K,N) = {jezl; [dV(K,N)+d? (K N)(-QZI(K,N)"'Q>V(K,N); >0} (7)
772U, dY(K,N) (i=1,2) R FTER OSN3,

dM(K,N) = (d(ZF1,0) d(ZF1,1) -+ d(ZF,1,N))
d(2)(K» N) = (d(Z(I)(OJrlvN + 1) d(Z%o+1,N + 2) d(Z?{O+1»K))

EHRLD, E(K,N) e ZY 13752, NOERE i € 232, 15 ZY ~HIEGEL B, Va3 7EENHD 5 5
RBOEE &(K,N) ONES Uiezg, Ei(K,N) LH—TH 2.

fi% H(K,N) 750N H(K,N) O&fTORMDP 1 745 X5 WCEREL 2175 H(K,N) 2R A TE#H
T5.

H(K, N) _ {(_Q(Ll)(Ny N))_17 K=N (8)
(—QUI(K,N) = QU (K, N)(-Q*?(K,N))'Q*V(K,N))~', K >N
ho(K,N)
_ hi(K,N)
H(K,N) =diag™'(H(K,N)e)H(K,N) = . 9)

Fo (K, N)

=720, EREORTZ MV 2 TR U T diag(z) 1 [z]; i EHONABERIZE ONATHZRT. EHLD,
QP (K,N) ZEHITH 5. MxT, QUV(K,N)+QM2(K,N)(—QZ(K,N))"'Q*YV(K,N) HiEAITH
5728, H(K,N) 3FfExREHIN, H(K,N) > O %iji/=3. 512 H(K,N)e >0 ThHb720, H(K,N)
bIPERSERIND. R (9) &0, HK,N) FEMRHERITITHSD. £o7T, hi(K,N) (i € Z{) 13HEHR
R MVTHY, D, (N+1) RCEH EORERY ML ThHD I LIZHEET 5.

PH(K,N) % h;(K,N) (i € £(K,N)) TiRohdMWLHALELET 5.

PH(K,N) = {gc eRVHL g = Z ahi(K,N), a; >0 (i € E(K, N)), Z ;= 1} (10)
i€E(K,N) i€E(K,N)
g 1 ([7, €M 5)). Zzt ETEHSINATVIT— NWAERERFE < L2 788 (X (¢); t >0} 2F R 5. [TE
D N,K cZt (K> N) 2 U TRAD LT 5.
w(N) €riPT (K, N)
772U, riPH(K,N) &N Z ik PT(K,N) OMHNG %&£
i PH(K,N) = {a: RN 2= Y ahi(KN), ;>0 (i €E(K,N), Y ai= 1} (11)
i€E(K,N) i€EE(K,N)

hi(K,N) (i € Z§) 3#EHNLTHZ DT, PHK,N) i N+ 1 Re%EM LD |E(K,N)| - 1-BATH 5.
INSDHEMEKIZBE U TIROMEIRINT WS,
B 2 ([7, €ELT78]). ZT ETEHRI NV T — NIRRT~V 2 788 {X(t); t >0} IZBWTEL
TARALT B.

PH(Ky, N) CPHE,N) (N <K, < K>), ﬁ P*(k,N) = lim P*(k,N) = {m(N)}
k=N

3. BEAEXRICLS n(N) OFHEDF

ZOffiTcik, mE 1, RO, ME2 TRINZAEHEREMEAERNR L VI BANSHET L. D%
fiie LT, (N+1) R EoMEZHKRICET AR 2 2o THL. £7, #@4U4f14 A, B %/
WT, (N +1) oM Lok P 2R TEHT 5.

P={xcR¥"; A >0, B =0, ze =1} (12)
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—fiz, BRI &S RMBEAK P ITA RSN &P {x € RV ze =1} OLERS TRIAETH
% [6, Theorem 2.15]. 37205, Pk Ce=e %/ T#4HT5 C 2HVTUATFDO LI ICERETE 5.
P={zecRV" 2 =aC, a>0}n{xc R ze=1}

={zcR" z=aC, >0, ae=1} (13)

#WE3. X (12)1wBlI3 A, BEENEN (N+1) x (M +1) 1751, (N+1)x (N - M) 175lTd b, 4751

(AB) DEHITHBEE, X (13) IZBIFE CIEF(M+1)x (N+1)55THY, £D (i,j) BRIFRATE
ZAob.

C o [(A B)_l]i,j

[ ]i,j_mv iz, jezy (14)

EHZLD, 175 C 13¥75 (A B)"L 28135 i BH (i € ZY) DI &RTMN 1 L7 d X5 EREL7ZR
7 NVTRERENG. 72, "MZHEER P OMNHNE riP XN TEHEZ5N5.

1iP={xcRY 24 >0, xB=0, ze =1}
={zcR¥; 2 =aC, a >0, ae=1}

IRTH, &Il K=N OB&IZ20WTEmL7%E, K> N OBEIIODVWTERT 3.
3.1. K=NOOBEa
K =N 0i#, $/4bb, R (2) CHEALS#HE2E25. X (1) BLTR () &b

A DN)QUI(N) + 7w (N)QED(N) = 0

BT 5. £oT, R (3) &0, KM EEHIME w(N) FXREMHET.

)
m(N)(-QUI(W) = Tk Qe

(V) (15)

22T, 71A(N)/mM(N)e>0 256012 QPI(N) >0 THEHDT, R (15) DALIFIEATHS. £oT
m(N)(-Q"V(N)) >0
2185, ZZ TN P(N) 2RATEET 5.
P(N) = {xz e RN 2(—QPV(N)) >0, ze =1} (16)
B 5512 w(N) e P(N) Th 5.

X (16) TEES NMBHE P(N) OHERE 525720, 541 H(N) = H(N,N) %50 H(N)
BEOMD L £755 &5 ICEMILL 72454 H(N) .= H(N,N) 2 &%T 3.

H(N)=(-QUV(N)™',  H(N)=diag '(H(N)e)H(N) = (17)

FEOHERE S TIZHE 3 LOUTORHEZE5.
B 4. 2t ETEBINAT I — RIREGER <)L 2 788 (X (t); t >0} 25X 5. FED N ezt
R UT, IRADELT 5.

m(N) € P(N) (18)
17U, P(N) BR (16) 55 VRERATHEASNS.

P(N)={z e RV, x =aH(N), a € R"" a >0, ae=1} (19)
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T4 Kb, %«’#H%%ﬁéﬁmii@%& (N +1) IRTehER~R 2 MV o (N) 2T, 7(N) =a*(N)H(N)
ERUWRETH D Z W Nnn5. 22T, 1745 H(N) $HERRTS Q 0ItFEfMIciiET 2 QWD(N) DA
FoTEES (N +1) km2 FﬁL@éEﬁﬁtﬁ\a MV hi(N) (>0) THERINTWDE Z LIZFERET D, —H,
INSDEERY MLOEAEEDDHMEERY ML o (N) ZHEBRITH] Q BEIZL>TEES. 7B, Z0
HEIZ, RN (15) RS R (17) 1S5 EBICBELIENTES.

1

") = 5 r7e TP NIQED (N (-QUI(N) T = o (MH(N) (20)
72720 a*(N) = (o (N) a5 (N) -+ aiy(N)) BIRXTHEA 5N 5.
* 1 2 2,1 . 72 (N)Q(z’l) (N)diag(H(N)e)
a*(N) = 71'(1)(]\7)6 el )(N)Q( )(N)dlag(H(N)e) = W(2)(N)Q(271)(N)H(N)e

H(N), a*(N) ZZNTNLLRD XS BiERWEREZ >, H(N) O (i,7) BERITIRRE i € Z) »S5REE
B LN ~MIENET B ETITRE j € ZY ITHHET 2 ER 2R LTS, £o T, [H(N)]i; (i,j € ZY)
WXIRAE 72,

E(T;(Z541) | X(0) = 4)
ZmEZN E(TW(ZIO\/'O+1) | X(O) = 1)7

22U, Ti(Z350) (G € ZY) R ZF, ~IERES 5 £ TITRIE j ITHET DIERIHTH 5.

TR X(1)eZ) THERIBWEEL TS, {X(1); t >0} FEHAERDT, Pr(X(r) =j) =Pr(X(r) =7 |
X 7) € ZY) =m;j(N) &Wil=$. ZIT, Z%,, NORED?S ZY NOREANDEBVFELEL 2 EHEP S, F
CZ%,, WOREBANER T 2 X TOMMICEETS. UFTE, Zolz 2§ BHEMEIER. Zor &,

af(N) S r 2 &0 Z) WEMRIAMREE i DSBS AR EREI NG, —F, [h(N)]; 1ZBE 7 A
ﬁ%z#b%ﬁutzomfﬁﬁ IZAENTVB L WS&LETFT, X()—j?%é%%t%%éhé.?t
b, R (20) IXEFIREMER ;(N) & Z) WEBEORBRRICB T 2REBTHEMT LAERB LRI,
MWTE 5.

wiz, X (2) OAEIZBWTHB T OJRf QUWD(N) OETFIZH S QZY(N) D& HRAEZRL 7=

GEREZDL. £7, RBEA E6) 1 €Zt) 2RANTEHT 5.

E(i) = E(i,i) ={j € Zi; d(Z3%4,5) =1}, ieZt (22)

£oT, EN)IE N +1 U EDWTNRORED S EFEEBATREL N U FORBOESELRT. TILI—F
WTHDEEVIRELY EN)#DTHB. UFTI, —fMlEEE> i<, &N)={0,1,...,|E(N)| -1}
EIRFET 5.

E(N)#ZY OBE%EZEZS. E(N) IZi>T QUI(N) o5z QPV(N) 2FnZF N2 DEN{THIIC
DET 5.

[H(N)li,; = [hi(N)]; = i,j € Zy (21)

E(N) ZE\E(N)
QUI(N)\ _ ZY CON) QP

Q(2,1)(N) - ZJOVO-H Q(2 1)( N) o)

ZorE, X (15) KO kX%2E5.
E(N) ZE\E(N)
(2)
(1, 1) (1,1) - w2 (N) e 1t220)
T(NEQEIIN) — @) = (e @8 o)

oz #@VNQP(N) > 0 1TiEE L, #iE 3 2HV3 LU FOEHEE2.
EE 5. 2t ETEHRI NV I — N sER R~ L 3 7880 (X (1); t >0} 2525, &L, E(N) #ZY
Ro1E, ED N e Zt ITHUT, RRADREIT 5.

m(N) €riPT(N)

772U
WﬂWz{wewwﬁmGQQWanmwkr“WND:Qxe:Q
:{scE]RNH; r = Z a;hi(N), a; >0 (i € E(N Z al—l} (23)
i€E(N) ZGS(N)
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EHED, PHN)CP(N) THAHIZLIZHET S, T 5 3B RTH OIS QLD(N) DETFIZH S
QEV(N) BROMAMANERERAL T, 23, »SEEEB TER Z) NOREEZEESITITE VTR
HUEFERTHD, m(N) 2 hy(N) (i € E(N)) ZIEEQHRTRALZSDOTHEHRINSZ L2 RLTWA.

m(N)= Y ai(NMhi(N), af(N)>0(i€&N)), Y aj(N)=1 (24)
i€E(N) i€E(N)
Tbb m(N) ORMIZR (24) ORIFIZTE2T {af(N); i € E(N)} ORIELEMTH 5.
3.2. K> N ®OiFs
K>N OEa, $hbb, R () TEAEAH2E25. R (1), R @) BIUOR (6) &b

(K, N)Q™ ”( ,N) + 7@K, NQPV (K, N) + ¥ (K, N)QBV(K,N) =0
(K, N)QMY(K,N) + 7@ (K, N)QP? (K, N) + ¥ (K, N)QB®?(K,N) =0

DENLT 5. Z0ohs QRA(K, N) BEMTHEZL2FHLT n@(K,N) 2lEL, & (3) xHW5B X,
PRD &SR (15) zl‘_]ﬁ'l@%l“%# L5hbd.

- (3) -
_ALD _ T (KvN), (3,1)
m(N)(-Q <KaN>>*,,<1>(K Me @ (K,N) (25)
=77 L
QUYV(K,N) = QU (K,N) + QM2 (K, N)(-QZY(K,N))'Q®V (K, N) (26)

QUV(K,N) = QI (K, N) + Q2 (), N)(-Q®? (i, N)) "' QY (K, N)

BB, ORER, qaﬁajc:ﬁ%mw 4 2, VYT Y LT, RIS ZY UZE,, ETRES
NIAF OHBRTI QK N) 6oV A 7EPREZS L LHliTHS 2 L ICHET 5.

Zé\] Z?Jrl
_ 2 [ QUV(K,N) QUI(K,N)
Q(K,N) = 2. <Q(371)(K7 N) QB3)(K,N) (27)

=72 L
QUIK,N) = QUI(K,N) + Q"I (K, N)(-Q* (K, N))*cz@v‘” (K,N), i=13

Tipbb, X (27) ICEDITIE, K=N 055 AUERY K > N OGEICHEAMETH L. BARMIZIE
R (8) BOWITR (9) TEHLAELSIC

H(K,N)=(-Q"V(K,N))™ !, H(K,N) =diag '(H(K,N)e)H(K,N)

LT, A (25) 2501 K = N OG& L AKOEREZITS &, K =N OLEICNT 5EH 4 12667 %2
TOMEEMEDZENTES.

R 6. 2t ETEHBSIND TV I — R~ L a 7884 (X (t); t >0} £ x5, {FED N, K € Z*
(K > N) iU TIRARBLT 5.

n(N) € P(K,N) (28)

7L, PK,N) RRATEHR SN,
P(K,N) = {:c e RV*L z(—QUV(K, N)) > 0, ze = 1} (29)
:{meRN“; z=aH(K,N), ac RN+ a >0, ae:1} (30)

ok (7) TEEINSZ E(K,N) ZHVWCTER S LFAMKOEREITO Z L0k, mE 1 285280
TE5. b, ME1OR (1) Db > TWVWEN (10) THEX SN MK PT(K,N) X

E(K,N) ZI\E(K,N)

QUK. N = (QEVE.N) QY N))
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L&, M3 &0, UTOXSWHRERAEZL DI EDVNN5.

{w € RV*L g(—QD(K, N)) > 0, ze = 1}’ EUN) = 2o

PH(K,N) = ~ _
{@eRY a(-QU V(K V) 2 0, 2(-QF V(K. N)) =0, me =1}, E(K,N) £Z

EHEELD, E(K,N)=7Z) %51 PHK,N)=P(K,N), E&K,N)#Z) 751 PH(K,N)C P(K,N) T®

L5 LIIIEETS.

3.3. OZEAEOIZEF

AHITE, @E 2 TRINTVLSMZHAFOUERGREERT 2. RAIHA (16) X (29) 2EX 5. £D

#fEe LT, X (26) THEAZ QUD(K,N) % QUV(K,N)=QMIV(N) ZHWTMTOL S ITHEHZ 5.
QU (K, N) = Q"I (N)(I — R(K,N)) (31)

772U

R(K7 N) = (_Q(Ll)(K? N)>_1Q(172)(K7 N) ’ (_Q(272)(K7 N))_IQ(271)(K7 N)

(31) BWT QUI(K,N) 5Nz QUD(N) B EMTHBDT, (I-R(K,N)) bIEHITHS. 7,
R(K,N) OERNZMIRE D, (I-R(K,N))" 3G 25 ZehRENS. koTzQW)(K,N) >0
DOMHAIZIEEFTH (I - R(K,N))™t 281 5 & 2QUYD(N) > 0 AfEsh 5.

QU (K,N)>0 = zQUV(N)>0

Thbb, & (16), & (20) £
P(K,N) C P(N) (32)

BT 5 LB DG,
Wiz, & (30) THERSNBMBHEROHEBEEZS. X (31) £V

H(K,N)=(-QUV(K,N))™' = (I - R(K,N))" (-Q"D(N))~!
= (I - R(K,N))"'H(N)

235, koT, XN (9) IHEET R L, BeZ) ITHLT

BH(K,N) = Bdiag” ' (H(K,N)e)(I — R(K,N))"*H(N)
= Bdiag™ ' (H (K, N)e)(I — R(K, N))~'diag(H (N)e)H(N)
=aH(N) (33)

5. 272U
a = Bdiag”'(H (K, N)e)(I — R(K,N)) ‘diag(H(N)e) (34)

K (34) 2BV, diag ' (H(K,N)e), (I — R(K,N))™', diag(H(N)e) 3 & THAFIHTHE. LT,
B>0%51Xa>0 KT 5. £z,

ae = Bdiag” ' (H(K,N)e)(I — R(K,N)) 'H(N)e = Bdiag” ' (H(K,N)e)H(K, N)e = Be

Thb. Inolk, BIHRRI ML THNIE a BIHERERIZ ML ERBEILERLTVS.
zZT

I'(N) = {a eRV L a>0, ae= 1}
[(K,N) = {a e RV*!, o = Bdiag™ ' (H(K, N)e)(I — R(K,N)) " diag(H(N)e), 8 € F(N)}

95 EHELD
I'(K,N) C T(N) (35)

BT 5. 512, & (19), & (30) RINSEMAVTUTOL S ICESME S ZLHTES.

P(N) = {:n e RV*L g = aH(N), a € F(N)}, P(K,N) = {x e RV*L g = aH(N), a € (K, N)}
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EoT, & (35) ITEET B LR (32) BRVLTHZLHND 5.
Wz PH(N) & PHK,N) Oa&BREHERT 5. E(K,N) CE(N) DT, BEZIELTZY % E(K,N),
E(N)\E(K,N), ZY \E(N) D=2z 5%14 5. HlxiE

E(K,N) E(NN\E(K,N)  Zg'\E(N)
QEI(KN) = (QPV(K,N) QEP(,N) 0 ) (36)

Frz, I-A)'=I+T-A)"TA &Y, »5IHATH B 2HNT
(I-R(K,N))"'=T1+BQ®"(K,N), B>0 (37)
YELZENTES. FZTaxePHK,N), $5bb,

E(K,N) ENNE(K,N) ZY\E(N)
z(-QUVE,N)= ( y 0 0 ), y>0

m5IE, R (31), & (36), R (37) &Y
z(—QMY(N) =(y 0 0)(I-R(K,N))™"=(y 0 0)+(y 0 O)B(Qf’”(KN) QY (K, N) o)
=(y1 y2 0), Y1,¥2 20

2185, $0bb
PT(K,N) C PT(N) (38)

MALT B.
—%, X (33) ITBNVT

E(K,N) E(NN\EK,N) ZH\EN)

B= ( B 0 0 ), pB1>0, Be=1
eBle, X(34) &0
a= (B 0 0)diag ' (H(K,N)e)(I — R(K,N)) 'diag(H(N)e)
L7, R (36) LR 37) ICHETHE o BFUTOL IZELZENTE S,

E(K,N) E(N)N\E(K,N) ZI\E(N)

a= ( o aly 0o ), al,ah >0, adle+abe=1
£oT

E(N)  Zy\E(N)
F+(N):{a: ( oy 0 )eRNtL a; >0, alezl}

I'M(K,N) = {a € RVNTL o = Bdiag ' (H(K,N)e)(I — R(K,N)) 'diag(H(N)e),

E(K,N) ZV\E(K,N)

B= ( B 0 >,B120,ﬁ1e:1}

352 TH(K,N) CcTH(N) PELs 5. 2512, R (23), X (10) ZZhoZ2HVWTUTO LS icEESH
ABIEWTES.

PH(N) = {sc eRV*L g = oH(N), a € r+(N)}
PH(K,N) = {a,- eRV*L = aH(N), o € TH(K, N)}

EoT, R (38) BKLT B EDDN5.

ZZETR K=N D& K> N OGE0aEGMREH#ERLTED, K=K & K=K, (K| < K))
DHEDAERRE RTME?2 X, K = K, OD%5&6%R (27) IZEDWT K = N O5& L FAKRICERY, K = K
DHAEIZH L TIE K > N OB&EITo-imzl@HT 2 L TRTIENTES.
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4. K >N OB&CHI3BNOSEE
BLMITRATEB Y, KM EEHIRERER =, (V) = Pr(X(r) = j | X(r) € Z)) 3B+ DRT % Z)
(MR DB AU BT 28 § € ZY L& B BAN I TRBT 2 ENTES. AfITH K > N 088
MEL, Z3,, NORER S Z) ~OWEIRICBVT, REHES ZK, | NOSRE~DHIIC T 5 1%
AUTHAN IR CL2ERS. JHICED, HHRFHIOIMAIMET S (K +1) x (K + 1) #517
BN GhS M m(N) T THEEL T 2 B4, T74bb, R (10) THASHBHKL
DINE R, w(N) R AR A S DN DM S HKAEE S 0B,

ETHDI, REES 2 OIEEOBHES B I LT, F(B) % B ~OUHERHE L £ 5T 3.

F(B) =inf{t > 0; X(t) € B}, Bczt

EE 7 (K, N)-skip-free H5). ZF OEHES X DU TOZMZ2E-T L &, X % (K, N)-skip-free 4 &
1NN

Pr(X(t) € X for some t € (0, F(Z))] | X(0) € Z3%¢,,) =1 (39)
o, X OEROEHIES Y IS LT
Pr(X(t) € Y for some t € (0, F(ZY)] | X(0) € ZF,,) < 1 (40)

DEALT 5.

2T (K, N)-skip-free £A5 2 BRIZFFOEA % S(K,N) TKRY. €H LY, X € S(K,N) & 2 ~o
EERH D 22, NOWTNDREPSHES S L b, Z) ~OWEGERME CIzbd —EZIFHME h 2
INDIRIEESTH D, SR D &, ZF WA OB S» 5 Z) ~OMRER SOOIz BTN s
B/NDIRFEELSTH D, &b, TELY, E(K,N) & (K, N)-skip-free EETH D Z LITIERT 5.

ZDEE, mj(N)=Pr(X(r)=3| X(r)€Z)) (j € Zy) wBLT, Wl 7 »ET 2 ZL WAz B W
THISH T skip-free £ X ITEB L ZRRICB I 2RETHEA T 27528 %2EX 5. 0L T, R
feiezf oL THR (21) LFEBKIC hy(K,N) 2EHT 5.

= E(T;(Z%.,) | X(0) = 1)

h;(K,N)];, = , iezZ¥ | jeny.
N = S B Ta(Z) | X(O) =0 P € R

5B, MANPKLT 5.

EO(Ka N)
El (K,N . I

. = dlag(C) <(_Q(2,2) (K, N))_lQ(Z’l)(K, N)) H(K’ N) (41)
hi(K,N)

772U, ¢ DFEHRIF (K, Ne=1 (i € ZK) £ 22 508D 5N EHIIERTH 5.
EE 8. Z+ ETEFEI NIV I — NWAlGR <L 3 7888 {X(1); t >0} &2 5. {LED N, K € Z*
(K > N) iz LT, IRAD LT 5.

n(N) eriP(K,N; X), X eS(K,N)
772U, P(K,N; X) BKRTEHIND.

P(K,N; X)={z e RN =) aihi(K,N), a; >0 (i € X), > a; =1} (42)
1EX ieX
EFELYD, PT(K,N)=P(K,N; EK,N)) TH5ZLIZiEETS. iz, N, K (K> N) OfflicxiL
T, (K, N)-skip-free £ IZEBFRET 5.
R 9. ZT ETEHRI NIV I — P~V 2 7388 {X (t); t > 0} 2F X 5. ERD N, K € Z+
(K > N) 5N Xy, Xp € S(K,N) IZH LT, RADKLZT 5.

Pr(F(Xa) < F(Xp) | X(0)€ZE ) =1 =  P(K,N; Xa) CP(K,N; Xp)
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EHL 9 IXHIZ F(Xa) < F(XB) THD X520 skip-free £H X, XAp BEASNze &, ZK W
BRI B VT, &0 RV CYIRIEAREZR skip-free B4 X4 2 VTR S 22K P(K,N; Xa)
2, w(N) IZBT 2 X0 EMIARERPEENTVWEZ 2R LTV, &b

Pr(F(X) < F(E(K,N)) | X(0) € Z2,,) =1, X € S(K,N)

MPERED X € S(K,N) IZHUTHILT 5. §4ab5, E(K,N) BZMRDOMZMHEE G X5 (K, N)-skip-free
EOTHS.
D(K,N) ZikRA%iii7-3 skip-free £H & T 5.

D(K,N) C £(K), 7>, D(K,N) € S(K,N)

A (22) £V E(K) X 22, DWTNLDORED S EEES TR, K MFORE»SLLEATHE. &o
T, D(K,N) i¥ E(K) NORE,P SR (39) 2T &I RERREEMO KL L THONBIELT
Hb. 4B, E(K) FMBERITHO (K +1) x (K + 1) LEAOE FICALET 217500 51560 2 5015 H
{d(Z58,1,5) =1; j € ZEY MHRDZZENTES. 51T, ZOFMITMAT, EBEFHID (K+1)x (K+1)
ALt Aie DM AERH LT, ZY 75 E(K) ~~<)La 7 #EPEOHER 2 0 X 12 BERTE, O(K) D&
T D(K,N) 2[ETE 203 MITEKT 5.

FE 10. ZT ETEHEI NIV I — NIZER~ L 2 7888 (X (t); t > 0} 252X 5. L&D N, K € Z*
(K> N)IZH LT, D(K,N) 2772 —2EL, RADEALT .

Pr(F(D(K,N)) < F(X)| X(0) € Z3%,,) =1, X € S(K,N)

EH 10 K0, RORKVEDLIZEIND.
% 11. 2t EFCEHEI NI I— RIAEGRRT <)L 3 7888 {X(t); t >0} 2&52 5. {TED N,K ¢ Z+
(K > N) (&2 LT, IWADKLS 3.

n(N) eriP(K,N; D(K,N)) CriP(K,N; X), X € S(K,N)

3111, BRGNS QU (K, N) (i,j =1,2), 56N, TN5DE FIZET B U521
WIS B WA {(d(Z32,,,)); j € ZE} BEABNEL E, P(K,N; D(K,N)) B&pEr e
5346 w(N) 2RO 25/ NONMZHAETHE I LERLTWS.

5. &BHbIC

ARITIE, Sl S EHME m(N) OMERERRIC & MO 2HM L 72. 2 HiTR L7z STk [7) ORI,
DRV ATHEPUIBNWTZE,, 22 F =7V b UEfREo NS <L a 7 LR L2 EE T 5 Z &L TEY
NTWz, ARETIE, TS DFRERORED, RECEHARAD S ES 1255 NSMIEAFERR D 6 HRITE )
N5 riRUEz. E512, skipfree £ELWVIBEREZAL, #BRTHIOIAM QU (K, N) (1,7 = 1,2),
mEWNZ, TNSDME FICAET B HATIA DR (IS 2 WA AR {d(Z52,,,5); § € ZE} migett
M ERED M n(N) 1L TREEL T B il gl z s~ U 7.
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KBDEERAW I N—F R DT —YILEET IV

A B SR
FLRR R SR B B LA e

BE . AR - e SOIEGIE R AGRERNICE D EBEET IV E T VALY A —JI2& 57V a7 HEET
Ve BT S, EEBUCE U CIERIE AR - BIL — b 2OV a7ET VW LU CEZZ AT —1) v
7T, uﬁmﬁ%mtﬂ%®m%m%ﬁo_tT#ﬁﬁ&m#ﬂﬁ&ﬁ L>® J )V ADOEKCHERINKT % X
S RMEEETFILOEAAAETH S - & %57

1. EL®IC

1980 442 L.Arnold, M. Theodosopulu IZ & D ALZ S EHEERE TIUHHE 2 S0, WEF A DMK S & 5
XV ﬁ&ﬁf%é%é@ﬁ%th®wr®mn#ﬁbbmt[]%@%PKmdm%mua@HmL
[11],[12]) I & > T g XGCHEEL N — T 2 (Z/(NZ))? ETO~)L 2 7#fEE 7V ERE SRR & O KEK
DR % W i I iz, [3),[4] IBIEERARER o = Au+ R(u) 12X U T 1 IROGHER ~ — 5
A Z/(NZ) LTOBEREADODBEOAD T > X7 4 —27 (Kotelenez 12 & > THAIN/MHERET
VD q=1DGE)IZLBMRETIVA L OFEIKRTHRIRT 5 Z L 2R Uk, SEIEBERLEAD
BENOATH 72T Vv XL — 0 %N —F A EORMENOBENZHT 7V X LT+ — 2712k
BRU. 20T — ZILERDHERE TVDPNIGT 2 P SICHERUGFE R L ORI CHERINFT 2 Z
EERT. ZOHRIZED 2y N7 —2 ETOT — XL E WD iR CTRET 5 Z LA RE L 2 5.

2. FEREEGERISILBET IV

EED v € RIZHNUTHERK - SEIHERT b(z),d(x) 2 ZNTNRBAIEEAMEND d(0) = 07225 m ik
PFroZmEAe U, EMEEE R(z) = b(z) —d(z) = Yy ¢z, o <0 & T 2D b—F A [0,1]
OIS SRR EE 2 5!

1
jt (t,r) = /0 u(t, 7 )dr’ —u(t,r) + R (u(t,r)),
u(t,0) = u(t, 1),
0 <u(0,r) < p < oo.

— AT B T B —TULA D 2 SALE r ~OHEER, BB TIHIXALE r 205 D ~OHEEL =TI
uﬁrfmim B AERLTNS. ébVM A, B=RFEhETnAM 1 OAMNEER LM TH
528, ARG RHBLUTOWARVWI L EZRERL TV, 2 3D KREVEE (2> p) X R(2) <0 &
?éwznuﬁﬁﬁﬁﬁﬂib%$ﬁ77tf®7 R DR - m%®m%%rwtbf%iézt
MTES. (2.1) OFABRROBEHIF[6)IC Lo TRINTED, 2] 1T &k 0 ROIFER —EHITHRE S 1
TW5,
NeNKﬁbfh—?ZL@ﬁ%ﬁﬁﬂwz{fﬂ&ﬂaRUﬁ%:Zﬁﬁ%yMwmwm&&t
BE, feHNIZHLT

(2.1)

INf(r Zfr+zN — f(r)
CREFL. (2.1) 2= MEERLZ bf:ﬁﬁﬁ%&%ié:

%uN(t, r) = Iyu(t,r) + R (uN(t, ),

uN(tv 0) = UN(tv 1), (2.2)
(k+1)N—1

uN(0,7) = N u(0,7")dr’ for r € kN~ (k+1)N~1).
kEN—1
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22T (2.1),(2.2) Offfu & uN 1T T ZROFERBBE SN, uN Fu kS EEMTEDZ LD
5.
T 2.1. u,uN 2ZNTN (2.1),(22) DREE T 5 &,

E)ug u () = u(t)]|oo < C(T,R)YN! for T >0

NS A RVASS

Proof. [5] ® Propositiond.1 4. 0

frg € HN TR LT L2([0,1]) IR (f,9) = Soay f(kN"Dg(kN-H)N—' TH X %,
Tn(t) = exp(tin) V& Iy ZEBEHAFZEL T2 HY LOREBETHY, [FED fc HNIZXLT

N—-1
1
TN f(r) =+ D FAN"HA =) + f(r)e (2.3)
=0
MO SID. £ Ty)Inf = INTN@)f RO LD, T, Iy W& (HY, () EOBCHEEHET
HBHILHRbND.

3. EEELOEMFERBILE<ILITETIV

ZEEIDEEL S Tz (2.2) 2 X SRS 528 2EXS. N > 12EEL.i€{0,--- k—1,k+1,--- ,N -1}
35, RiZlt TOIL I THBHORIEE n(t) = (no(t),--- ,ny_1(t)) e (NU{O}}N &5, ZZT

ng(t) WXLt (ZH B ICFIES AT — 2 MERLTWVWD. RIZT—XDEBEBL— M2 TD LS

EET 5!

n—=ngyig—1) = nit 1l —1,) at rate ny N1,
n—= gy = (e + 1) at rate Ib(ngl™1),
n—= g1y = (e —1,) at rate Id(ngl™1).

n(t) 13 BHERZER L TREES N A AR U, Y 252 0(b X niz o-IEE o (n(s); s <
)y on(t) = n(t) —n(t—) £33, X510 FVEERA 7 (D% 0 M ~OFFERL]) HEEL T

sup sup Lisoyng(t A7) < M(T,N,1) < oo
te0,7] k

iz d L, DD D!
fRE 3.1. LA FlE mean 0 martingale Td 5:

t 1 N-1 t
(a) mi(t) — i (0) — /O %Z(ni(s)—nk(s))ds— /0 IR (ny(s)1~Y)ds.
=0

tq NI t
) S = [ 5 3 o)+l = [ b)) + ()17

s<t 1=0,1#k
t
(c) Z(dnk(s))(énl(s)) + / %(nz(s) + ni(s))ds for Vi # k.
s<t 0
22T (a) 13571 k TOWRZ t £ TOT — ZEDLEALE, (b) 1357 k TOHERLRE. (c) 13577 i,k M
DFAFESFELE R L TS,

BUR D & 512 Stochastic analogue % E%$ 5:

XN, ) = np(t)7Y forr e [kNTL (k+1)N71).
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fliE 3.1(a) £V

XN@%:XN@)+/UNXN@M5+/ZKXN$WM+ZN@ (3.1)
0 0

L 75 B HERINFRATH 2 K T martingale ZV (1) 2MFET 5.

4. KEOZERIC K B ETIVELER
IRD BRI D FFERTH 5

EHE 4.1. ()| XN (0) —u(0)||, — 0 in probability as N — oo.
(i)limpy 00 log(N/1) = 0 i 723 | = I(N) DMFEET 5.
AL T 2751, RO T > 01K U TRAEL D 3L D:

sup || XN (t) — u(t)||oc — 0 in probability as N — oco.
[0,7]

FEEAD 7212 D HEfii 2 T 5.
W 4.2, Tn(t) 13 (HY, |- [loo) EOEMNERETS 2.
Proof. {E7E® f € HN 12 LT (IO f, f) > 0 SH. X512 (23) I LTL® JVLakb DL

L V-1
TN (@ (Mlloe < . FEN"loo(T =€) + £ (r)|loce™
v
< N 1f () loo (X =€) + | £ (F)looe™ = 1 ()l oo-
=0
O
B 4.3, f = Ny gy &85 < LRAHD ¥70:
(TN F)? = Tn@) FINTN (D) f,1) < hn(2).
ZZThy(t) & [ hn(s)ds <t+ N Zili- 3B TH 5.
Proof. Ty (t),In DEEZH W5 &
(Tn() )2 1) = (Tn () £, TN f) = (Tn@OS, ) = (1 —e ) + fe ', f)
=(1—e )+ Ne 2
< Ne 2t 41,
—(ITn(t)fINTN () f 1) = —(UNTN(t) [, Tn(t) f) = —(In()INf, Tn(t)f)
—(In(2t)INf, f)
=—(e* = fe " f)
=(N—-1)e 2
< N672t
WZIZ hy(t) =2Ne 2 + 1 EBIHTER W-IN 5. O
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ROFHEIZEI 4.1 DFEHTOFREFHHIZE W THETH 5.
fRE 4.4. m(t) T m(tg) =0 TH B [to, t1] L TEERS N2 BRZLH) martingale TH 0,
S HIZPA N 27z TR OMERER L 3 5:
(1) . VA A R PRI
(i) to <t < 1T LT [om(t)| < 1.
(iii)0 < g(s) < h(s) AL T 3o, oty (6m(s))* — til g(s)ds I¥ mean 0 martingale,
T 2T h(s) IRHEBSLL g(s) & FV A 295,
% 5%, Elexp(m(t1)] < exp($ ti)l h(s)ds).

Proof. [4] Z1&. u

L 4.1 OFEIIZAS. EFTHEEDt > 012 LTO < ut) < p. [[XV(0) —u(0)||, = 0 in
probability &\ #IIEFIZ T 5K E L D

0< XN(0) <p forall N

LUTH IR EDNRNZ LITERT 5. £/ 2.1 £ 0 supyp [|[ XV () — N (1) 120
TEANRFRV. EED ¢ € (0,1] ZEE L, 7=inf {t: || XV({t) -V ()| > e} EBE,

t t

XN@y:XN@ATy+/

tAT

INYN(s)ds + /

tAT

R (YN(S)) ds (4.1)

EEHTD. Q) IEXDPRL AT ETX DfEZ LD, ZORIGERE T VHRICLHTLI L 2R
KL TW3. 7 DEHRDS

P(sup || XN (t) — u™ (t)]|oo > €0) < P(sup || XN (EAT) —uN (t AT)||oo > €0)
[0,T] [0,T]

< P(sup |[X (1) — u™N ()]0 > o).
(0,17

P AN supp 77 [ X (8) = ¥ (1) [loo DV THERAUEEL, (3.1),(4.1) X9

XNt = xN0) + /Ot INX Y (s)ds + /Ot R (YN(S)) ds+ ZN(t A T). (4.2)

xN, XN oEsmnrs
16X™ (#)]]oo = 5XN (¢ A T)loo < N1
21 K VEBDOLt>0THLTo<uNt)<pTHBILEH VDL

0<XN@tAT)<p+1 fort>0. (4.3)
T<tEUT(41) D% t iIZ2WTHA T 5 Z & TIROWD HRADPEFLNG:

%X%) = INX" () + R (YN(t)) :

ZOSHBRREML &
XV(t) = Tyt — 1) XN (r) + / Tyt s)R (YN(S)) ds.

T

WZIZHIE 42 & ROEFEIPOTEMHEZHWAZ LT

0<X ) <p+1 fort>0 (4.4)
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MEDLD. THIT (4.2) oo dWaifge (2.2) X0

LN () (1) = I (X (1) (1) + RO (W) — R (0) + 5 2% (0 A7)

nEohsd. ZoHBERNEM &

N

=

(1) — u™ () = T (D)X (0) — ¥ (0)) + / Tw(t — ) (RCXY (1) — R(u™ (£)))ds + / Ty (t — 5)dZ" (s A 7).

S YN(0) = i Tl — 9)dZ¥ (s Am) 200K YN (1) BHEERBE OBIBA ISR 2 2L T L
) 'Cﬁﬁ)ﬂ@Loo/}l/L\%éiéc‘:

X (#) = uN (#)]loo < 1T () (XN (0) = uN (0) oo + | / Ty (t — ) (RX" () — Ru™ ())dsloo + Y™ (£)l|
< XN (0) — uN (0)]|oo + / IREX™ (1) — RN (0))lloods + YN (8)]]oc
<XV (0) = 4 (0) oo + K / 1T () — ¥ (1)l]sods + 1V (1)

2 OHDAEANTIIMMEA.2, SOHOAFEATIE RV mIRDZEATHE L L (44) ANV, Z
ITKIiZps ROBEBUZKGFTHES5REHTHS. &> T Gronwall DAERZEHHT 5 &

~N

IX7 (1) = u™ (B)]loo < {IXN(0) = ™ (0)]]oo + YV (1) oo} exp(KE).
Lo TIROHIEZ RENEEH 4.1 AR I N Z 212785,
8 4.5. sup 7y YV (t)]o = 0 in probability as N — oo.

Proof. t € (0,T], k€ {0,1,--- ,N =1} ZBEE L. f= Nlgy-1 ryn-1) B THIL0<t <t
Iz ﬂb’Cm( fOTN f—s)dZN(s/\T) flEdsb. 22 Tmid0 <t <t [T mean 0 martingale,
mt) =YNEEN D) THEILIZERETS. 6ZVNt,ENTY) =1"Yn,(t) THHZ e ERHVWS L, T
BD e HNizxLT

> (6(ZN (s A7), 9))

s<t

N-1 2
:22( > 6ZY(s AT kN W%N‘U>

s<t k=0
N-1 2
= (Nl)_2z (Z Ing(s A T) _1)>
s<t \ k=0
N-1 N-1
= (N (Onp(s AT)2(ENT)? + D~ Sng(s A7)dni(s AT)¢(EN~)G(iN~")
s<t | k=0 i, k=0

itk
ERICH U TR 3.1(b),(c) V5 Z 2T,

tAT

D (E{ZN(s A1), 9)? = (NI ; {—(XY(s), pIn) + (¢°, IN XN (s))

s<t

—(¢, In(X™(5)9)) + (0(X™ (5)) + (X" (s)), ¢?) }ds
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I¥ mean 0 martingale TH 5 Z LD L0Nd. PRIZp=Tn({E—s)f £BFX0<t <TITHLT

> (om(s)? = (N) 7! ; T{—<XN(S),TN(5 = $)FINTN( = 5)f) + (T (E = 5)/), In X (s))

(4.5)
—(Tn(E = ) [, IN(XY ()TN (= 8).f)) + (XY () + d(XN(5)), (T (T = 5)f)*)}ds

H mean 0 martingale TH 2 Z &A% h 5. 0 € [0,1] 12 LT m(t) = 0lm(t) L H< & |dm(s)] <171
THDIZ L6 |om(t)) = 0ldm(s)] <O <1AFKDZD. m(t) DEHLD Fin o (4.5) kD

> (m(s))* = (N1)~(61) ; T{—(XN(S%TN@— $)FINTN(E = 8)f) + (Tn(E = 5))* InX " (s))
— (T (@ =) f, In(XY ()T (= 5) ) + (XN () + d(X N (s)), (T (T = s)f)?) }ds
% mean 0 martingale ThH5. ZZ T

g(s) = (ND)THOD*{ — (XN (), In(f — 8) FINTN (T — 8)f) + (T (T = 5) )%, INXT (s))
— (T — ), In(XN ()T (E — )f)) + (X (5)) + d(XV(5)), (In (T~ 5).1)*)}

B, (4.3) LA 0 p 2 ATERIEE c(p) £ T 5 g(s) < c(p)(N1)~H(00)2hy(t) 72 B4
B hy(t) WFET S, o THiE44 2HHATHZ 2T

Elexp(0lm(t))] < explc(p)f?1(1 +EN"1).
ZITISTHhHE/N<1 DRIAERD e > 01T LT

PYN#EENTY >€) =P (0IYN(EENT) > 0le)
< E [exp (QZYN(f, kN1))] exp(—0le)
< exp (0(c(p)f - €)).

RESTN, Lk, tITHRIELRWI DT 2T D28 n5:
P (YN ENTY) > €) < exp(—ae’l) for a=a(p) > 0.
~YNEEN"D I U CHMAKIZEZ S Z 2T
P(=YNEENTY) > €) < exp(—ae’l).
INSDFEREZE DD EERED L (0,T], ke {0,1,--- ,N —1}IZXLT
P(|[YNEENTY] > €) < 2exp(—ae’l)

DO D. ZZT||YV(#)|loo = supg [YV(HEN D Y(0) =0 K OEED0<t<TIZX LT
P(|YNEEN oo >€) =P <sup YNt kNTY| > e)
k

< ZP (’YN(f, k:N_l)’ >¢) <2N exp(—ae’l) (4.6)
k

NI A RVASN
I YN ()]l % suppry 1YY (8)]loo KD BEX 725852 B X 5. YN () = [T INY N (s)ds+ZN (tAT)
FOEBEDONTN I <t <(n+1)TN"H0<n<N-1LZHLTm(t) = ZVNAAT) - ZN(nTN~IAT)

96



LBk

YVt =YNnTN) + /t INYN(s)ds + m(t).
nTN-1

EROMZIIFUTL® /v hke b

VYN0 loo < YN (TN oo + /

nTN

» IINY N (5)[[oods + (1)l
t

< HYN(”TN_l)HooJr?N/ 1Y (5)[[oods + [[()]|o-
nTN-1

Z 2T Gronwall DAFEAZEM T2 LT
VN (B)loo < {IIYV (TN oo + [[(t) oo } 2V ETNTD

BRSNS, DRICHLIZEWT DTN (n+ )TN LD EfRZ 2 2 &

sup YY)l < {HYN(nTN‘l)Hoo + sup Hv’ﬁ(t)Hoo} T (4.7)
[nTN—1,(n+1)TN—1] [nTN-1,(n+1)TN—1]

ke{0,1,--- ,N—1},0€[0,1] ZEEL. m(t) =0lm(t,kN1) B &, fH#E3.1(b) &

SZN(t, kN7 = 0XN(t, kN~ =171on,(t) KO EED t € DTN~ (n+ )TNz LT

tAT 1
> (Om(s)? - 9%/ v > (XN (s, iNTY) + XN (s, kENT1))ds
nTN-1<s<t nTN=IAT i,k;lg

tAT
—925/ (XN (s, EN™Y) +d( XN (s, kN }ds
nTN—IAT

I¥ mean 0 martingale TH 5. Z I T

1
9(s) = 0%l

~ D (XN(s,iNTH 4+ XN (s, ENTY) + 02X N (5, kN ) + d(X NV (s, EN T}

i, k=0
itk
YBL L, (4.3) & DB BE c(p) BFIEL T g(s) < c(p)02IN B D 2D, WA [om(t)] <1 TH
B b4l REHT L

(n+1)TN—!
E[exp(m((n + 1)TN1)] < eXp(Q/TN1 c(p)0*INds) = exp(c(p)0*IT).

Z ZCm ¥ martingale & » Doob O AR X % i 3 X

P ( sup m(t,EN~1) > 0) < E [exp(m((n+ 1)TN™1))] exp(—0le)
[WTN=1,(n+1)TN~1]
< exp(0l(c(p)TO —¢)).

WZIZUA N 2723 K5 N, [, k, t ITHRAFEL 72\ 0 DMFEIET 5

P sup m(t, kN~ >0 | < exp(—ae’l) fora=a(p,T) >0
[NTN—1,(n+1)TN—1]
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—m(t, EN"H I U CEFAKICEIRET 22T

P < sup ||77”L(t)\oo> < 2N exp(—ae?l) (4.8)
[nTN-1,(n+1)TN-1]
MRS ND. -5 T (4.6),(4.7),(4.8) &b
P (6_4T sup HYN(t)HOO > e) <P (HYN(E, k:]\f_l)Hoo > e) + P ( sup Hﬁb(t)\|oo>
[nTN—1,(n+1)TN—1] [nTN—1,(n+1)TN—1]

< 4N exp(—a€?l)

M OLD. £

P <6_4T sup [[Y™ (£) [0 > €> - ( U i )l > 6)

[0,T] ~ InTN=1,(n+1)TN-1]

-y p (e4T sip V@) > )
n=0

[nTN—1,(n+1)TN-1]
< 4N?% exp(—a€?l).

CAUFEHL 4.1 DEA: (i) £ 0. supp 1y [[YV (1) [|oo 210 ITHERIH L TV B Z & ZFIKL TS, O
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H—F Yy )V 3 T =T ¢ 7RO MM

Baf At RS Phung-Duc Tuan
BN N ey NE T RPN
VAT LG LR VAT LEHR

1 ELC®IC

A, A — b7 4 XX T Ly MRS O EEREE R OB LI T WS, ZD
TR AR O I, & 0 b EIGEETHW S N RO R EDFEE L 2 2 R Z -
TV [Il. 22 THELR->TL 200, AFEMOFMANERE GO HiEEEART I L THS.
ZDHED 1 DL LT, BRINTVWAHEMN I /=7« 7TGEEHEMTH S, a7 =7 1 Tk
MoBEEAZ M 5 Z & T, EIEHR IS HBEFE I WT, oY AT AT 25 X2 WR
D, MDY AT LR AELHAUCHAT 2 Z 2 HREICARS 2. ZoEMi2EHT21Hh7-
D, TEWEEILER ] - TAFnY—=7 2R W5 2200 HiEMatEn T [3]. T
AR, B2 —EATHDBED Y AT LAIZEWT, 20T WS S, b L RFHAIATY
RO DEAE T 2 A ECH & SRS R R U, BB ANBGE AR T A L WS HIkTH .
ZDOHEPERRHIE LTI, AT FAR=ZANRETS5ND [, A7 b A= L 1F, Bk
Y, HBHEMDEDITEBEDE D YT SNTNSDS, HUER 5 R S5 D HIFIZ & v
FHINTWRWEHEEEDOZ L THE. ZDRTA NAR—ZAZEERTEI I2& 0, FiHl
ENOOHLEEDHAPEHEDORBEF LI ENTESL. /T, AFuv—=7 28] 13,
AR B A2 HVE A5 O EHEE X el 2 058 U, 5ol 720815 A1k % HEIIZ AT L 72320s 5 lfE % Mk X
BFEHEWVWDHETHE. ZOHEIZAT— b 74 ViR OMEKERICE T 2 lEHP MR LAN
Z74vI7DYOEZIREICHHINTVWS., 52135 %, HLHARERER VAT LIIBWNWT
LIPS N T VS [B]. WHEDAETHOWSNT WS, AR E ORI Z AT 5 Z &
R AR AN N

—fIZ, AT =T 4 TEMRTI, BAEDOD S - IRFIHE (AR, PU T 5) &, BRHEE R
IRNTIRFIHE (BAUF, SU &%) LWV o EBIEEO Y 7 ADA—YPEFEET L. ZhoDa—
YOWENDEE FHGHMETIVEHWTET LU 72T L UTE, IRD & 5 A ikdid 5.
Konishi [6] Tl&, SUICHI DY TEF v A NVEPAILTHEET VWL, SUD T B Y F 7
FOGRHNR KR, 2V —Ty MEOWREMRNT 217> T3, 7z, Salameh [7] Ti%, KIGHIRE
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AR NI ANV RATEHAWEZAT =T ¢ T BT 5 SU OMEEHTi 217\, > > v 7T
X5 SUDAED ERZH 72 LT, SUNRF ¥ 32U E 0 E L £ TORRERMY, SU Ok (H
BB OHEWTRESR X\ o 7 MEREFRE A 3 L C W 3. [6] T, I I T WnF v 3OLES, SU
WER U 72 F ¥ JVBICili 72 e &, SU RV AT AN SIRETZEFLTHS. £12, [1] T,
SUNLDFTOF ¥ IV Y VT 2TV, 2ETOF ¥ 2ADRFHINTWE & E2H, SU A
BLEE 1L DODF ¥ AADNEL XT, ABOX Y Y VI 2ITWRITEZE WS ETILTHS. 2o
DETFTMZH U, KREDETIVIX, SUNR VAT LMD TA-728E, B ULLIEF ¥ RIIZASD
EUTF ¥ RIIZEEDR R VL E, vV Y VT 2750, ZTOBIZIESU Y YV 72175729
D& B AR 72357 (Sensing pool) IZAD, £V Y VT EITIETINIZIR>T NS,

ARCix, THESILER] 0as =7« THRHROET IV ETo72. HLZET IV, B
P —NOHATHELTIETILVTH S, ZOETLVEHWEZERERZ, SUDR Y vV IHf%2%E
BT 57-0TH5. HBMTMEAEBITHET VT, Y= NIZABZENTERP > —F, H
VY —NIZAD 72T % orbit LIFIENZ LA 2% ET 5. JlTBR R A 223577 H3 AR
DETFMTEWTIL orbit 1234 T 5. ZOETIVEHWLETHIEE LTI, Keilson [8] 23% 1)
o5id. 8] T, = ADKE T O5E & IEBREIT D5E D orbit ND RN AL D A I 38 43 45
PH = NOIREDVBEH D & & DRNABDMHERS MG S L OEGEOREBEE L U7z, £7 Falin
[9, 10] T, orbit WD —H DRFS KNI 2451 2 81 U, Falin [11] T, @EEHEBICE
17 % orbit WD L —H DFFH KFHOMRER 28 \\W/-. S 512, Falin [12] TIE, 2 — 92 HEl17T
LEEIZEH U, Bl T8OV - 58 - RS A ZEH L TWE. SEFIZELZRXTOET
Wik, =P —-I FATHBHL LTS, — i, AFETHE I ET LTI, 2—HFIZPU & SUD
2D I ADA—YDPRELETHEDETEH. ZN5DI—HFRETNTNEL S HiETH -
A, b=V RA%5%T5.

AFIZRD S IS N5, HRH T, ETVOMEIZOWTRRS. HERHiTIX, €TV %
fRfrd % ETnE L 2% EE B L. HAHT, orbit WO SU DRNARE T 5. HHETIX,
HAFHTEE U2 SUDRNABDFEE RO 53# %, PU DRERDAZLT 724, SU D&
ROAZT GG, PU & SUDEEROWN 2 Z(LIEGH27 7 7 TRL, EHEITD.
&I, BRI T, AFTHOSNIZHERKOSEOFEICIOVWTE LD S.

2 EFILODOEE

SEOEFILTI, PU L SUD2FEFHOI—V%2E25. PU & SU X, IRD S THRAR 2258 %
5. (1)SUR, Fyalzetry oy 22T 570, Fv 3V £TICPU L D2 ES
5. —HT,PURYATAIZADLELIZF v 2IVZHEDPS. (2) SUNBF ¥ 2% HHLTWD
EE, PUNRF Y RIVIZEET 52, SU Z2BEIE PUDF ¥ 2 IVEHWT S, SHEOETIVTI,
SU A% orbit IZHIET A%, ¥ v v 72T 5WEEART. RIZT T =F 1 TRV AT LN
TOD PU & SUDEHENZDOWTIERS. PU OEFHIILANOFIETITHONS.
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1. VAT LIZEEL, REE T HEEHEERT 5.

2. TR U BB, D2 —FWEEL R WSS, 0% F@E42BBT 5. SR UZEK
BUTMD =P HBHFEL T T, BEHFO Y2 PU OBAIE, BETERWD, VAT
LSBT S, — ), BEFOI-TH SU AR, SU 2 RH S8, WMEE2HGBT 5.

3. BURU AW E FHWT, @E%2175.

4. WBERTER, VAT LPSRET 5.

72 SU OZEHFZLUTDOEY TH 5.

1. VAT LIZEETS.

2. FIHTE ZABBERNT S0, ¥y v 725D 5.

3. kv VIR T, BB TR EERT 5.

4. BERUZFEBIZBWT, o2 —F2REFEHOEEI, B0y v 72175, PR, Bk
BEMRTEDET, FIH2PH6PDET.

R U 7 R DT, @EE1TS.

6. WEHIZ PUDRF ¥ 2VIZXR > TEGEIEF—HIBEL, orbit ICRE D, FIH2 25X D ET.
7. ERTHE, VAT LANSIRET .

o

LRl E 2 E X, ARMTIEUTDOHRED FTYATLDETIVLEITS. PU OZEHE)L,

1. BN ORT Y VHERBIZH-> TEEL, BEY—NIZAS.
2. PUDPY—NIZAALD LT B, —"DKEH L TR WEEIEZEDEEF T —NIZAS. ¥ —
NOBELTWT, PULRY—EAZZITTVWEAEEIEY—E 22217 TIBH L, SU A

y
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. SUmDEEIEE SUDH—ERET
PUIul )
SU *u, PUDY—ERSETY
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NN H—/
) NO | (F L)
PU
@ frOPUA YES
FrRIITWNDE?
—— PU
rrrrrrrrrrrrrr > SU

1 EFIVH.
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Y- RAZZITTVWEEEIE, 2D SU % orbit IZBEITEY —NIZAS.
3. Y= NIZAB &Y —EARIFEDNT A —& uy ODERBAOMIHENT —ECAEZIT 5.
4. -2k T, BT 5.

$7-, SU D¥H)Z,

1. E X\ ORTY VRIS TEIFET 5.

2. orbit IZA%.

3. orbit ND & SU &, i SU L IFMALIZ, o DRT Y VEFEIZE > TY—/NITAS. OF
0, orbit WIZ j AD SU MBHIEL TWB & ZiX, SURKRTIEE jo ODRT Y VBRI -
TH—NIZAB.

4. H—=NIZAD, Y—NDKEH L TWBH5EG, orbit (TR S. P, Y — "D IEBREDRED &
SIZADET, FH2 5PV ET.

5. B —EAWRHDNT A — X po DB — B2 %2ZIT 5.

6. Y= AEZIFTWAERHIZ, PULBRY—NIZP o> TELGAIZ orbit (ZRED, FIH2 6%
DIEY.

7. AT, BT S,

ETFINDOEREME LT, BEORTTHlrE~ SU OEEREIZODWTTHS. & ET
F ¥ XIVITHAEL, RS Nz & & £ TT - Z@EREIE, FUF ¥ 2V THlE 2175 BIZIEER
L, 23, SU OY — Y AR EBOMIZ/KES 720, BRZFRTH L. MO, SHEOE
ThETIO—F ¥ —hTRLZEDTH 5.

3 EFILDERTE

LFRDETNVEMNSTDIH7D, IROMEREL %2 EDH 5. orbit WIZHIEL TW5 SU DA
% N(t) €{0,1,2,---}, F¥r 2 VOREE Ct) € {0,1,2} L BL. F ¥ FVDREHS Ct) =0 D
CE, HLMEEITOTORWRIERZ, Ct) = 11X PUMNBEEIT-oCWAREE, Ct) =2 1%
SU PS@E% > TWAREEZRLTWA. 2ok &, {(C(t), N(t))|t > 0} iifErsi < L2 758
BEees, 7z, EHERERC PU & SU O AL, SU A FRIT 217 5 KEHHE, PU & SU ©
Y- AREIE AW TH 2 ERET 5. 512, F ¥ RIVDIREDN i (€ {0,1,2}), orbit WD
SU OMHEANED j (e NU{0}) AD & EDfEGHEREZ T, = P(C(t) =i, N(t)=j) £$5. 2D
CE ETFANERIRETHZLRELTWVWED, RDMHITBWTRLZEET 5 BB
TYIHEET B, £, I(2) = Y0 miged b B MEDOBEDTT, EFVEMTLTNL.
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4 FMIEROEH

I T, ETIVDLESRM? orbit D SU DRNWABDFE R OFH, T 5I2&F ¥ 2L DIR
R B A REMEENT S, 29, THARREEIT S, (C), N(t) DEBIERET 5 &, bl
T@@D 272 5. flf:b, To,—1 = T1,—-1 =T2,-1= 0 ai&bé

(M 4+ Ao+ jo)mo; = Aamoj—1 + pami; + pama ;, (1)
(A2 + p1)mi; = Mimoj + Ao j—1 + AoTi j—1, (2)
(M 4+ Ao+ po)me; = (j+ 1)omg j41 + Aama j—1. (3)

@, @ AU @) O&A/LIZ 27 2813 Tj=0,1,2,--- LRZELDL,

(A1 + Ao (2) + 0200y (2) = Aazllo(2) + padly (2) + palla(2), (4)
()\2 + ,U,l)Hl (Z) = )\11_[0(2') + )\121_[2(2) + )\22’1_[1(2), (5)
(A1 + A2 + p2)la(2) = UHE)(Z) + Ao2Ila(2), (6)
725, @) RO (1) + 13 (1) + (1) =1 &b,
A1
m(l) = "+
(1) = 21 g
M1
IIH(1 II,(1) = . 8
o(1) + Ta(1) = A ®
72, @) KU @) &KL T,
)\1H2(Z) —|—>\12H2(Z)
]___[ =
1(2) A2+ p1 — A2z ©)
olly(2)
y(2) = L : 1
Q(Z) A1+ A+ H2 — Aoz ( O>
@ RO [0 % @) kAT 2L,
y(2) _
&b, 127U,
(2) = A2(A1 4+ Ao + 11 — A2) (A1 + Ao + 12 — Ao 2) (12)
©o(pa(Ae 1) = Aa(Ar A Ao+ pn + pz)z + 22X3)
Thd. T4, ([[0), O KU @2 &b,
A2(A1+ p1)
II5(1) = IIy(1). 13
2(1) P21 — A1A2 — Aafiq o) (13)
&), @3) £,
Mo — A2 — Aafiq
IIy(1) = 14
o(1) = 2= e el (19
A2
II5(1) = —. 15
2( s (15)
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torE @, @), @) 50T, Hy(l) = P(C(1) = 0), Ii(1) = P(C(t) = 1), My(1) =
P(C(t) =2) TH Y, ZNSDBHERNMi L 2572012, 0 < P(C(t) =i) <1 (i € {0,1,2}) &% 5
RIFNIERS RN, ZOZens, BEZMOBESZRMGEL UTUN2E5 2N TE 3.

R 1. DESM O RBESRMIT

Az < 16
Mo 1+ A (16)
A2 1
A2 , 17
Mo p1 A (7

THRoND.

HEOLMERDEREITS. [I6) 25 1%, PUDY —EARIZHAR, PU OFERNHHIZREN
EEFELOE 2N LITEDLK 728, 207297201138 1 HAVNS < 2o 2 X wig
W, DFED SUDEIERN SUDY —EARLDHHH/NILKBRLTIERSBVE WD Z A4
5. 7z, ([0 75 1%, PUDRERIZHA PU DY —EARBHHRENE SZIEALA LI
DL s, 2O L ED SUIE M/M/1 BfEFSTHNEWVZESRMAE XN EnD T ey
5. 2LTC, M) &0, @) DALY PUBPF ¥ ALEMHLUTWRVERTHLZ LW
MW, ZDOZeeEANSUD NIy VEETHL I EITERTDE, Fy 2P PUICKD A
INTVRVWHERLDE SUD NIy VEBEIZININVWEWS ZEBN05E. £72, Z2ORMIZIE
o DENLZWZ LR NDE. ZOZEn6, F v 1)VOREBIXFERAITRIKGFE T, PU & SU OF|
BRREOY—CRARORMMMKIFT 523 0h 5. T, @I OKMDO FTEDTWL . () %
fig < &, LFOFREI/R SN S,

(=) = Thy(1) exp( / o (w)du). (18)

V(z) DI % 21,20(21 < 29) £BL &,

M+ A2+ — Ao — /(A1 + Ao+ 1 — A2)2 — dpg (Aa + 1)

21 = 2)\2 )
; :/\1+)\2+M1—)\2+\/(/\1+)\2+M1—/\2)2—4,&1(/\24-#1)
2 2 '
22T, [@0) T I, 1 <2 ERDBICFAMTHE I LIIERTS. Z0LE ~(2) Ik
A B
= . 19
o) = A+ 2 (19)
7=7ZL,
A= Qi Aot = Aoz (M 4 Ao + 1o — o)
o A3(z2 — 21) ’
B ﬁ (A + A2+ p2 — Aaz2) (A1 + A2 + p2 — Agzo)
o A3(21 — 22) ’
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<5, @), @) £b,

I (1) = pa (AT (1) + Aollp(1) + )\113;2(1)) + A1 (Tlp(1) + 112(1)) ’ (20)
ool (1) (A + pa) + Mooy (1)
I, (1) = —2° Ot ) 0o’ (21)

INSIENTN, F¥ 32U PU NS L ED orbit HD SU DZRNABDFEIS L, F ¥ 2 IIZ
SU 2\ % & D orbit HD SU DRNABDOFEEITHS. £/ () &9,

(1) = W (22)
Ty (1) =~ (1) (1) + (1) (1). (23)

@), @), @) &b, I0,(1) 2AWV3 &, RNAKDO T FTEES.

gy — Mo (e A3 A5 (M + w1 + pa2)
At pe pipe(A 4 p2) pipz2(A1 + p2)
1 A2 I (1)opus 1 1 1 . (1)
+ a4 L4 0 | ——+ — 0 )i
2 {U oprpe  p1(A1 + pe)? Y\ On + ) ope | om (M + p2)?

@R), @) & v, @BEPTHLONTVERNE ED orbit ND SU DRNABDORBIBIZU T L7425,

Ho(z):H0(1)<Zl_l)A<22_1>B~ (20)

z1 — 2 Z9 — 2

@), @) KO @) &0, &F v 3VOREIZE T 2 RN ABDRBEE Ay, Ao, 1, pio, 0 & AV
TRTZEMNTES. @) KO @) &b, XAFSNS.

1’ (1) = A {Ho () + 20, (1) + 115 (1) | 2001 + Do) + To(1) | 225(Te(1) +Ta(1)) } (25)
M1 1251 231
1 ) = 707 W@ + 2 (1) + yWI(1) | Ae@ = )0 W) +9MI'(M) | 225 )0

M1 (A1 + p2)? (A1 + p2)3’

£-o7T, [23), 29), 26) XV E[N] DFERE D, RNABDORHERD D Z LB TE 5. FHlaks
FIZBLTIEKT 5.

5 BHERDER

AT, PU - SU ORIFRP SU OFMAITREZZ(LI 72 & E1Z, Biffi TRO = LESRMP R
WABDEYT - FERED XS IZEMT 20 %2FHRT 5. —NIZIX, 27 =7« TR TIE, PU
DWEHM L 0 SU OEEMMOHGPENZ ENFRINE. TDRD, F—EARKIZOVWTIZ,
1 =4, 0 =20 ERE L. MR THREEH U 2R E2EZE LTV L.

9, PU & SU OEERAFARIZE(L I B2 & EOLEHERIZOVTERLTWVL. X0,
AL DEINZAEN Ao DED L TWL Z W09 5. 2O 2ix PU OFFRBLINT 2 Z ik
v, SU @ orbit NDO ANBHDBFER L 72\ 72D121E SU DEF RIS LRI NIER S B2 en b
HoNTH 5.
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R, BESRM & WL TWD & &I, PUDREREZIE & EDRNALBD VY K O5H
WIZOWTHRTWL ., 72720, 22T, =82 U, Hilf7RlZ 0 =1,2,4,8,16 DEHIZODVWTH
K7 MBI S#HANNGEY, HRTENEWIFETY - e 2@ LTnL Zerinn
5. T, HRITENEWIE LY, orbit WD SU IXBEMIICHAIT L K5 92570, TDH7
FEFEMTHONTWRVWE T SUIEF ¥ RIICELET 2 Z % <25, fFRE LT orbit N
SU O AKX D |, orbit WOF¥IABEEKL 725, X 512 orbit WD SU DA TLRET 5720
o DEH DR RZEVNDIZENOFZT, HARALKERTH 5.

51T, SU DEERZ 2 I B2 EDRNABD AR OTFBUZOVWTRHTWL. 727U,
Mo=1, BT RIZ o =1,2,4,8,16 DIFEIIOVWTELZLE. Tb56% PUDREREZLL I
722 E LA, HRATRIEWIZE Y - AL BICHA LTV Z Dm0 5.

%1z, PU & SU ORIERZFARICEAIE L EDORNABDEH R TREICDOWTEET
5. 22 TlRo=82bWr. MAKY, A\, s BLRELRMITIEDL &, orbit ND SU DRAN AL
DV RO EITEIZ ER T2 0305, THIEIRBOEROMERL KT 25HTH 5.

6 HHYIS
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ZOETIVEMTTZZ2I2LY, AREDE TN DLESMP SU O orbit WD RN AR
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R FIEOFM I, BUEFHREIZ X > Tfib 5,
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FD—FT. BEEAINEZLLI 2y T — 2 Tlda—HF— @ﬁﬁﬂ/bﬁ7@ﬁ%k# %&ﬁ
WL 5B, NYRAT L, 2—F— (BEIK) LBELOEME & OFINEEh - 25410, o
LD WEMFAEEREZEETANEDOZ L TH D, %Vﬁ%ﬁ@%ﬂ%@m%@ﬁ%#mLfv
9 55512, NV RA 7 OB X B8EFEDARLZEXRNY AT DD IKIBEED ) A 27 1535
%95,

HEEAINZEILT 2y NT =2 IZB T BBERDONY A7 OB Z B <720, BEHADR
IS UTAY RA T Z2HIRT 2 FENINETIRESINTE Y, FHET L EOFMIZ & >TE
DAEAMIHERENT VS [1] 2l NV RATORIE L IZT 7205, DRITEHSIEWIEHE & Oif{E
BREOLIBNY RATEZBIHREILTUEITORVWE WS BEDETIVTH D, —HT. BEHKD
NV R A7 OHIRIIBEMR C @ELDOEME & DRt K, ThbbZET—XBORA %25 Sl
29, £oT, BEMAIZHT ANV RAT7DHIREZET—XE L IZAEWIZ N L — KA 7 DBERIZH
5728, NV RA T OFIRIEZ OREIMEE IZFHEI N BEDLRDH 5L,

AFZETIH, ¥V T2y NT—2 ETAY RA 7 OHIRZITSBEMRIZN U, FO@EMRE % @i
AIRERB =R ET NV EIRET S, Bz, Ny KA T7ORIBOBEIMELREIZHHETHRHTH 25812, N
Y RA T DOHIRZIT S BEMADBEEEREE, ZET—XEE NV A7V = DML —=FNATI2ko
THMMd %, X512, BEMAOME) M@ E DM OREZES 260 T, BEkomEMaz KAk
SR LRGN Y KA T OFIRHREDENE AAD,

1.2. BEEMHRE

HERBME TN OPAIZE VTN Y RA ZHIBOETIVOREL ZOFTi 27> 7l LT, £7
Arshad & DffF%E (1] BT 5N 5, YFEMFETIE. Single-tier DIV T 12y b7 —27 ETa—H i
RKWEBEOMGHE L2BET3582 82, 22—V —RKONY RA T L — N EEZET —X
L — b A T b Nz, Bz, 2—F—RKONY RAZIZEL T, 2—HF—URKDO@EEXTH S
BEMBFPEEH»S 1HFH, UL IF2FHITEWEMETH LI —Y —MRIINY N4 7 %2f5b
BWEWHIRY V=RNED SN, THIE, 2—F—IRIEICHS D S RIGIERIC» 2 s 2@
BETDHEIOINVYRATEITDEVWIBEDOR) =20 L, =P —=UikKoNY KA 7L — R AU
BN, —ATCa—V =KD VEHZET—RZ L= NS RE, ZOXINY KA T %
RIBENVWSHRYY—DFT, YEMETIETI—Y—0RKDNY REA 7L — N EEZET—X L —

N 2HERZMET IV ETEE L, W&ED ML — N4 7R % £ U727 EIC & > TE @S MERE
?Mbto%mﬁi MHEMETEDNY RATZHIEDORY > —TiEk, Ny KA 7HIRZTHR0N

BT UCREMEREN ER 2560 H 6 Z L BB I N, Rz, EFOEBENREL, »rDoa—

°—%X®%%Eﬁﬁmm%6k\A/bﬁ7ﬂ®®ﬁ0/ iLfr EIZBWTHEMIZRBEZ &h

MR E N7z, 728, Arshad & DRIOMFERER (2] 2B WT, 22—V —lKD@ELTH 2 HMFAH
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Bho 4FBEHITEWHEMFTH AMIINY RA T 2ITDRWE WS H7-m Y NA 7HIRIZET 5 R
DY —%REL, FAROFHEZIT>TW5,
INLHDHFEIZBEVTERASNZNAY RATHIROE TN TIE, =P —UiKDO@EFHLTH 55
HBPEE P SMBFBEIGEWEMFBTHEMZEBHLTE D, 215 DE T )L% Number-based 727N
YRATHIBOETNVEERZ LIZT 5, ZIR L, RFETIE, BEIT 21—V k2 Rk
NV R 7 %475 12 6 ORERF OB L > THAY RA THIRDRREZRET S 20D,
Time-based 72N> KA 7 HIBRDET IV 2L T 5,
1.3. AMROKR
AFETIE, B[ OREN KRR T Y VABRIZ K> TREI NS &\ 5 Single-tier DXL F
2y "I —=2FEFNEEZ, R U7 Time-based 2Ny KA 7HIBOETFTIVIZOWTERZRZ2HZ 5,
T 51T, BFESI Nz Time-based Ny RA ZHIRET VDO R T, 2—H—liiKDONY N4 7L — b
CEYIZAET — X L — b DN AR A2 5 X 5, KFZ, Time-based N> KA ZHIRDE T
VT =k Ny RA 7 2HIRT 2R s BT A= UTHEZONETZH, NV RE T
L= N PEZET =R — NENY RA THIRKE s 237 A =R T 0B 022 I0ERT
%, %L T. Time-based Ny RA ZHIBEFIVICBITE2—F—EKDAL—F v NEEE. N
VRATZVU—=bNEEHZET AL =MD ML —RATERTEIOIEREL., NTA =X IZHTEH R
V—"T"y NEBOWR 28R T 5, TOFE, —ERMAETFTTANV—Ty MEIL s 12T 2 RAMEZ
EDZ L RBUMEGIEIC L VER L, Thbb, —EDONY RA THIBRHEZ#&ITSZ e Ta—H—
UARDZIN—Ty NHEINIL 5 B Z EWARIFEIZ L > TREINZ, ESITAHETIE, ALV—Ty b
BN Y R A 7 HIRER s I2BIL TRAMEZFE DO DOMBE LR, ZNoDREAEE2 525
NT A =R s D s* ZfRETHNZEIRET 572D DFIEIZDVWTEEZELE LT,

2. YATLETI
21. XY bMNI—UETI
B — R OBEDOAZES Xy ) v BMOEIGEE Ry N7 —2 (REV=T7AXY hT—72)
EERD, TIT, BEEMGT EHMEIIEERE Z A(c (0,0) IZFFDOR2 EOEH KT Y Vil
FED = {X1, X, -} I THESIND L, FHEMBE»SRKESINDERIZETHENEH—D 1T
HBrT D, WEHRVPEMED»SEINEZET I, TOEBEROBE XL > 2 DEBRBIZE-T
BEITDHLT5, £7/-. ZEEWIEDS 7 2 —T 1 71 Rayleigh Fading Z{KE3d 57, ¥ ¥ K—
AV IFERT DTS, Thbb, KAl oW THIN u e R2ICALIET 5 21—V =g RAS, H
MX; e R2IZFEE S N HHG 2 5 ZET 2ENOMEIX H,,|X; —u| P &ERINhE, 2T, H, X
i(e N), t(e Ng = {0} UN) (ZBI U THWIZHIL T, 2D 1 OFBOMEITH S HERERTH 5,
ZIZIT, BV —WEPEHEP SR LEWEMFB L BEEZ2175 2L 2IKNET 2546, &M
BEREIZMAIICRINBE LSRRI v-Ra ) A pEEE—Ih5, Z0rE, FAIIEES N
ma—Y KL BERTHEHEMEE X,, LRTLE, Ry, = |Xp, | DEEBBIT L HONTS
D ([3]. Section 2.3), BAFD &S Iz5x 505,

fo,(r) = 2ndr e r > 0.

X5z, -V —iERIZ 2 FE EABEH L CE D, RMFEIXHEMRR I 212, &% 0d@EXERAN
WHLE S Nz =Y =ik B EER 2T 5, Rl e Ng 2B W THIfSA w e RZIMET 51—
YUK H, HS X, e R2ZICMET 2EMFLBEFEZ2TOLE XV V)V IBREICBTAEERT
# It (Signal-to-Interference Ratio, SIR) IZMA FD L S5 A 605,

Hi | Xi —ul™®
Iu,i ’

ZIZT, L, Ba—¥—hiRioadd s FHEROME 2R, UTDL el ns,

Hj,t
|X] - U|ﬁ

SIR,; =

Iu,i =
JEN\{i}
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Pi+1 Q\/b /9
Q/Li+2
P4 f
9{ EL \ Ll+1
i \ é

% 1: "7 v-AhE -l s .
AL B 22— SR OBBBHOP

BLEZMWT, BAEKRMIZSIT S PZET —X V- MIUTO LS ITEHSI N,
7u.i(4, B) = E[log(1 + SIR,.)]. (2)

2.2. A—H—ImROBHNPEET IV

AT, BRI -V Wi RKOBEIETLE LT, U FIZEDZEIRTIVELIA—TETIL
EIRET 5, ThbEL, F—P—ILKH s O, EEAMIC—ER EZ2BETLHDE U, K s D
iz 1 OBV A NEEDD, HiBZHOBEHLC ) A NIZB T2V —InRKOBEIHEE % v,
U, FHZ12DOBBEC Y A NIZB I ABEEEIX T T5, 22—V —likiZ1 DOBEHL ) 4 K
PIRT UK ECHERIZARZEZTIVWEDE TS, FiHHOBEY Y &+ NDIKA%E P e R2, &
/‘f—i;‘& P,'+1 c R2\ f%%ﬁ vy b@ﬁﬁﬁbzlﬂﬁ“ﬁﬁﬁ*ﬁhﬂﬁﬁéﬂﬁgﬁ% Li = |Pi+1 _Pil 2:2%3_ (Li = SVi)o
M2 k2 —Y—IiRKOBEETNDOHITH S, Fiiz, FEBEL Y A NIZB W T2 —H =ik G AEx
HETORWEES, 22— —IROBEPEIXERIC RS Z LITERT 5,

2.3. Time-based /N> RA ZHIBRDET IV

ZIZTHE, =Y —iRIIHUNY RATZHIRSEL2DDH2R) —%2EH, ThE1—HF—
WA T BN RATHIBROET NV E UTERT b, FHZ, 2=V =KD N> N4 7 % —E R
FIBRT AL WOINY RATZHIRDETNE ZZTIRERT S, T40b5, LOMTERLZ2—Y i
KOBEHPUEE T IVIZEWT, =Y —iiRIZEHT P IZBWTDANY R T ETWV, P 25 Py
ABEITAMIEANY RA 70U Z —Th W L2 IRET S, DL &, 2 —H—GRIZEM s H
BBTLIT LNV RATRITH RO, Thalls 2Ny KA 7 HIFRGFRE &£ 9% Time-based
BNV RATHIBETNVEED D, TIT, Mg P TEWTHEBIINY RA 73 TbN 572D
ZME. Py Piy D5 TNENREHHOFEMBE R EVIZR AR > TWABETHE I LITEREL, Z
DELOMER% H(s,vi, 1) LED D, 7o, =V = KPH P 2 SBE#E u(0 < u < Ly = sv;) 7217
BEIL -2 B2 % ET -2V — b2 r(u, 4, 8) L ED B,

.3 OEMMOFERIE, 1 A,8) Dulfffr > Ial—aiZ&VE5X725DTHS ((s,vi,4,8) =
(15,0.1,4,4))s PAEDKERD 5502 L5102, (A, B8) 1 u iZBT 2BADEKL 2, Zhik, NV
RA 7D 7o 15 P iz bW Tlida—Y =ik B RERs o £t L @E 2175 — 5T, 2—%—
SR P; D SEEN D IR, WBERTH ZHMF & 2 —F — IR & OEHEH A AL T\
ZENHHTH D, B, M Py KEEL RS Ta—Y— 1INV X 72475720, P 28
L ZET =R L= NI PIZBITE2HDEELL RS (10,4, 8) = 7(svi, 4, 8))s IRIZ, X.3 DA
DFERIT H(s,vi, ) D s Wi EZ T I 2L =2 a itk EXZHDTH S ((5,v;,A) = (15,0.2,4)), B
LOMERPS DD LD, vi N —ETHDEE, H(s,vi, ) I s \CHETHBIMBEKRTH S, T4b
b, =YK OB L, 2MEINT 212660, HIFX P IZBWTAY RA T Z BRI
KED 1 T RERIT S,
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0TIl 0
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Moving distance Moving distance
simulation(8=3,A=1) simulation(8=3,A=3)

----- simulation(A =1) simulation(A =5)
""" simulation(8=3,A =5)

3 (£8): T, A, B) DY I 2L — a VEIROBUES
(£): H(s,vi, ) DY I 2L — 3 VEHROBUER]

2.4. A—HF—HERDRI—Tv b

Time-based 72N> KA ZHIRDETIVTIE, Ny RA THIBRRE s OFFFIZ LD, 1 DOBFHLCY %
ROz =Y =R BB T 2 HHEN 2T 5, ZNZE D =P —iKB N> NA 72 FIR L %4
NOBEHT LN LAT 5720, 2= —0iRkKDONY KA T L= 2 RT A=K s 12X DTS
ZEMTESL, BATRRZESIZ, N"YRAT V=M EEZET XLV — M EIZEWIZ NV —R
A7 DERIZH D720, HIRBENRTA—X s 2 T2 TN — NA7BFREZRELTEZ L
DBFEE RS, BEOZ2HE L TaA—F UKD AN —T v b % RSB 0, 15(5) & E
5, Kz, BEBSE (4], 5] 12725, FHERIEK Oy, ap(s) ZEATD LS IZERT 5,

Quu1pl) = {Dls,vi, L) = C - H(s, v, D} (3)

ZZT. D(s,vi, 4, B) 1B i FHOBEIL Y A N2RIZBIT 52— P Uik DREZET — X BDOFHT
B%, FHZ, 1D(s,vi, 4, ) 1H(s,v;, ) IEZNZ N, Time-based /> N A ZHIBRE T EBIT 5
VRATU—PEEHRZET RV — M ERT I EITHERT %, vi, 4, BT UL Oy,8(s) 1& s DB
ELTHZONEZ LW N5,

3. NYRFAITL—PNEEEZRET—YL— DN

Time-based 72N> R A THIRE T IVIZBIF BNV RAT7 L — b %D(s, Vi, , B) LA ET— R L —
N LH(s, vi, ) ZOWTRITII R RRER 2B ZepicE il RB) K& Ex6NAEAL—Ty
NEBOFHiD T REL 225, ZOETIE, XN (3) THA SN D(s,vi, 4, B) & H(s,v;, A) & TNZfiF
WHNZEHE S 2720 DFEEIRET 5, MR, 22—V —UROBEHEICBS W TRED 1 DOBE Y
DA RIZEHL, 2—Y—IiROHEFEEE 0 = (0,0) e R2, &% (51,00 eRZEEDD, FHizihs
DIRE X, HEHFOREZRKTRT Y VARE O BWEFEHEZHEOEVWIHIHEL S, — B2 EbT
IZED N5,

3.1. IR
KISUIBVWTEBINZETNVIZBITENY RAT L — N EEZET — X L — b Ok R IZ,
EHEDOBEDFHXIZBE VT ENZTNFERVEZSNT WS (6], [7], ZIZTHE[7]ICBWTE D4
HzEHLUTHERS,

EE 1 XV VIBEEOREYV2TAENT 2y N7 —=2I28W\WT, 2—¥ —liK OB E)HE X
HB2fiTEDONZEDE L, FA—F KONV FAZIZETERY O —I3E 2.3 HTED
5N 7z Time-based 72NV KA THIBET VIS > LD ET B, ZDeE, 2—V—WRONY KA
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Data rate
handoff rate
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Moving distance Moving distance
simulation(8=3,A=1) calculus(B =3,4=1) . . ) .
. 1 simulation(A =1) simulation(A =5)
simulation(B=3,A=3) ca\culus(ﬁ:3.}\:3) —e— calculation(A=1) calculation(A =5)
""" simulation(8 =3, =5) —e—calculus(B =3,1 =5)

4: (%2): t(u, A, B) DIEMTEIR /> I 2 L — 3 VEE O S
(£): H(s,v;, 1) OFfTEEE /> 2 2L — a VEHE O Higf

TL—bF 1H(s, v, 1) L EEZET XLV — b 1D(s, v, 4, B) HERIIZBI T O & S 1252 505,

4svVa

1 1 _
EH@wM~;ﬂ—e =} (4)
1D(s, v, 4, B) ~ 1‘/ 7(sw, 4, B)dw, (5)
N VvV Jo
ZZT, t(u, A, B) AT D & 5 IEMIcER I NS,
. o 1 exp ( 1_:;(/1 13 I/l2) p ;
d%’ﬁ%ﬂé l+z  1+K.g & (6)
2 2
K.p = ?ﬂz% csc ?ﬂ (7)

FE L VLIV NI =ZIZBIFANYRA TV — NI, HFORLVKEZRT AT Y VKA )/

A RENZDONWT, ZOERL L A —F b RKOBE#HE L ORHOFIZ L > THENRETH S, 22
TR 4) I, A7V YR a /A REOBERLOHRRART Y VERGBRIC K > TEHE I NS &\ Dl
ZEAL, BonMRTHD, £72. X (6) 1FX (2) TERBI N EHEZET—X L — FDOFHHEIC
0B SNEH, Kz, FFEREZRTLIRMENR 2EKICHEINS EIKELZZE, T2bb
X)) ZUFOESITEMLEZZ EIZEDE SN,

Iu,i= Z _u| ZlX _ul’B (8)

JEN\{i }

3.2, YIal—YavEDHLBER

.41, R (4),6) I2BVWTENETNESNZ H(s, v, D). T(, ,B) IZDWVWT, ThEFNYIal—V 3
VEDMBEIToLAERTHD (0<u < sv)e MADFERIZEWT, ¥Iab—YaryEDEIZER
NRONDZENDH S

NV RA THER H(s,v, 1) DFERIZDOWTIE, RIS RIZY I 2L —Y a VORISR UED
INE LK o TWBZ D5, BREEIZEVWTIER, KUY v-Ru ) 1 DE 2R 58700
SR T Y VOB D 2 L 2 INE L TWA D, AKOBIFLD h g > LR 7 YV v sl
FIZFLUTHDOIESDENRRIDIZAWEEI OGNS, ZD7d, FHl sy OEMRHEL R Y VK
0/ A REOBFIA % 2 R AR WHER (= 1 - H(s, v, D)) I$FTFERO SR REL 2D, 20D
FERNY RATDEZ HHER H(s, v, ) IXEFFERD AR FHI-TLES EEXO6NSE, T DM
ZDWEDZDIZIE, BTV v-Ru ) A REOBEFIOH R OHRD iz LD EHIZED S Z &M
HETH D,
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Data rate

0 g ® g & \ 9

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Moving distance
simulation(B=3,A=1) calculus(B=3,A=1) calculus_refined(B=3,A=1)

————— simulation(B=3,A=3) —@— calculus(B=3,A=3) culuculus_refined(B=3,A=3)

B 5: 1o(u, A, B) DT RS ER D BUAE ]

i (0, 0) 1I2B T B FHEZET —Z L — b t(u, 4, B) DFERIZOWTH, YIalb—ra VOFERIC
KU TS RIED NS K o TWB Z D30 h 5, FHZ, FHio 75 OBEEEHEE u 2V NS WiGE
RS R E VI a b=y a v EOEAENKELRD, WICBEEH u A ARELRBIZONTEOHM
DN K220, TR B) ITBEVWTEAINZEMDOHETH S, 12—V —liKITE Mo 25
BBHIEWEME X, LBEEITD 720, TR EMBIEAK, FHizhhe 3585 (X,, | DM
B(0,|Xp,|) DWEIZIZALE L\, Ko T & (8) DU & 0 P2 2 HMFH R? E2(RIZHE
BIND54. Bo,|Xp,|) DNEHIZE THOREMBPEE I NTU X 52T X 0 FA o (138 THEMBL
DEPBRBNTUES Z LD, TNODHREDHREEZ O6ND,

3.3. EiTfaROBER

TITH BIFEOFMFERTY I a b —Y a VR & OFEDHER I NIRRT U, HEE
WET 57-ODOFEERET 5, FHZ, Mg (0, 0) 1B 5VHEZET— XL — b 1(u, A, B) DffHrhs
RIZR SN ZFEDWEFEIZODVWTEET 5,

T(u, A, B) DIEFTFERTIE. K2 u DIEPNS WG EITFREIRE BTN, — /AT u=0D
BEDEEAZET — XV — b 194, B) = 7(0,4,8) Z LM UTEHET 5 720DF kI [8] 12 k> TH
LINTHY, UTD LS IT52 605 (8], Theorem3),

© *© + ’/l’
T0(A, B) = / / —Pl(Zl 4, ) dz du,
0 Jo +2Z

7272 L

Bl2 2/B  po 2/8-1
u 2z v
u, A, B) = —o?z | — -ull+ dvl;.
p1(z,u, A, B) exp{ O-Z(ml) u( 5 . Ty v)}

PAEZFWT, Ny RA 7 OHIRZKE U 72858 ORI (u,0) 128 B EEZET— X L — b 1o(u, 4, 8)
BT DO LS ICEHT 5,

o, L, B) = e o, B)+ (1 —e”")1(u, 4, B8), 0<ucx<sv.

2T vIZulZEHT BEADIFINTA—RTHD, T0b5, FHEr o OB u DN L 7203->
T 1o, B) ICHG T HEADNS KRB LRI, 1(u,A,B8) IZFHH5THHEHAVPKELL KRS, (4,1, B)
WBEHZ u NI WEGAIZY I ab—Ya VEIRE DEAEDRKRELEND Z 6. s DEAMIT
IZE o THERBIEMRETH 5,

4.5 1Z, Time-base 72\ R A ZHIRE T IIZ BT ZHIE (1, 0) TOFIZET —X L — MZDWT,
VIalb—va URERIZH T DTSR 1(u, A, B) LIRNTRER 1o(u, 4, B) DT HY N TH B (0 < u < sv)o
ZIZT, AR IZBIFBNRTA=R yldyIalb—ya UERICHTMEOR/NRIEIZED
EZERELUZ, LEDRER LD, WRUZZMBIERTH S ro(u, 4, 8) Tl BUIRNAT A =& vy 2k
ETHIeTYIalb—raViEREDMENNIWVEZEHAGETHD Z 03005, ZI T, &
INCIIRIZ K DREI NG vy DflE, NTRA—R L LDMEIZE > TET B LITIERT S, Thb
He LB DI LTI A=Ky OREMEDHEE ZHIET S BERD B,
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4. Z)v—Tv NEHOEENT & M

ZOETIE, RAB) Lo TEDOSNIZI—Y —HiiKD AN —T v s ERTEEQ, 15(s) IZDNT,
BUEFHET & 2 55l & BTG I DWW T WL D DfER 2 525, X (3) 2HKT 2NV KA 7
L—MEEEZET =R L — MIDOWTIE, HEI3EOEM 112 & > TR ORERN ZNTH
HZoNlzlzd, Z0IZ&D 0, 48(s) DFHEIAAIREL 572, T2 TIRAN—=Ty FEIE Q) 14(s) D
NV N A T HIBRERE s (ZBET 2B 2B L. FHT. Quap(s) EH 2 —EDRHD T T s IZET K
KIEZEFREDZ L 2GR T 5, TD LT, Quapls) PERKEZRED/ZODBE+HFEMITOVTELRT
%, BT, Quaps) DERKMEE G 2 2/87 A=K s DIH s* 12 DWW T O HIEIZDOWTH
w95,

4.1. RI—7v NEBOHESTETM

AN =T B Qyap(s) D s HEBIZBIL T, BUERZ2EIRFR 2 X.6 1259, .6 TlX, 5
A—=R LB REZEIN, NTA =Ky E5ODEDRAEX—YTHHINTWS (LB = (3,4),v =
0.006, 0.009,0012,0.015,0.018), .6 DFER K D, FHZ v DIEAVNS WHEHIZBEWT, AV—TFv b
BB QO ap(s) 1 s TS 2ERARIEZ S DI LA N 5, TRbLE, —EDHIRREIZL > TNV R
F 7 DHIRE G Z-HBE 22—V UKD AL —T"y MIFKEZFFDO L WS Z L2 THH, ZThidEn
YRATHIBETVOENEZRUGERTH L, —HTRL.6 DFERNL S, v DFEA—EML ELE W
GE AN =Ty MOy ap(s) IEERAMEE G200 Z L EFBRIZA 95, N R 7 HIRRE
DI £ 5T Qyap(s) I OITPERL TWL DY, 22—V Ui KOBEFHE v B+ RKEWEGEITIE
Qv ap(s) WEIZEHDIEEZIND 720D, Q) ap(s) ¥ s ICEAUTHFEME 2> TULE D T W, EKEZE
R WHRNTH B L EZOND, I ISR 5ERE LT, ZV—7y FEE O, 15(s) D
BAMEZ 522 s DX, & v DEIZNUTIRIERAETH S Z D005, 206 DHEHIZDWTIE
B CHAME T e <. BHOHMELIZSBRORETH 5,

TOIZT TlE. Quap(s) DERKIEE 5 R 2/87 A — X s Off s* B4 72 C, A, B DAEIZXT L TH
EHBEICLOHAOUEMERTH D, M7 OMEENS, s DEIFNY KA T3 AN CIZBEUTHBIL
TN 205, NAVAREBIZEL TIHEAT2MEEZREODZ X015, X 5IZK.8 DFERMN
5. s* OMEIFHEMFOREZRE LIZEUTZIEAETH D Z LW 0h b, BRFETIE. Zhs DR
NEZOSNBHEEIZOWTEHEIHS TR > TV,

4.2. ZI—Tv NEAEIPRRELFRFDOFRHE

INETORR2S, RB)ITL>TEDSNIZAN—T Y NEEQ, 15(s) 1 s (2B U THRAMEZ
DEENDH D I LRI NIz, R, =P Ui ROBEHE v DI LD, Q,.5(s) PEAIEZ
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BED B ol=h UV REILESLEDET S, HU VREIIIENSIEIZ I DS N ETOEBESE235. X
512, n NEWEEE HEDEENRZ VU T CERT 2BE42MET 5.

ZITSYRESAPS k+n—1 ETOEEKE 1O n NEFEDBHEIT 1, THLSNDEHEILO
BLBHEHTHD. BEFIREIX I DORTOM (L, Ly, Ly) THATE . RERIZEN D FEHL
wirotz, HULKIBENEWONZEIL, BPESZL2/f5-FICBRET2E0DLT 5.
2.2, RHNEB

HORIER, £ U < IBERIZERER FREE (L), Ly, Ly) DBEBREL 5. BEEOBERLIZ—EIC
Ex D, —H, BOREFOBBREIIMEEMERD D, BOENNDRERNFEIKET S, AT,
ZDEDENNDENGIEE TBFEENEE] LIERZ &2 U, FHZLARD 4 D OEERNEIE DR
BYEIZDOWTELET S,

1. VY LRRN ENWRERFEOHRENS, TV XL (FHERT) BALFKIZENT 3.

2. FEEDOERA EATRERFEOH T, HEEMOEVEIZENT 5.

JRESVELRA 3 ANBOENARERPEET 2HEICDOA, BRNURERFEOHNPS, JF v

RLNERATEFIZENT 5.
4. REFEZEDRA 3 ANEOENAREFEMPFAET 2LEEIZOHA, FARERFEONT, & A
HVFEIZRENT 5.

ZIZT, 3L 4IERERIZAKETERVWHER (Tay7R) N1 AE, 2 A%, 3ANEDOETTHLL
RBEEENMIETH 5. BEENEIEHEE S &, SHEAFRIE (L), L, L) FOEBEBREE 5.
2.3. ERIREEEE

Rl 1 (2B BERERFVIRRE (L1(0), La(f), L3(1)) (3 BIREHGERF ~ Vv 2 7 3 HIC 5. KR8
(L1, Ly, L3) DEFIREEHER % p(L1, Ly, [3) TEL, REZFHERICUARZEHIREHERRZ ML E
p = (p(0,0,0), p(1,0,0),.. ) IT X DEDD. HFEENEKIEs DH & TOHRRITHZ Q, £ T5L, &
JiE RN s DB & TOEFIREIHER p XK AR p,0s = 0 2723, RIS A% iR
{ZXIZED p, HRED, p, BSAY Y REDEHFHER n NEDT Oy s REBNTES.

AL SP & 8P BIFMHIC 112725 Z 2 IFRVDT, L1025 2V -1 ETORTOMEIMS DI Tk, [k
12, L3075 2V 2 1 ETOETOMEEZIS DI TR,
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1
[#] 8]

1 AFTOOE

04 8 2ABETO Y
03 INETOLoE
o ——EFIR

o | i T

o~ o

v v ® (c) FL#I
N f & ao“‘%’o Py # F&@b
& o Y
(a) FEELN = 10 (b) FEEL N =20

B 1: 21 TR 70y o # &R

24. TIIATREBRICK Z2REHBOEH

AT FIVIEETERNEII KA U CTHERRITFINEE S 2205, YV TPEBRIZE D BolE
NHEIS 28 5 Z L ASARETH 5 [1]. HIZIX, HWIBEEZ 77 v REOFARABIZELS. Rl
0 THIERIFIREE (L1, Ly, Ly) M o T L7 & E DR t £ CTOIENFER B DOIHRHE G, 1,.0,)(@) 13 1

N RENVE x, Gi(t) =gt+g; VA £(0,0,0) = 0B, g dgf (g, £(1,0,0)> £2,0,0)5 - - - )T =4 Ag=u
%(ﬁf:j— ﬁﬁﬂ A @gi a,'j, ~N 7 ]‘ u dgf (I/t()’()’(), U(1,0,0)> 4(2,0,0)5 - - - )T o)gicijfy\‘Ffii 5 .

1 i=0,

n=1

. 3
-qij i#0,
aij = { ! U(Ly Ly, L3) Z NhnS(Ly.L.L3) (1)

T T qij FHEBRITIIOERTH D, 51,1, 0) [ FERERIFREE (L1, Lo, L3) 1B WT n AEZ AJE
TEDLEIT, ANEEWIDESIZ0%2L2EMTHS (RNBIKIZKIFT 2) . ghkEhi, &%
FEFIFHAREE (L1, Ly, L) THLD N EENMRIE DS E 5. W40 AR ARG S5 L C g 25k, g
ICHDWTEANMIEZERL, EHERICEOVWT g2 RDZZ2BOVIKT I LIZLY (Howard
DBERKAE [2]) , REEEEAEIEIKRE 5.

3. BUEEHR

AT YRI0[EE 20 DM T — AT DWT, REHBENEIEDO LR HABRZML -, &,
10 & DG E IFBEGH B TR L 7225, 20 fEDEE1E CIREBE ORI & 0 BUEEI R AR EETH - 72
72®) YIalb—varyEIHTHWE. SEEY— Y AR [FF) X (b, b, b)) = (1/2,3/4,1), %]
R /) 13X (4,2, 3) =(6,3,1.5) (10JE), BXO 1,42, 43) =(12,6,3) 20#F) & L7z, X112
NV ZEOSEYAR A (Hll) B0 T oy 7R (Ffl) 257, ¥Ialb—a UFERIZEERM 100
DYIalb—Yarvo100BISOFEETHS. K 1IZBWT BEIFEHAE] 135N O RERE A&
EEZTHUVWEEZRZANTEEAR—ANRELURLILLIE, BIZEDANEZHNTEhHKE L 57215
AOFERTH Y, BAREHEO U TEUEL LR HERD EREOHZ L L TRUZ. 28, TBH)
fERLAE] OEFREHRIIFBERTE 20N, AT VR 20EDLETHEIEFAGAAETH 5.
&b, FEEDODREN, 7Y XLEN, £72 (10FEDHE) <)V 7PEBRFEIT K 5 Bod % g 1<
X BERERABDZ TN W Z EDFARND. 7277V TNORFERERABIKIZENTH, 1A
BEINBEDODTO Yy ZRIZIGIKRERENET S, —f, 70y IRENVIZT DL, OISR
WAREETT 5. £/, IBEEHEE] AROBEMARITTAL DD, FEHEOENP T VX A
KN DAEIFZIFEHEETII L, HlNL2EZNEKE CHARENMEoNE Z LRI .

S Xk

| =28, “FEEEERALRIRO o [l ek A CR R, IR ol (5 ¥ 25 CES, volJ71-B, no.12,
pp-1419-1424, 1988.
[2] A.Howard, Dynamic Programming and Markov Processes, M. I. T. Press, 1960.
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M/G /1 551750ICE (3 3555 BRI & EERREI0 0 st

1 S
KR AR
S T 2

BIE : AT, BEOFERHEICHIOSH 2 M/G/1 #5475 (M/G/14+GY) 7% 6 NI E OREREIC TR D
b5 M/G/1FELITH (M/G/1+G%) #F 2 %, M/G/14+GY 51751 TlE, FIFHIRIR DI — 2 223
PG L 2\ e &, Y AT Ao MIEICHERT 2. 72, B3 —HY—CR2ZJHE02E, $—LAD%ET %
TR AT L HHEBL v, —J7, M/G/1+GS f#64750TlE, FIRHFIRRINICY — AT L v
LE, Y —E2E2ZITT03BhTHoTH, AT LEZMEICHBLT 2. AfETlx, Zhs o M/G/1
BT DR RN L D L OBIfR 2 EZE T 5,

1. RU&HIC

ARTIE, ZOBPBENR 3 BHORFBITIIETVEEZ S, —DHDET LTI, ZhEh
DEIFFRELREICHINZ b B, FRfF s RS2 OHFNGET 2 £, BV —ERE2ZITTICHIEK
AT LADGHIT S, COETIATE, BRIEHY—ERZRIIHOLE, Y—LERADE [ E T
AT LR L v, —F, SOHDEFLTIE, ZRENOFIFMHERMICHNZ b6, RO
ERED Z OHFNET 2 &, =L 2DBHTHo THHEICS 2T LD ST %,

WTNDETIICONTH, AT, FERT7Y VBRI TEE L, BOY—E AKIZH
SO T 20D ERET 5. 51T, BO (RFLIRHH 2 W ISHAERHENIC W3 ) HilfyRsH
RAZIZD ORI T 2 LARET 5. [3] ICB W THEASI NEICH- T, AT, fH5EHR
HifIDH 2 €T V2 M/G/1+GY #6475, WEREGRINO D 2 €7 V%2 M/G/1+G® #5475 & I
BRI LILT5, £, M/G/1+GY FEbL 17517 6 TNC M/G/1+GS fFib{Thl% £ £ T, M/G/1+G
FHITH L KT 5.

AT, H—DFEE N (A > 0), HA—09—E XM, 7256 K H—OHlF R E 216
X o TR 60 M/G/1+GY 5175007 6 N M/G/1+GS fib 11512 £% 3%, H %6
N G 2z2z0FRN, J—E X% S CICHlFREE 2 £ T BROMRER L T2, fHED 7z,
Pr(H=0)=Pr(G=0)=0Z2KET 3.

fEE L, B L TROTEER S 2 LI1cT 5, [EEORARERER Y 1SN, Y(z) :=Pr(Y < z)
(x>0) 22 DWHERIAEBEL, V() :=1-Y(x) Z@HOMEHEKE T2, £k, Y OMEREERK
DHET L EE, 2k ylo) (x>0) ERT. 512, M/G/14+GY b5l $ 2 &icix, k
BT w 2ML, M/G/1+GS fFHA751ICBIT 2 Bicid BIRTF s 2467

AT, REHKOM:, bbb, FLRHPHERMOR I ICEOL ST, B34 —E 2235
TT2ETIATLZHBL 2 VEOHEEZHFTETIVEEZLDL, 2D L) BEIZ, BRADHIFIKE
MEZAT 27, HNRHEODMHIE MRICIAHERNTHL2bDET S, Tabb, g, c[0,1)
%7V F MMGEREN AV ERRKOGIREEZH T 2MEL T2 &

2238, C10) = oo
DALY B, —J5 T, ¥ —EAREIMGIIEROVY E[H] < oo 26D L 2IRET 5. p:= AE[H]
ZhobeyrmEL L,
PP < 1 (1)
DILDALD T EZRET 5. [6, Theorem 2.1] £ D, (1) RO ZHE E, Lo M/G/1+GY ##5
1817 5 NT M/G/1+G* LTI WTN O LETH 5 2 AL S N B,

M/G/1+GY fF547517% 5 2 M/G/1+GS REBATFNTN L T, 8% OIS RSBEIC A S 11
TWw3 (1,3, 4,8,9,10, 11]. Kz, [9] TIF, M/G/1+GY FEbH1517% 5 N M/G/14-G® Fi b 175
DRFFL MDA IZ T 4 VT S TRAOME LTED6NE 2L, B, winoET
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Z BT b 0 RRER Py (B A2 AV TEZ 6N 5 EARSNTOD, V &R
LI 2 2T OMEREH L T 5. 23, L2 my sy 28 [5,7] ek 0, KADEEN5,

V() = MY H(z) + A /0 WGz - y)dy, T >0 2)
V() = MSH ()G () + A /O G H( - 9)C(2)dy, = >0 (3)

FREL, m EEMREIC BT AT ANETH B MRS EL, KREWT,
m+ /OOO Wr)de =1, 75+ /OOO v(z)dz = 1 (4)

(2) BHNC (3) BE MY+ LT 7SR TH Y, s EIEBMLEN: (4) 2 5 KEE S R
MF—BICED SIS, 51T, PASTA kD, ZNZFTNDETIVICEIT 50 AER B X

R =Pr(G < V) = [ @G o)
0
P =Pr(G < V°+ H) (6)
= / ) dG(x) <7TSH(96) + / ) v (y)H (z — y)dy + / vs(y)dy> (7)
= y= y=x
Thzons, (2) VL E, (5) BRATHESWZ NG,
1 — 7w
]Dl‘gss =1- pﬂ-o . (8)

Thbb, M/G/1+GY fFEBATHNCE T 5 0 AMERIZ S AT LANRTH MRy 2HTHEZ 6N
5. =7, M/G/1+4G* AT TIR T D X ) R~ 2fG2 2 LIIHETH 2 L ) 1cllbins,

AEETIE, M/G/1+GY R BA751 & M/G/1+G® fFBATHIOMERIRIERNCT K D L OBIHR 2 B4 5 5.
REDORATRD FHEIE, M/G/1+GY 5175174 6 T M/G/14+GS £# BT DA D € 7L 12kt
T 20T, HDVIE, TholiTeEET 5 k0D —RAHIFI A =X L2 b ORFB75 [4, 8, 9] D
fERTTH D, M/G/1+GY FEBATHIE M/G/14GS fFEBATHID HIR 217> T 281313 & A EFHE
LA, 20s ZfHEOE 7 VOB 2 RSk [17] TH 2. O TIET—E A
IRFFEI DS 3 A1 12 HE 9 — RO BRI IR B ATHIE T LIS W T PY < B3 S0 VLD T L HSEH
NT»2%, 2O, ¥ — B ARREDSEIAGICHE ) & & (8) LFERIC P W8 7§ Z IVTHZ
5B ZE[16), RO ay <75 BY Y TANRADBRIC IV HONE 2 LILHEITHTwE, Z
Y — B RREDPSEAT A IHE ) L IREDREN E > Twb7d, FARO? 7a—Fick-
TZORERE MO — E ARMSAEICINRET 2 2 L 3BG Tldk v, kB, (15 IKRENTWw LD,
PV <P E IS T L OB, ZORFERIAPTIEAL EICHEREEET S,

AT, RIS, M/G/1+GS fFBATHNIC BT 2 AR B IR AE, EHAED IR, %6
QNS E AR A0 1E, SIS 2 M/G/1+GY fF 6475 B 1 2 E W AR b IR0, EHAED
REEI A, 7% & QICEFMERMEI M2 TZNZNEZ6N5 L 2RT, XRiZ, OfR%ET
12, M/G/14+GY f#54757% & NS M/G/1+GS f# HATHI DPEREFRERRNC R D SZOBIfR 2 B4 § 5.
o, PV < P DRSO 7 DT rffh 2 BT 5. kRIS, ¥ — 2 AR BO G I 6E )
B (M/M/14+G) & HlRIRFR 2S8040 IHE ) 556 (M/G/14+M) 252, TnokilkE T
T, By L P BHi AR X o TR e s 2 EERT,

DT OARIZRD X ) ICHRI N5, 8 2 ficlk, M/G/1+GY fFBAT51E M/G/1+GS 5%
L, H3HETREZNG ZRIMLL 22TV 2ERT 25, RRICH 4 BB W TRRZHTD < < 5.

2. M/G/1+G" #F5{T5l& M/G/1+G* F51T5DER

TREOMRERY EFR AICHL, [V|A TY %2 A CHREMITHRONIMHERERERT L
295, WY —ERADBIRETIIC AT LZETEREL d o EDEMGLREZ R T OHE
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KEWETD, 72, DZY—ECADETETCI AT LZENBREL h o - BOMERMZ RS
— R DMEREELE §5, PASTA L0, ROBABRADKD O Z LMD SN S,

WY =g [VV [ VY <G (9)
DY = WY+ H (10)
WS = [V3 | V® < @] (11)
DS =y [VS+H|V®+ H <) (12)

E7L, =y BT ORER T O SV % F T
BE 1. [ -ORER A, W-0%— AR H(z) (x> 0), %6 0o BRI 4
G(z) (x> 0) ZHT 2 M/G/1+Q" FBAFHIE M/G/1+GS BN BT, KRADRT 2.

VS = WY (13)
SEER. (5) & (9) XD, WY OOTiIERATHMOT 5N,
Ty

1—-PY 7

loss

EoT, (2) XD Pr(WY =0) & w¥(z) EXXZWT I EDMEILDENS,

v ()G ()
1-Py.

loss

Pr(W¥ =0) =

w"(z) =

x>0 (14)

wV(z) = ()\ Pr(WY = 0)H (z) + /01 w" (y)H (x — y)dy> G(z), >0

ERXiF v oo fmicBT 28 A (3) LH—TH L. VS ooFiE (3) B X OIERUMLSEM: (4)
XY —RIED SR, —J7, WY O b kI EE X IESSE A

Pr(W"™ =0) + /OO w¥(x)dx =1
0

CED—FEICED NG, LEDoT, VS = WY DIRIT 2. O

T 1. [{-OFEE N, [0 — AN H(z) (@ > 0), 7% 50— RERRIE 1
G(z) (x> 0) ZHT 2 M/G/1+G™ HHIFHIE M/G/1+G° BT BT, KADHLT 3.

VE=4 [VV | VYV <G|, Wi=gx WYV |WY <G|, D°=4x[DY|D" <G (15)
SEBA. (15) 13 (9), (10), (11), (12), & X (13) S HIHEICE N S. O

ER 1L, EE R M/G/1+GS fREBATINC BT 2 IRFE S Rl A, FEREE RO AE, 7% o Vi
TEIRFEI O A 1, Z 0 B 288 % M/G/1+GY fRBAT0NC 8 1 2 IRFE S Rl oA, FE6F S IR
oA, 76 QICHIEREIAfZ O TZNEFNE A 6N 5 2L 2R LTS, ZORROERN ;R
fEE LT, HERIERFZ O ROBGRA»E oS,

EE 1 ([13, Eq. (1.AL)]). JEAMBPRER X 5T Y ITHL,

Pr(X >z) <Pr(Y >z) forallz >0

PO EE, X ZEHEOMRIETFOBEKRTY UFTHE L0, X < Y &£T,
FEE 1L X < Y DBRDEOZ EIF

E[p(X)] < E[p(Y)]

23 (RHMEDTAET ) MEREDOIEWDBIE o(x) ICODWTEY LD T L DBE35&MTH 2 (13,
(LAT). KT, X <4 Y = E[X] <E[Y] 2Y32§ 5.
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F 1. W -0FEE N, W0 — R H(x) (x> 0), %50 0fIHEN i G(x)
(@ >0) 2HF 3 M/G/1+QY FHHIE M/G/1+G* 5B T, KADIRTLT 5.

VS Sst VW) WS Sst Ww’ DS Sst Dw

i 1 OFEHIE AR A ISR T

EBIIIE, M1 XD, M/G/1+GS 13 M/G/1+GY ICHRTRHDEAGVIVNS W E W) T E
PRBEND, R, VE<q VY 25 15 > 7y BRoNE I Lhbn Db, TOMEDPS PV < P
DD DT LR TFHET 2000 Ltz vad, EBICIE g —BICIZR D 7w (5 3 ficplz
NY). BUFTCE, B, < P DD LD 0 DR EHT 5.
R 2. [A—FER N\, FW—0Y—EARHEIM H(z) (x >0), &5 NCFE—DHFIRHE A0
G(z) (z>0) ZHT 2EH L M/G/1+GY f#b1751 & M/G/1+G® fFibi0l2 52 %, ZNH6DE
TNICET 50 AERIIRATEZ 5N,

Pioss = E[G(VY)] (16)
P = E[G(DY)] (17)
SEER. (16) X (5) RIS » NS, £z, (17) 1X (6), (10), (13) o605, O

EE 2. (17) &0, M/G/14+G® fFEBATINCE T 2 v AHER P 1%, T2 M/G/1+GY fEbAT
FNCBWWTH —ERZZT 2ROMERDS, Z 1 &I > 7L S HIRIR R & h RV
RLEFELWI LD,
EE 2 ([12, Page 49)). FEAMEREH X &

E[X —t| X >t] <E[X], Vt>0

%729 & & new better than used in expectation (NBUE) T®H % £\ 9,
g 3. ¥ — Y AW AiH NBUE TH % & &, M/G/1+GY fFEAT5IIC B TRADILALT 5.,

VvV <4 DY (18)

SERE. H %9 —© AW OFH AR ICHE ) MERERE T2, Thbb, 20HBEMKI () =
H(z)/E[H] THEzon5, (8) #6NC (14) &0, (2) OALIIRATHESWZ 5N 5,

vV (x) = (1 —m) |Pr(WY = 0)h(x) + /Or w¥ (y)h(z —y)dy|, >0

INEMERARMOBKRE Lilidd 5 L, XXzH5.
VY| VY > 0] = WY+ H (19)
Y — AR H(x) 28 NBUE ThHh 5 & &, XA T % [13, Theorem 1.A.31].
H<4«H
Lo, (10), (19), 7 & WNZ [13, Theorem 1.A.3] X b,
VY= (VY| VY >0l =4 WY + H <4 WY + H =y D" (20)
DAL B, L3> T, XD L) ICHIE 3 2385,

Pr(V¥ >z) = (1 —my) Pr(VY > z) <Pr(VY > ) <Pr(DY >z), x>0
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EIE 2. [—DFEE N\, H—DY—ERREIM H(z) (x> 0), %5 KICFE—DRFIRFEER 70
G(z) (x>0) #HT 5 M/G/1+GV HFH1751E M/G/1+G* fFibiidla &2 5. ¥ — AW
23 NBUE TH 5 & &, XRADKLT 5,

Ploss < Ploss (21)
. G(x) RIS TH 5720, (18) XD,
E[G(VY)] < E[G(D")]
212 (B 1BH). LEdoT, (16) 50N (17) X b (21) 213,

O
3. WSS
3.1. HY—ERBEIERAHICHSEE (M/M/1+G)
P—EARRD ST X8y (p > 0) DIFEOHGINE) 2 E R 5. SO, B O ki
26 H=g H %%, Lo T, (10) 2o (19) &b, XXZ2/H2 ((20) 25iR).

(VY[ VY > 0] =4 D (22)
T 3. [{—DFEHE N, [0 — R 1/, %S I F—OHRIREES G(z) (v > 0)
AT 5 M/M/1+GY 545518 M/M/1+G® 5501128V T, KADRLT 2.
Ploss

Pl = ——"5w
o p(l - ]Dl‘c))Vss)

(23)
SEEA. (16) 8L G(0) =0 LWV IHREDLS,
B = (L= mg )E[G(VY) | VY > 0]
WALT 5, LEdoT, (8), (17), &6 (22) &b
Poss = p(1 = Pl )JEIG(DY)] = p(1 = Pss) - Poss
DIRALT B720, ZhkD (23) 2155, O
ER 3. fHEMIE NBUE TH 5700, B2 X0 BV < P 29K329 %, (8) & p(1-PY,) =

loss

-7y <1 ThH3ILICHERTZE, ZoAR%ERT (23) »oEEMIrOSND,
EE 4. M/M/1+GY L5 B VT, ay EXATEZ 613 (10, 14].

) x -1
Ty = <1 + )\/ exp [—M:L’ + /\/ G(y)dy] d:):)
=0 y=0

koT (8) 25 B ko, X651, (23) 25 P #KDZIENTED,

3.2. HIHNREARVEHRIHICESIES (M/G/1+M)

HIRIREER D385 X 8~ (v > 0) DIRBDAMIHE ) BEZ2EZ 5. EEOIFAMRZR Y XL,
LY](s) ;== E[e™Y] (Re(s) >0) &, DT 77 A+ AT 4 )VF = AZH (LST) £ §%. ZDLE,
(16) o (17) K H XA %2 5.

Py =1-L[VY](7) (24)
Pl =1—LIDY](v) (25)

TE 4. [{—OFER N\, H—0¥— 2B H(z) (x> 0), % 5O FHHlKLE
1/ 2T 3 M/G/1+GY BT E M/G/1+C8 BT E LT, KADRLT 5,

. Ee) (B
Howe =17 211 ) <1 p(l—az;s)) (26)
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SEER. (19) &0, KADED LD EDMEPD SN D,

LIVY(s) =y = (1= my) - LIW™](s) - LIH](s)
ERIcBWTs= B E, (24) &1

1= Py —my = (1—m) - LW™](y) - LIH] ()
BEsh, 51, ZoXE 8) poXADELNG.

w - 1 . IDIY)VSS
LIWT]() = CIA() (1 ,o(l—PlZZss)>

LIDY](y) = LIWY](7) - LIH](7)
ThHsHIEIHERTS L, (25) 225 (26) BEIPNS, O

EE 5.V — EARMANEEOARICHE D £ F L[H]) = LIH] DSRIZT 2720, (26) 1 (23) ICHHMILS
nz.
EE 6. M/G/1+MY fF51750CE, 7y XA THEZ 505 [8, 10].

Ty = (1 +) " 1:[ EW](’W))
k=1

L7=3->T, (10) &9

-1

n=1

ko, (8) 15 B, MRS, 51T, (26) 05 PP KRB IENTE S (HE 4 LBH).

B — R RHSPHTER B 1A 9 M/Hy /14 MY 5475107 & N2 M/Ha /1+M® fFHA751IC
B 2 n A fEHE%z, — AR OETRE Cv[H] OB E LT 7ay b LAERBREEZX 1 IR,
&y, PY I3 Cv[H] NN FE> THINCHEML TE D, iy — & RIREIA O LB H3 M IE
J¥ [13, Eq. (3.A.1)] ICBHL THMT 2 DIFE>T M/G/1+GV R HAT51D 1 AFERDIEM T 5 &
) BIGRIURG SR [10] AL T3, —J, P 13 Ov[H] ’H 2RERE L %52 LML, #5
ELTH —ERRHOZB IR E WHEIRTIE PY > P BRIZLTw5, Thbb, 0l
PY¥ <P ICNT5RPIZ52 T35,

loss — ~ loss

4. F&&

AFTlE M/G/1+GY fFB1751E M/G/1+G R ATAI O MRBIREM OB 25 U 7. i,
M/G/1+G® FEBATHNC BT 2 EH A B IR, EHAES RS, %o O E & MER E 5
ik, WIET 2 M/G/1+GY AT BT 2 HIRAE b RO, EFF LR M6E, 260
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