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e SRR

=1  REIANZEOEABRRBE&HENT—% (Stuart, 1955)

Right Eye Left Eye Grade
Grade Best Second Third Worst
Best 1520 266 124 66
Second 234 1512 432 /8
Third 117 362 1772 205

Worst 36 82 179 492




- NEFRATOY r xr EAREIR

) EIVEER py (i=1,...,m5=1,...

- XfR (S) EFIL (Bowker, 1948)

pij =i (G=1,...,mj=1,...

7LC7L'C: L wij = wji

12 3 4
P11 (P12) (P13) P14

1

2 (p21) D22 (P23
3 (P31 (P32) P33
4 pu P44

)7)

7)

- BBREF (MH) €FIJIV (Stuart, 1955)
Pi- = D (’izl,...,T)
ferc U




- ZEXHR (QS) EFIL (Caussinus, 1965)
pij:,uaiﬂjwij (izl,...,T;j:1,...,T)
fefz b wij = wji

- IS, {i =Bt DEESETIL

CifTE R sHlE ¢ FIICR TR A VI

0, . o = PisPjt
(i<gis<t) DjsPit
- QSEFILDHIFIR :
Oticjis<t) = Os<tiicyy (1 <J;8<t)
Y 1 2 3 4

1 pi1 pi2 /P13 DPi4
2 p21 p22 \P23 P2 O1<23<a)
3 /P31 P32\ P33 D34
4\ ps1  Ppaz/ pa3z  Paa

(9(3<4;1<2)

SEFILAEDIZIDH DEFDFEEIZQSEFTIL
EMHEFILOMAMNKD LD ETHD
(Caussinus, 1965)




. ZEAEXHR (CS) TFIL (McCullagh, 1978)
i = { Yiz (1 < J)
K Yij (i 2>7)
7LC7LC L/ wij = ¢j@'

- HFIC, y=1DEESETIL

- A—=NILtR (GS) EFIVL (Read, 1977)
oy = 0,
7'7:7'2.[;

r

—1 r—1 r
Z szj, o= > pj
1=1 j=1+1

i=1 j=i+1

- CSETILEGSETIL

Rl 2 3 4 1 2 3 4
I pn pa 1
2 (P20 P22 (P23 (P20) 2

3 (P31 (P32 P33 (P3a) 3
4 pa1 @MZVPM 4

CSETIL GSEFI

SEFILAK D IL DD DAE+DEEIFCSETIL
EGSEFINOMANKDIIDZ &ETHD
(Read, 1977)




- 2LING X =3 (TRPS) £FIL
(Tomizawa, 1987)

pij =9 "'psi (i < )
Cy=10D&E, BEWAINTGXA—F%HR (LDPS)
EFIL (Agresti, 1983)
0=1D&E, CSEFI

- TRPSETFILDILRETILZREL, BERETI)IL =
AWECSETILONES L OEGERERAEDME

BZfAND
CS 7 TRPS
LDPS

QS

MH

1 EFILOEERER
Cf:A — B RETFTIARZETILBZTRY)

. —

GS




- HERKRERFZIEXSTR (ELSk) EFIL
FEIcE5zonick (k=1,....,r—1) Icx@LT

k
ng_:u<Ha;lﬂlj>¢Zj (’l::].,...,’f’;j:].,...,r)
=1
212 U iy = v (1< j)

vy =10 & E, kRBEFIERHR (LSk) EFIL
(Tahata and Tomizawa, 2011)

- LSKETILOFRIBZEICDOWNWT
+ LS1EFILIZLDPSETIL (Agresti, 1983)

+ LSoETILISHERIGEET B IS X — 5 3R
(ELDPS) EFJ (Tomizawa, 1991)

+ LS EFILIEQSTETI)L (Caussinus, 1965)

_LDPS__ELDPS . @S
(LS1)  (LS2) 3 (LSr.1)

M2 ETILOEEER
Cf:A — B RETFTIARZETILBZTRY)
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- YhRZEXIFR (EQS) EFIL (Tomizawa, 1984)
pij = poiBiby; (i=1,...,r;5=1,...,7)

TCfC: L wij = ’Y?,Dji (’L < ])

- EQSETFTILEELSHETILOBEREICDWT

— =y 1< 7
Dji Y ( )
’I"—l jl
Dij 0;
— = — | (i<j)

EQSETILEELSHETIVIZRETH %

- TEEEX, R Y T D

- Bk REE—H (MEK) ETFTI
EFEIcE5zonfck(k=1,...,r—1)IcxLT
EXH=EYY (=1,....k
fefe b

E(X') =) ip., EYY=> j'p;
i=1 j=1

- ME-1ETILIEMHETIL

-




EIET.
EFEICEZ5Nnkck(k=1,...,r—1)IICXNULT,
SEFILHIED L DI DB+
ELSkETIL, MEKETFIL, GSETI
DINTHEDIIDZETHD

s
Caussinus (1965)
Read (1977)
Tahata and Tomizawa (2011)
REDHERERD

- MEKETILEGSETILOMADEEZHDETIL
ZGMkETILERT. I, MHETILEGSETIL
OHADEEZ L DETILVEGMHETILERT

*1.
FEICEZSNEE(k=1,...,r—1)ICHLT,
SEFILAED IL D=6 DB+ ILELSKTE
TILEGMKETFILDOMADNKDIIDOZ ETH S

ELSHETIVIFEQSETILTH D, GM-1ETILIE
GMHETILTH B I EITERET B
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5 EFILOEEER

S
/—/7\;
Cf LDPS (LS1) GMH(GM,.))
TRPS (ELS,) ELDPS(LS,) MH(ME..)) GM, .,
Y g——]
ELS, LS; : :
i 4/l b
ME; GM,
ELS,.» QS(LS,.) ME, GM,
EQS(ELS,.) ME,

K3 : EFILOBEEK
C£:A — BRETIAFETILBZTRTI)

6| BERHEOMK

7EF‘F|;|37]’I/ %%bn-l-i .

—QZanlog(n”)

1=1 j5=1

nij 1 (i, )t )LELRIE
it ETILMO T TOERBFER m;; DEAKES

EHE2.
FEICEZSNKEE(k=1,...,r—1)ICXHLT,
G*(S) IFHHEMIC G*(ELSy) & G2(GM;,) DFIICE
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1 R\ EIVA— k7 bV OIBRES)

ke 1R
(BESEEN R ARG T 7EbE )

BIE © Rule 90 I2fVE SN2 1 KIGEIE2 LA — R = F v OMIRZENC BT 5 552 AT 5.

1. LI
1.1. Conway DZ4 75 —L1L

Conway IZ X % “Game of Life"l3XD X ) b DTH 3 ([4] Z) : 2 RIuIESTHE T D1 ek %z
72 ={x = (2',2%) 2!, 2? I3¥EH} °RL, Z2 L0 L 1 2MEL 2 dbo2eik%

Q=1{0,1}" ={w = (w(x) : ¢ € Z?) : w(x) € {0,1}}

TEY, maeZ? Diitiz Ny = {y € 2% :max {|z! —y!|, |22 —¢?|} =1} &L, WEwe {0,1}%
KB sz e Z? DM TAN % J(wz)= ) wly) £T5.

YEN
Y

NN N

o0

2 pany N
Z O T N @x N €T N
M MN M

oo

72 LD 0,1 DitEw e QIZ, HLOVEE v c QZWNEIEEE5HLEZRDEHIITED S

0 (J(w,z) 24D EZE - TREIZX S5, ),
1 (Jw,z)=3DEX ... ik, ),

S =

(Lw)(=) wlz) (Jwz)=2DEE - THEF) ),
0 (Jw,z) S1DEZE - BB K 55 ).

PIIRCE w € Q 2525 2 LTk > T, KRR Cw, L2w, -+, L%, - -+ DRRTITHR% 72 LK
HEOREID B SN S, PIHIREE L TR b 0252728 & (Frig, 7V 0120, 1 ZEHET 5
EE)VFEIRDBEAID?

1.2. “Rule 90” — 1 RFTTF175—L1L

WIIBLIE w D% p 5L E, Lw Dtz SuTRY, Lo L, 74 77— L2058 & 138
BDT, Lu=pZMlTEREIApZ2AO2F5 L 0o MEZTARZDIFHEL VL) ICBDbNS.
ZIT, SOREE LS ZT1IRIICHML L 258 A 2% 2 % ([10]; [15], Exercise (2.6) b &) :

Q=1{0,1}2:={w=(w(z):z€Z): wx) ec{0,1}}
&L, BUiEZEM Q hoZ# A %

(Aw)(z) =w(xz—-1)+wx+1) mod2 [weQ, zecZl

— 11 -



K> TED S, I Wolfram 12 X % 1 RoukARe )L A —F~ b o8 [22] Ik > TAL Ao
%5912k, Allidrule 90 £\ FFDIEZ 61, BUHGHRIC X D B IR0V OhI
AN AR e Sk (6] 72 &), Fie, DX ) AR 1960 SE RS VO L —T7Ic kD

R LA — < by ORIAREA L LTHRI TR (19, 20, 21) & &5 [17] D).
FEREDOmMm=0,1,2,--- AL T,

(A" w)(z) =w(z —2™) +w(x +2™) mod2 [weQ, zcZ]

DR NEDZ EDS, A2 1EZ2mZ D ED rule 90 EFAALC A3, JFOSETA1 T, hosiz0TH 2
&) FIHAELE D & HHFS L 7222 X, Pascal O = ATGICBN A2 G T 2RO L72b DItk 5 .

LoD n BEHT1ICR>Tw B HOEA%Z A0} TRL, FADEHK » @ 2 EREHICEHNS 1D
%% B(n) THRT L E, #(A™{0}) =280 TH s L0305, ZOWERIHEY B A r—) v 7
Z i d Z & T Sierpinski gasket &IN5 HOMBUEES MR 6D, 2D, REKD Y —iF
pre-Sierpiniski gasket & bFEEIN S, A DFIEED S, —BOWIHRLED> & HFE L 72356 pre-Sierpinski
gasket DEHEDAGHOEDBIN S,

PIE w D2 p £ T2 EE, Aw DI %Z Au TRT. EDXI B uBANTAELLRLES
AD? F, n— oo DEEANPIFEDE)IIRBEEI A0 ?

WIIRLIE DOHEHR A O R Tl b BRI L 2 545 DHYEE p O Bernoulli BIE 3, TH 5 : 8, D
b LT (w(r) 2 €Z) FEFMIT, EED 2 e ZITRHLT,

wx)=1 &&%ﬁ%?{i:p, w(r) =0 &&5%$:1—p

£33, Bold TETOMDIREED0) THAEEICET LTIV YHETH 25, Ui A TARET

b5, Fr, DNV al YRTOMERSMHYL L Td 7y L 0RE 2RTbDEEZLNS

fERD w € Q LIEROIFADER n ITH LT, (A"w)(0) = > w(z) B #A{0}) =250
zeA"{0}

DD VDZEICHERETSE, 0<p<lDEE

1

Bo((A"w)(@) = 1) =20(1 =), lim_B,((A*""tw)(a) = 1) =

LD 2 DD 5 ([3], 5d iz 2MH). Miyamoto [10] & Lind [6] 1FXD Z & ZEEH L 72 ¢
o lim A", DMHES 5 > pe{0,1/2,1}. 5T, B, BAAZE < pe {0,1/2}.
N-1
e 0<p<1%&6lX, Cesaro1¥ % Z A"By 1lE N = 00 DEE By ITINHT 5.

n=0

CORERIIRDZERR LTS ¢
o HHITZ\> Bernoulli HIEEDH T, —HRHEL 3, o 2IME—D D AANLWETSH 5.
o HHTZ W Bernoulli HIE» S HFE L2 L &, ZDF FTIEPURL 7 < TH Cesaro FHIZ—4k
HIEE IR T 5.
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B DM IE “rigidity” EFFIENS T AT 2B S BERI NS K9 & BRILL 7o) HWERMEE
ZRNT 26 DS EHRT &, R IIHE DD AAEHETH 2 (ZDOMHDOMEEIZBIT 258
I BEIC Vasil’ev and Pyatetskii-Shapiro [21] 12 643). REDY —7 =4 £ LT Maass [7] 23H
%. BEDOWHEIZ “asymptotic randomization” & WX 5. WIHHMIEED 7 5 2 % K 29013 ff % 7%
INTE 7D, Pivato and Yassawi [13] 13 “harmonically mixing measures” DR ZEAL, D7
ZADME» S HFE L2 &, JEFAWPZBIEE LA — = b I & 5 T Cesaro “FH 53— HEHIEE 120X
WY 5 2 & 2o T ROBETHEVIL Tw» %

AT, Bernoulli HIEZ &L X DINWT F X DRI AT D> & 6 L 7856 ORI A1 2 8 X %
(2ffi). £, AZETCLVIEVT I 2D 1RGNV A — b~ bV IIMERN L7 —2 AL 72
B OMRZEEN DOV T H TR S (3 ffi).

2. Addition modulo p DIERS 7
AT [16) TRONHEZ I SICUR LD ZANT 5.
Rule 90 Z XD X I e —ftd 2 :pZ2FEHE L, o ={0,1,---,p—1} LB, WEZEM

Q= ={w=(wx):z€Z): wx) e}

D EDEHA %
(Aw)(z) =w(z—1)+wx+1) modp [weQ, zecZl

TE®, addition modulo p & WS,
0 = (00,01, ,0,1) % o LOWERDHET 2 1 Thbb, 0,20k o], > O =1 HERE
kedf
Bl (w(z) :x € Z) BEFMNT, EED 2 € ZITN L Tw(z) =k LR 5MER =0, [k € Jzi] % i 72
TEE, ZDOAi%E peg TRL, WELO DAL LIS, %;,éfwkeﬂfﬂk_ffﬁék

XD g %ul/pf?ﬁb —HRRHIEE LS, F7, ac IR T, T2 TORDIRED a ’Ciy)%@ﬂ
ZaTRL, alZEFRLETVIHEE 6, TET.
Cai and Luo [1 ] IZ Miyamoto [10], Lind [6] DR 2 @18 p DEE IR L 7 ¢
.ggfmwﬁﬁﬁﬁé¢:uwm%1uwzﬂmr%of,mK%&E%MEu:ne2o
IKRoN 5,
\ L Nl
oéf@ké&%ﬁﬂbf6k<1&%ﬁ,C%M@W@NEZAMQHN—Mm®k?Q%M§

pjp VIURT %, B
K%Tﬁ,iDED??X@MKﬂ?%JE;MM®ﬁEKomT%&%.

2.1. Shift-FERESAE

HARBLICNLT, Q = o = {6 = (01,09, ,0L) : 01,09, 00 € F} LEDD. o =
(01,09, ,0L) €Qr & aeZITNLT

[o]itl = o102 o)t ={weQ:wa+z) =0, (x=1,2,--- ,L)}.

EEL. OO QOFETEGES ) VY —HEHEV), YV VY —EEDLERIND o NIEE
Z BTRT, QICHEBNHEOERNHZ ANTEZ 7 L ED Borel EGEIE B 12T 5. 51
(Q, B) D LEOWERMEEIZDOWTEZS * Z6 1 Q D LD Borel HERMEE & WIEN, ) vy —4H
BOMHRZID 2 EMMES—EICRE 5, BIZIL, BEO = (0,601, ,0,-1) DEFHL g 13

po([o)iti) =105 la€Z L=1,2--;0 € (%)
=1
12 X o TRHEATT 5%, BRI 1y, o 1D \WC, FEREDS Y v 7 — 8 AT LT i (A) = po(A)
BIK DO L E g = pp EFET. HERMEDI {1, )} EHERPE p1c> 0T, EEOY ) vy —Hih
AlTHLT li_>m pn(A) = u(A) IR LO L F li_>m pn = p ERT

~13 -



() IT& D, HER pg([o)if) Fall k&4 1 ZOWEIE pe @ shift- FEVE L WEN S, —BOE
#Z2BRE I, QDILDIEAD shift £ 0 %

(Ow)(z) =wz+1) [we, xeZ]

WCEoTEDS, 71 IZED shift ZHETH 5. n B shift BHa% 07, 07" TRT, FRAc B
XL,
0"A ={weN:"we A} ={"w:we A}

k?% Wﬂx)_bi, 0':(0'1,0'2,--' ,O'L)EQL C:ﬁLVC,

O "o ={weQ: (I"w)(z) =0, (x=1,2,--- , L)}

={weQ:w@+n) =0, (=12, ,L)} = [o]{]"

Q _EDOWERME 123 shift- FETH S L1, FED Ae BITHLT O 1A) = p(A) BIXHEo L &
IV, ZHERDZ L ERAETHZ HEED Lin ko€ QLIS LT ([a]fjg) =u(lolh). T
DIti% p(o) LHL T Ehb 5.

2.2. Shift-FERERAEDES]

a,beZ L, LI ZARBETSHLE, [a+1l,a+LINb+1,b+L]=0%61F, EED o QL

Lo e Qp, WAL T
pe(lolgit Nlo' i) = nelloliire(lo’lp i)

DILDALD 2 TNZ g ICBIFB2XTTEDHELE VS, RO I SITHEE 2V ELE W) K
9 BERRICE R ) O WHRE O ) v — R E DB D pe-MERIZ, KL DY) v ¥ —HhH
D pg-MERDHTHEZ 51 5%,

p % shift- AR RHERMEE & 92 & &, shift GARICBES 2 WL 207 IR A L IFENTw 5
(#1 Z1¥ Smorodinsky [14] 1 [18] Z 2 ). Shift- A& 7% p HHRAW ((strong) mixing) TH % &
i, fEED A, Be BIcRLT

lim p(AN6"B) = p(A)u(B)

DD ZEZ2 V), ZHUIRDZELFEETH % EEDOARKL L £ o cQp, o' € Qp 1IZXf
LT, n>ooDEE

u (o1t 1e1E5m) = (@) (1)) -

Shift- A2 7% p 23X )L I — R (ergodic) TH D & 1E, 0714 = A %W THR A c BITHLTE
w(A) =0XIF 1R VLD EZITW), BANLGSIFZ LI —FINTH 5.

r 2 AR E T 5. Q Lo shift- N LRMERMEE 1 23 r ROWETEZ D D (r-fold mixing) & 1%, fF:
BDADB, - B, € BIZXHLT

ny — 00, MNg—Np —>00, -+, Np—Np_1 >0

DEE
p(ANG~™ By NN By) = p(A)pu(Br) - - u(By)

DEDIDZ EZ W), FRHZ, 1 RDEAMEZ b & 3 strong mixing TH 5. r RDOBEAHMEZ LD
QO LOMERMED k% A, TRT L Z,

M D MDD My D
N A RVASS
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G, %2, {w(i): i Zn}ICE>THERI NG o-IER E T 5. Shift- A2 2 MERME 1 A% K-mixing
ThHhb LR, FREDAc BITHLT,
lim sup |pu(ANB) - p(A)u(B)| =0

n—oo Begn
N A RYAS R R AN
o0
Goo = () %
n=1

EELE, p P Kmixing THB I & G DS p B L T trivial TH 2 2 L IZFETH 2 2 L2351
5NTWw5, 7, K-mixing TH 2 Q LOMRHEO &A% # THRT L E,

M C () A,
r=1
DD LD T D3> T %, Kolmogorov D 0-1 KRN & 0 EFEME g 13 K-mixing TH D, L
ALOBEAMEZETH DI LILR S,
2.3. EHER
QO LoOMERRE OB 2 12 LT, 2 Ol (convex hull) %

Conv(Z) := {/ wdr(p) :mid & L@ﬁﬁ%ﬁﬂﬂ}ﬁ}
y

TE#XT 5.
EE 2.1. p=2L9%. PeConv(sh) LT 5. 1i_>m A" P DSAET 5 72 O DIEAIr SR 12,

P=afy+ 0/51/2 +d'B1 Jo,d,d”" 20, a+d + " =1]
LESNHC L THS, foT, P Conv(h) HARMITH B 1 b DBIA5rZAE I,
P:aﬂo—i—alﬁl/g [a,0’ 20, a+a =1]

ERINDIETHS.

ZoHDfER E LT, Miyamoto DX ([10], Theorem 3 XU [11], Theorem 1) T, EH 2.1
T mixing ZHERMEDES 4 % K-mixing ZHERHEDOES # TESHZ - FIR1IEIN TS
([10, 11] DiEHEZ XS R B &, 4 % M3 TESMZ G TIHEHTE TV 3),

EI 2.2, p2AHEBET D, pe s DEE, T}LngOAnu DALY % e D DILE A3 513 = 69 X
Fp=p,, %52 ETHS. FIZ, M IWETEAAEHMEIZZD 2O Lk,

FERR 2.2 (X Marcovici 12 X 2 #52 ([9], Proposition 5.5 KO [2], Proposition 3.2.2) DR TH 5.,
72, Pivato [12] b & 2HDIREMWERMED D £ TOREHEICOVT, MO T AR EDD LT
iU T %, p 3ERET P e Conv(sy) DEAIC im A"PHHAET 27 L0 ) IS OV T,

NN . . 1 1
p=2 RHATIRBABMETH B  EDROWD & MBI NG 1p=3 DL E, 51+ 0 € Conv(s)
b ARETH S,

3. MENBRIS—DHZ 1 ROBHEFEILA—-bT YOI TI—-RE
A ORI EIBEAI & D HLRPZ (5]) 1ok <,
Rule 90 DG A 12 THEMNALZ T —) 26T 5 in=1,2,--- Lz e ZIiZxL, Y (2) IZH
W T
PYM™(z)=1)=aM(2), PY™(z)=0)=1-a"™(z)

iz T LT3, aM(z) BRI ICH 2 € Z TR — DAL 2R TH 3,

—15 —



@%&%%%%ﬁ@ﬂ{xw:n:QLzu}%ﬁ®i7'**ﬁé wIEdE X0 13 d 3
%%@Wﬂm S TEINDZHDET D, n=1,2,--- IKHLT, YV =(V w(yxezyégm
iz & DHERER L AL,

XM = Ax-1) 4 y(©n)

LY BRI,
X0=1) = ...0010100100- - -
AX(=1) = ...0100011010- - -
+) Y™ =...1001000010- - -
X @) -1101011000 - - -

XM O54i% p, TET. {X™) Wergodic TH B 1L, H D Q _LOMERMIE u MFELEL,

R DI 1 12K LT, li_>m Ly = oo

WD ILDEZITN), pg =P PDEE, fEED N 2 0L Ty =g EBDD5, {X™M)} A3
ergodic TH D & & pioo = 172 £ 5.

I —DMEEN—mGA, ThbbeThntrcZTa™(z)=aTHs EE, {XM]}Aergodic
“C%Z)?”’&)@M\%ﬁ“ TRMFIF0<a<1THS, (ZOFEHRIE, BIZIL Vasershtein [20] D Example

KR SN, ) =7 —OHERDPKRINICIE kLG, ThbbeTDreZTaM(z)=aM T

Z%Z) £ F22w T, Miyamoto [10] 13 {X (MY B3 ergodic & 72 %72 D DB 5MEGZTED, A
ZH bRtz X )‘W”U+YWbwmek&%f@@b%+“k#ib§?okﬁ%bfﬁé
TEERRLT (B2ffiSM). ZHUIAD Taf VRIFIGED T30 &%2HT%) JEERBL
T3,

R VA — =2 b VDOREDY — 7 = A IZ Mairesse and Marcovici [8] 3% 5.

AKEITIX, BN ZMho 1 RITEE2 VA — b= P VICEESHRZ 72 & Z D ergodicity DEA775&
2R X9,
3.1. MENBIZ—DH3 1 RTREEFREIA—-FI LY
Q={0,1} 2 OEMLIZOVT, H2 fr:{0,1}> = {0,1} DEFEHEL T

(Lw)(z) = fr(w(z —1),w(z),w(@+1)) [z€Z]

ERINDEE, Lz 1RuEARLNLVA— =V (clementary cellular automaton: ECA) & I
A. Wolfram [22] 12 & 2@43E03H % @ (s,t,u) € {0,1}3 % 2 HEE & AT ds + 2t + u ITRIG S,
fL(S7t7 u) = Q454+2t+u i S .
stu 111 110 101 100 011 010 001 000
fo(s,t,u) ay asg a5 a4 a3 az a1 ap

§em(m@&~wm@@emﬁﬁ%zﬁﬁkﬁszii%%mﬂﬁ%ﬂ;1mﬁ%$«wi—
b by L% rule N EIEE, =
L7231 RyuiEHA e V4 — b+ < b > (linear ECA) TH 2 L1
fr(s,t,u) = Css+ Cit + Cyu [Cs, Cy, Cy € {0,1}]
ERIND LEEITW) (B, MEE24ICmod 2 THEZSHDET ), Linear ECA LIZX LT,
fre(s,t,u) = Cyus + Cit + Csu

TED SN S L* % dual linear ECA & FEX,
REC,,C,Cy D) B 2ODL EDS1 TdH 5 linear ECA % non-trivial TH % &9
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e rule 102 (Ledrappier CA & bIFIENS) L fo(s, t,u) =t +u. L* (Zrule 60: fox(s,t,u) =
s+t.
e rule 90 (1 XILT7A4 77 —LEDBHELND) A fals,t,u)=s+u. COHBBEA=ATDH5,
.rﬂemoxgﬁij):s+t+um%ub(Kflzxf%5.
Z Do linear ECA % trivial &\»9) (584212 trivial 7 rule 0: fr(s,t,u) =0 ZFRAHL L) :
o [HEFEAL 13 rule 204 IZHMT 2 & f(s,t,u) =t.
o rule 170 (ZED shift GAR): fo(s,t,u) = u. 0* 1 rule 240 (5D shift GE): fo«(s,t,u) = s.
RN 2 VA
PYM™(z)=1)=aM(2), PY™(z)=0)=1-a"(z)

THE (YW (2):in=1,2,--- ;0 €L} #EAS. ECA L LHWIRE XO 2352 5hr b &, O
WEREHS (X . n=1,2,---} %

XM = x4 y® p=12...] (1)

ICE->TEDS, ZO{XMW} %, TI—fEKa={a™(z):n=12,-;2€Z} DECA L LW
B, WA E X (O 135 2 HERHE o IiE-> TEIFNZ E L, X0 DDA % p, TET. L 7?3 linear
ECATHZ EE, po= Py BOIXMERED N 2012 L Ty = f1yp EB2H5, {X (M)} 23 ergodic
THBEE 1o = frjg THRTFNEH S R0,
3.2. ERER
FHacl0,JIINLT, a:=min{a,1-a} B a>0L0<a<1FFAfETH .

F7, MR TREINICIE AL Db 2562525

a™(z)=a™ [n=0,1,2,--- ;2 €7

EIE 3.1. FEMICIE—kAE T 7 —DH % trivial 7 linear ECA %% ergodic & 7 % 72 & D ME+75<
i3,

Brne{l,2,--}TamW=1/2, Xt Y al = 4o0.
n=1

Rule 204 1Z5F U CERE 3.1 235 D 325 2 & 1 [10], p.526 ICBWT (REAME L ©) i3I T 3,
EIE 3.2. HICIE—Rk7E =7 —DH % non-trivial % linear ECA 2% ergodic & 72 % 72 & DA%+
e SEEe -

Hine{l,2,---}Ta™=1/2, Xz ERMEDn Tam >0.

Rule 90 (2% U CT@&HE 3.2 D3R D 32D T &1d [10] TR Stz

RIZ, WA R CREMICIE IR L7 —DH 286252 5 ¢

aM@)=ax) [n=0,1,2,-- ;2 €.

EIE 3.3. ERINICIE kAT —DdH % linear ECAs 2% ergodic & 72 % 72 & DM+ 5F IZRD
BWHTH 5, -
(i) rule 204 (L=1): 2 TD z € Z T a(z) > 0.
(ii) rule 170 (L = 6): Z(X;) = +o00.
=0

—

(iii) rule 102 (L = .2): R D 2 = 0 T a(z) > 0.

(iv) rule 90 or 150 (L = A or A): zg < z1 27z T dH % zo, 21 € Z IR LT m, @ > 0.
Rule 170 I/ LTI, ER33 LD MOFER (0 -1 L0IZT—DIERL 1 0L WVIH T
7 —DWERENR 5 2 £ #FFT) 5 Vasershtein [20], Example 1 THR STV 5, 471 £* 12D W0
T, ZhZh (i) & (iii) DLEF % ATV 2 7250803 ergodicity D E+r5:E L 7% 5.
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Binomial catastrophe OFE£ %45 <)L I T7ZH M*/M/co FH TS
X9 B FRUDBRR E 3

KE W1 TRy hwTYv
R TE¥E KR R PN
PNCATH S MR A VAT LMERFR
Bl - BHERFEHIK 4 T2

BE : FFHBEDODH D<)V 3 T EFMBY — N FEH175D S5 5, binomial catastrophe DFAEZELES ET L%

FETL, MPEOY — N2 HT 5 ORIV AT LTI, FEE EHAOKZIONM, Y—LAXKE

& UF binomial catastrophe (ZBH9 % &35 X — X 3@ & 1T 30 5 A BRAREEZE W] L i < )L 3 7 8

BUZZR I NS, <L a7 EFARFBITH O HEMNTZIEEICNETH 5720, AW TIZTOETNVEAT =

gg%t%?wuﬁﬁié.%bfx#—uyﬁ%?»@%ﬁ%wgﬁaﬁb,¢®@@i@#mﬁ¢5:t
N9 .

1 EL®IC

JERRY — N RE B8, FEHICKRE WY A XOFRY — AR HITFIOELUT AV S B All, 4D AT LXE(E
VAT LERD LT EL L DINHEEE D OO, MANEFEIZEATHS. X S5ITEETIE, catastrophe
DFEZPE S IRV — NFBITHIANDOILENEH TN T WS [6, 8, 9. Catastrophe X% D A 7 = X L DFEWN
IZE D WL ODFEEIZ AT 51, total catastrophe (2Z DTl ® Bflie A = X L% FFD.

Total catastrophe % &% catastrophe D A W= A LlkH &b &, NODIRDEEWZE SR Z HWTE
TIALT ZERICELD AN S 7z [5, 11]. Total catastrophe L IZ AL HIZREA RV N THY, TUhd
BHEREREITHE > THRAET S, ANFZEME UTHAET 2 HECRRARITE 0 2B LE2 720, A
DR B FENDE TIVIZ, total catastrophe DFE 2 £ S HAEEHEFE L & <M TN 5. Total catastrophe
PHETZ2L A0 ERIZR>TUED D, HEKIIAOO PR T 2RERELLFETS. 20 &
SR 2 EYNZE T UL T 5728, LIXUIE random catastrophe & FHEN D £ DA H W51 5. Random
catastrophe & &, ANODHERELEZTRATE24 Ry N THY, AR TH S binomial catastrophe (X
random catastrophe D—FETH 5 [1, 4, 7]. AHETIWMIZHEWT binomial catastorphe H3d 5 MR EFEIZHE -
THET DL, ZTOLEFAETHANTHEWVICHNIIZHER p e (0,1) THEEERS. DX ALDORBAn DL &
binomial catastrophe 234 U727 51X, ZDEZDO ANODRED 5IE/NT A =X (n,p) D IHDHITHS.

Bc2PEFBITHEHVTY AT LOIRD FENE KRBT DB, 2L S PR LEAMNBEEIREL TEEE
TERF—HEI LV RN ERB LN DB D, 20 &S 2EAMEEE, flE Y arov LA
YD FEAE CIE ANOE T INVIZE T B catastrophe & RAad 5720, BETIKAOETIVOLSEHTHEI N
FiEZH\, catastrophe DFEEZ LS FHITFIBMIEI N TN S [6, 8, 9.

AR Tld binomial catastrophe DFEA4 & E S FRY — NFEBATFID S B, &8T5 A — X HPVERRIRAEZEH D Lo
R~V 2 7 {J(t);t > 0} XAl I DL D% E R 5. {J(t)} OEBUNESIEAEE Q := (q0,)ejen
LEIL, INBBE{I()} A EREREPER. J(t) = DL E, REIDVMHEREH X, IR EHDNHR N ORT
V VBRI TEE L, TDEE VAT ARITHAEL TWAE DAY — B ARHIZE TN RN T X —
B op; DIRBAMEIHREDS. F2J(t) = DL EL v ORT Y VilFEIZHE 5 T binomial catastrophe 23F4: L,
ZDEEVATLTIHIEL TV A EIZE TS IZHER p; TRNICHELZEETHS. ARTIEZDLS
%154751%, binomial catastrophe DFE4E%Z# S IV I TERA M* /M/oo FHITHLIFRI L2 5.

—RINZFEBITHIDBERP Y —EARBRED NI A= RIIHEIZETHEENEEINED, ZOHREIEH
EREITWARW. —H, KRETHED K52~V a3 7ERFALITHIL, BHRERBIEKFET 2 ER AT A—X
ERHOZLDTELZHLITHTH B2, EFHELTHLHATHD, ZLORAMINEZ SNE. EBIZ<IL
a7 EFEBAFIOMSEE, EEERIITRbN TV [2, 10, 12].

<V TEFRELITINE, 7o & Z BB catastrophe DFELEZLEDLIRVWET LV TH > TH, FHITHE
DEFE N ZGRETRS Z L IZRETH 5 [10]. £ U TARED K S M EFE &£ binomial catastrophe D FE4E
DML S <)L 3 T EFERY — N\ FHITHI T, BICERDZHE 3L 20001280, EERNEBDOKIRE—
AV N OFENHAERDEHERNEEA MOV TEEZENIZE SN ERORETHD. I SITATIES ET
VT, % & binomial catastrophe DFEDM F 2D 720, FRNEHZXRT IV 7HEBITARE L
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THEEDIELZT ERIZY Y v I TES. ZOROARMEIES ETNVOERERNEEIMIE, BUERIZEHES 2
ZLIZANHEETHS.

ZDLOAWTIE, MTFOEIBAT =) Y T %fTlho kA — ) Y TETIVEBTT 22 LT, EHAN
BEROAZET 2 AEERD. HBAT VYT T7 7R —=NEAT =) VI Fa> 012U T, D&
SIMAT =) VT BITIRSTZAT =V VY TETNEFZZD. K LeDITHLT, BIER N & NfF, HkE
PO q,; % N £, catastrophe DFEEHE 4, & N 5, U CHMMEE (1—p;) 2 N-1 fFe 35, 20D
A=Y U ZIZBEWT, catastrophe DFEER L FEPIHER DI ~;(1 — p;) ZHIC—ETHD. §%2bBL, H5
DY catastrophe DFAEVFHINTHBE T 2RIE, AT —) V7% fFoTEELAEVE VWS ZETHE. ZD
A= VI TEY—ECARIEMIERVD, AT =V VIETNIBIIEZEOBRER (V- ARTE
& O catastrophe (Z & 25E) IZTCDET NV ELEDLIRNE VR D.

AROEZHEBE, AT =V Y 7ETVOERHRNEHITN U CHRUMBREREZES ZLTHDS. Thbb,
MWN) & 27 =) v TETVOREMANERE RSHERLZKRE LT, ROMRLEEHH 558 DV R
DIEMDAAIZIHNRT 5 Z & 2T,

(N)
]Vﬂ/2<{%%f—'4—p). (1.1)
72720, Bl a DIEOATHRET H2EHTHS.

2V A T ERELTHIOMMIIEMETH 5720, ZOXIBRAT—1 VT NEHWE PR L LT
mhbind. HlZIEX Blom et al.[3] TIEAT =V VI ETIVEEZEZSL I LT, IV TEHFM/M/oo FibITHID
HFUDMBIREF Z HENT W5, D% 0, AREOKRIE, Blom et al.[3] DFROILIRE WA 5.

ARETIRUTO LS ZFIET, fOMBRERZEH TS, £ TIIHEREM MO N - IZEH p (SRS
52 RRT. TOH, WRER (1.1) ORMEREBE N — oo & L7z & 2, FEY 0 O ORI
RS 2 Z 8 2/R9. £LUTC, Lévy OifeEilaH\W5 Z & C, MEREH (1.1) B L0 D ERSAMEIZH
PR B L %mRT. BRAI B ITEVWTH, I XS RFIETHOMEREHEIREINTNWS., L
U, ARTIHRERBOIREZRLTWSEZ 5%, [3] TIE (1.1) IZ35Y4 T 2 MEREBORBRAEKS L 0%
DI H B X THIET 2 Z L 2BITE L, BEREEBOIORZ R ALz L >TWS. THITHL, K
FCIIRIRAEUR YO EEZBITET 5 2 2138 T, EEMICRHEEBODROER %177,

AFROMEIILLTO LB TH L. 2HTRIARRTHS ETNVEHHT S, 3 HiCldhOBRER %2R 72
DIZRBETL N Ol EZ RS, 4 HiCIEARO ERFERTH 5 OBIREB DG 21774 5. B&IC 5 HiT
X, N2KELTIHIIONT, ¥YIab—ya VIZXDFREMEPERSMAEDNTWL T 2857 5.

2 ETIORE

AHiTIE, AREHHLS binomial catastrophe DF4: % ££ 5 <)L 3 7 £ M* /M /oo FFBATHNZ DWW THIAT
5. MERE DY — N2 G695 ZDORBITHY AT LIX, ARREZEM D = {1,2,...,d} EOBER 4 iR i
2L T {J(1)t > 0} LKA S NG, WAL {J(1)} DEBUNERIERIER Q = (qr,)ejep THABN
2H50LT5. A jeDITHNL, {Jit)) DREICBIBEEMIEZ 1, £ LT, EWAMEDORY ML %
T :=(7j)jenp EREDD.

J) =j DL E, BOEMIEN OKT Y VBRICH-THHEL, TOL BT LEROAES, &
BOHLEFICET 2EHUIIN = {1,2,...} EOMRLH X, 125, X; DNk z;, =P(X; =n) THX 5
NAZH0E LT, EHOKE XONHEOMERRERE X;(2) = 3.0 2;,2" L30T, FRAREBEL, &
j €D LT EX?] < oo HALT B LARET 5.

HIZVAT MCEERT QIREET— N2 I DHEALTH - A2 Z I HOHL. ZLTH—EANETHT
SIVATLAMGIEET S, ZOY — E AEREIIMN L F 1 OB HIES L LT, JH)=jDLED
Y—EAL—b, Thbb 1 D20OF—NPEMRES 72 D I TE2Y - AERES 1) € (0,00) £ T 5.
LR T Jt) = DEE, YATLITHEL TV A EDFERY — E ARBHIXE TN A 1/ DR
IATHED.

Jt)y=7 D&, £y, ORTY ViBFIZHE ST, binomial catastrophe 24T 2 L{KET 5. LT, %
DEERIIMEE p; € (0,1) TEDEERNITHAEL, HER1—p; THIE, TH2DLYATLANGIRETLIHD
5. BERNINENY AT LNITHELZEE0, ERIEBERET 20IEHEWVICHNTH S LIRET 5.

AfTiE, EBRO/FEBITFNCH UTCAT =) VT %47 R0 AT =) VY TET IV EFZ RS, BRIIZIX,
BAT—=NIT7I0R—=NEAT=Y) VI HEa>01 LT, ARDEDIZAT =V v 7217725, %
JLEDITNUT, Nj—= NN, qj— N, vi+ Nvj, (1—pj) = N1 (1—p;) 95, 272U, aldl &
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. | ::WW i WW.WW MWW i W Ww
(W
. "’ wo time S K : w time o
X 1:a=2 X 2: a=0.1

DREVWES, 1LX0/NIVWEE, TLUT1OHA, @ TE2FEATVWAILITERTS. ak 1 DRNERIZ

EoT, A=V U IINAEYATLOEE RS RS (BE 2.1 21).
17—Uyﬁ77&&—ﬁNf%5x7—u/7%?w®%ﬂtf®fWEﬁ%ANWm,%%ﬁ&@%%
JMN@) LEiT e, A7 =Y Vv IETILOMERNEBCERE {(JN)(t), MM (1);t > 0} 1TIREZERI D x Z,
Lo V3 TEH e 5. 2L, Zy =1{0,1,...} THB. £ MM(0)=02KET . KRz
WLT, 2O a7 D ME— o@ﬁﬁﬁﬁ%%o:a%ﬁﬁb,%(mnemxz+tﬂbf%%@m)
@ﬁﬁﬁﬁ%¢97aﬁﬁ TUT, EHREBICB 5 RNEHRE BRBROREE RTHRLEE ZNTh,
), JN) x5, x7~u/a%7» BOWTN=123hiF, TOEFIVE—HTLHILICHERTS.

A 2.1 ¥ 1, 2 1% binomial catastrophe DFE4E % > <)L 3 7255 M* /M /oo £554551% N = 1000 T A
TV VI UEETNVORBITFIROY Y TVARATHS. Mllida=2(>1), M2iFa=01(<1) DE&
DYV TINVNRATHY, MHEIZBWTN & aADNRTA—ZE5HITIRRINTWEIEDEELTHY, K
IZCEBBEOW T d=2TH5. M1 TIE, NIA—ZR—ETHIHLTHNEDY VTR ADLS%2E
DB TES, ZhiZ a1 LD KEL, 27 =) U ZEFILVTRIERMFE L O SR EFROHBEDIZ S H
I KE L R B720, NERESLTWL EHDE—ED/ITA—=R%EEHDMX/M/oo FEBLITHNT Y AT LA
IRLUTWL ZEDFHRATH S e HATE S, M2 TRRERDZ NI A =R E{HD2DDEH LY > TN
AVEHIZBHUTWA LD IEHETES. Zhidad’ 1 L0/hEL, A=) Vv J7EFATIRAIEREI D
BHRAFEOHERRDIZ S PIGHINS WL R D720, HHERDO—HORETHORMARHL TY AT LN
BT, IICEBRBEREPHEBRTE2A RV INBREETEIZVEKNTH S CHEHITE 5.

3 FUMBIRERE %8 < #fF
$%?M,$®@@i@%%< WHEHT W O EZRT. |2| <1 Z2WM7ZT 2 LT, 72 b
FM(2) = 7 (2)jep & 7Y () = (7 (2))jen BRD L5 IR H#T 5.

AN () = EEMTIM =5}, jeD,

M) =7+ N (1 -2)(1—p)), jeD

77U, 1{A} XHESR A DIETRBKTH S,

HHRE 3.1 1SRN E R DR 72 TN HREAZ R U 05, RIS EEKT 5. ARTIEINh
DABE, (3.1) & FIH U CTREMERER R E I 2566w L TV <A, (3.1) RORFBEIEUTFMIZ RNE B ORI
7N (2) DATHNZ LT LR R S0, (3.1) ROKFBUZE 7N (2) 122 = 24 N1 (1-2)(1-py)
ERALZBE N o) e EnTs ), ZNMUBOBIREOREL & 13, 3T ZOHEARE L 85TV 5.
BARAIZ 3] TH, )L T 7L M/M/oo b iFFIOHMERER 2 BT 572012, ZOLS 27— v
7 E NI RNEO BRSNS HRRRE ST 2 L 220 50O TVES, (3.1) RIKBI S 70 (2)
DL BREIZHBE LW, TR0 5RNERORBEBDARKABAKTH 2 My A2 E LT 0
TETHY, TNLUBOWEREOH L S ZAROET NV LRET L, PRVBRINTVEE VRS,
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WE 3.1 % jeDifL, BEHFN () 7V = BLOUTOMN SRR E T
d . - . N R ~ .
(1= 2) AN (2) = NA{1 = X ()7 (2) = N Y4V () - Ny {AY () -7V ()} (3.D)
LeD

WIZHERZ MMV N (2 2688 3.2 L i 3.3 27 9. U WIFHIZKE O S FEKT 248, 2
TIHENDODKEEIDIRE—A YV IDPARTHEIREZFIHLTWS,

8 3.2 U TN T 5.
EMMN =0(1), E{MPMN1}2]=0(1), E{MPNIN"1}¥]=0(1).
772U, f(N)=0(g(N)) & limy_ o [f(N)/g(N)| EAET 2585, TOMPERTH D Z &2 EKT 5.
& 3.3 (LED 0 € (—00,00) K LT, AFORMENLT B, 72720, i=+/—1.
lim E[MMNI N~ exp(igM N NP/2—1) = p ]\}ijnmE[exp(iGM(N>Nﬁ/2’1)],

N—oc0

lim E[{M(N)N—l}QeXp(igM(N)Nﬁ/Q—l)] — % lim E[exp(iHM(N)NB/2_1)].
N—oo N-oo

%fﬁbiﬁﬁ%wgﬁtﬁﬁﬂﬁéjﬁiﬂ(@\?ﬁﬂﬂ’%%?.A:Z’LLﬂ\E%, fiﬁ‘kﬁ%lﬁb:t%@%i&b‘ékb, IRDXS T % B
AT 5. A =diag(A1, Ao, ..., ), X (2) = diag(X1(2), Xa(2),...,X4(2)), X = diag(E[X1], E[X2],...,E[X4]),
X = diag(E[X7],E[X3], ..., E[X]]), M = diag(p1, pa, ..., pa), T = diag(y1,72,-..,74), P = diag(p1,pa;- .., pa)-
F7z, FliH 3.4 TRUZBERIGRGIIEFEIZEM TP D B VRIZR TS, p DR TFIEAT—Y Vv JH|
DETIVZBIT B HBMRE D72 0 FHOREERTH Y, FROFHIAT—) VIHIOETNVIZENTH S
BB AT LDLHND ETIZO 15 OEETH S,

HRE 3.4 HEEEH MINN-TE2Z N 5002358, WFTEDSNDER p ITHERINKT 5.

o= Eje]D) A E[X]]
> jen Tifmi + (1 —pj)v;}

AL (3.0) RO &S AR BE MR 5N,

7N Q=N"%z— 1)%%<N>(Z)M—N1*Q%<N>(Z)A(5(\(z) —I)-N'"{7MN(z) -7l (3.2)

0 € (—o00,0] 12X LT 2(0) := exp(ON~1) LEHET B, FHIBIFUELAWA, 2(0) & N ITRELTWS 2
YICEETS. X512, X7 ML a®M ) = 72 (z(0) B 7N 0) = 70V (2(0) BEHET S, RZ P
FN)(0) DRANZHERZH MV N T ORI E 225, ZLT, MNN! EE EREHEERTH S
7z, 7N (0) IHMERED 0 € (—00,0] X L TR TOEENFRTHS. (3.2) Xl 2 =2(0) 2RAT D L,

d —

7™M eQ=N"(z(0) - 1)&7?(N)(z(9))M— N xm N9 A(X(z(6) — ) — N~ {7 M0) — 7 N9)} T

2T, SaWM0) = N"120) L7 (2(0)) &b, ERIFRD &S WM HRAZERTE 3.

—

7N (9)Q = N1 - 2(9)_1)%%(N)(9)M — N1z M (9)A(X (2(0)) — T)
—N' 7N (9) — 7 (9) T (3.3)

PABELIES L, N = ook Lz& D (3.3) RDPAKMEIZ DWW THEam LTV, £9 2(0)7 07— 7 — B
BEZDBE, RORDKILT 5.

1—20)"'=0N"1+O(N?). (3.4)

72, %7 eDITRLT NGO — 1) < —0X; BLHED 0 € (—00,0] THIZL, X512 E[X;] < co ZAE
LTW=DT, EBIGREHR L DIROX2E5.

lim N(X;(2(0)) — 1) =E| lim N(2(6)% — 1)} = OE[X;].

N—o00 N—oc0
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EoT, MOADPWILT 2 Z DD h5

X(2(0)) —I=N"19X +o(N71). (3.5)

272U, f(N)=o0(g(N)) iElimy_se [f(N)/g(N)| =0 ZEEKT 5. U THIEALI(ERSR) Lv, (3.3) X
DEBDIBIZRD LS IZERTE S,

N*“ﬁ%MW)—%WNm}F:—ﬂN‘%%%WKmUFJﬂF+dN‘%. (3.6)
(3.4), (3.5), (3.6) X% (3.3) XA T B &, 0 (—00,0] ITHLTIRDOANEES.
%W%mQ:aNﬂ{%%Wmmw—%WNmmY+%ﬁwxmu_Pw}+dNﬂ) (3.7)

T:=1-17eEHTIEL, T?=T, T1=18L0QT =0 D LT5. 56T, ZNS6RLLUTFTOAN
Bhrhsd.

QT-Q) '=-T-QT-Q) '+T(T-Q) ' =-I+T,
(T-Q) "1=(T-Q) 'T1=1+(T-Q)'Q1=1.

72770, O FETOEENOTHAEHTHTHY, 1LIZETOEEN1 THEHARI MLV THE. T2
T - Q %, Q DEERIMED SHBENAITIITHSZ W RELD, FIFFIOFENRIEI NS, (3.7) X
AL (T -Q) ' 235 L, (3.8) &b,

T
D

%kaTf%WNQ:JV“GE%%WNQ{NPHIfPﬂﬁf%WNQAX*T41®*1+dN;%. (3.10)
SIZ EROAMDS N1 2852, Ti=12 (3.9 A&k, ROKXBHESNS.
0:&%#MWHNPHIfPW}f%MWMXPﬁmQ) (3.11)

22T (3.10) Xk b, BATOBBKXNKLS 5 Z &0t 5

FVOT -7 0) =o1),  LEVOT — LEV0) = o(1)

InsE (3.11) RRATEE, ROXBESNS.
Ozﬁ%%WN@TﬂW+%I7Pﬂ}1f%WN@TAYI+dD.
M@ =71 L TBE, ERBRD LI ICEESMIONS.

N(N) ZTJ{MJ (1 —pj)v} — W ZTJ)\ +o(1

JjED jED
ERIZBWTN 500 EULTHIRZ L 2 &, ROWD HEAZES.
d
— (o0) — 5(o0)
0=pr'>(0) — w0 (9).

72720, 7)) = limy 0 7(0). T(0) =1 &b, ZOWHHEROBIIRDOETHRSNSD.
7()(9) = exp (pf).

THIRER p ORERRERICAM R 5720, £ o T, Lévy Ol & b, MREM MNN-IZER p ~55
RS 5. X512, HEEEIPEBAFIRT S Z & EHERNHKTZZ L ZRETH L7720, MNVIN-T 3%
Bop ~HERPRT 2 Z 2 RSNz O
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4 FIDBIREEDEH
AREITIE, AREOFE[BRTHZPOBREHEOEL 2177425, 41 ORI, &jeDITHLT, X, %
EHL, =0 &ThiE, 3] TEHIN TS L3 72 M/M/oo F5 47511250 % b R & —3%
T5.

Fro, EHE A1 TRINTVAICREDOHIIE o DIEIZ L > TEAT S, ad 1 LN WEEIZ 2, 1 &
D REVEEIE 0L, 1OBAITEZTNSDOMERD. DEV AT =Y VIETVDORNEBE M GlE a . 1 DX
INEMRIZKREKIFT D2 WA S, ZHIREE 21 DY Y TR ADEE B L OEKNZR PEE —FH L TW5.

EIE 4.1 HERTH

]VB/2<9%%izg,p), (4.1)

EN -0zl &, B o? 2 DY uDERAMICHIRT 5. Thbb,
M) d
gr2(M7 2
N ( ~ p) 45 N(0,02).
772U, B=min(a,1) THH, SR IFUATDLED.
o? =o?l{a <1} + o31{a > 1},

07 = L2 [AX (M +(I- P)D)(T - Q)"'[AX — p(M + (I - P)T)]1,

[hoo
1

h 24 > i ANEX] 4 ppg + (1= py) + 977 (1= ps)* ),
> jeb

poo = > 7i{p + (1 —pj)}

jeD
272U, T=1-7THH, 1{A} IFFHE A DR

AEMH. O RERZE (4.1) & oW r@d. X651z, R7 LN (0) 1= exp(—pi NP2 7 W) (exp(i0N—15/2))
5T 5. oV (0) & o) OB E 352, IV (0) = ™M (0)1 BT B Z L hn D,
(3.2) ROFAS (T — Q) #HI =5 DIz (3.8) REM/AT B L
M () = 7V ()T = N~ (2 — 1)%7?% (2)M(T - Q)"
AN R AA(X(2) ~ DT - Q)+ N7 (2) - 7™ ()} 1(T - Q).
0 € (—00,00) IZH LT 2(0) := exp(iON~IFA/2) L EFT . 22T, FHIHHRIX LAWY 2(0) I N ITHRAF L
TWBZLIZEET S, BRI 2= 2(0) ZRALEZRIT exp(—piNP/2) 2T 5 &, ROR%EES.
M(0) = N (O)T — N~ exp(—pid N/2)(=(0) — 1)%7?<N)(z(9>)M (T-Q)!
+N M () AX(2(0)) — I)(T - Q)™
FNT L exp(—pidNP/2) 7N (2(0)) — M (OIT(T — Q)" (4.2)
22T LpM(0) = —ipNB/2pN) (0) + iN 18120 PN () L RN (2(9)) % (4.2) RIZRAT B &, RO
W AR %G5,
M 9) = p™M ()T + iN1—=B/2(1 — 49)*%% M@OYM(T — Q)
—pN'= (1= 2(0) )V (O)M(T - Q)" + Ny (O) AX (2(0)) — D)(T - Q)"
— Nl () — exp(—pi0NP/2) 7N (2(0) }T(T — Q). (4.3)

PELIES L, N —oo 2 L-E &0 (4.3) ROWHMEEFHRL TV, 2(0) OF—F—BBEEX 5 L,

1—2(0)"' =igN"IHB/2 4 %92N‘2+5 + O(N—3+36/2), (4.4)
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7z, WMAMAETHRI I LT, FRED € (—00,00) 1T UTIROXDPEALT 5 L0 H 5
1 1 I@Nﬁ/2 L
2(0)* =1 +izfNP/2=1 - izQQQNB’Q - 5/ (zONP/271 ) 2eivdu. (4.5)
0
(45) RERMAT 2L, £jeDITHLT, KOBBRIRIT S Z L2075

. . 6 1 e
lim [N (%;(2(0)) - 1) — ON?/2E[X;] + - N? 1E[X]2]‘ < Jim <NU/22gELXT] = 0.

N—o00

EREFRDO LS ITEHEEZHZ oM 5.

2
%Nﬁ—1§+ o(1). (4.6)

¥/, WEAMBEER) L0, RORDKILTEZ L0015
N {7 (0) — exp(—pidN*/2) 7N (2(0)) }

N(X(2(0)) — 1) = i9N?/?X —

- ai¢£N>(e)(I—P) +iNB20p N (0)(T— P)p + %Nﬁ_192¢£m(9){(1 P)p+ (I-P)*p} +o(1). (4.7)
(4.4), ( 6), (4.7) X% (4.3) RITRAT B L, MORDBEFSNS.
MOE v,b:“( 0)T
=N W)( 0)[M+(I-P)I)(T - Q) ~+iON /24 M())[AX — pM —p(I - P)T|(T — Q) !
—%N—aw—la%ﬁm(e) [AX + pM + p(I — P)T + p*(I — P)QI‘} (T — Q) +o(N~%). (4.8)

(4.8) ROLMHS 0 IN1L 2HIT B, T1=1 %0, RORMEHING,
0= —% M) [M + (I - P)T]1 +iN?2pN) (0)[AX — pM — p(I — P)T]1
—%Nﬁ—lewﬁm (6) {Ag + pM + p(I — P)T + p*(I — P)QI‘} 1+o0(1). (4.9)
SIZ, BXIDDB<aThHdILa2EETIE, U8) RLVUTORANVENTEZ LW RIN5G.
M0) = MO +0(1),
% M (g) = % MOV + o(1),
N2 () = NB2pMN ()T + NP~ 9™ (0) [AX — pM — p(I — P)T|(T — Q)™ + o(1).
INSORL 7[AX —pM — p(I - P)T|1=0% (4.9) RIEAT 2L, MOAIHFSEN5.
—%J’V)(e)T[M +(I-P)I1
~ NN (0)T[A — pM — p(I — P)T|(T — Q)" [AX — pM — pI'(I — P)]1
—%Nﬁ_l&Z(N)(G)T [AX +pM + (I~ P + (I - PYT|1+ 0(1).
2o DEFHED, ERIROES ICBEMI SN,

d ~ ~ ~
0= —@wm(e) — NP=26200pN)(9) — NP=16200 M) (0) 4 o(1).
EXZEHA N 500 T 28, ROWH FHERNZES.

d ~ ~
LI (9) = —g200()
¥ T 0) = =m0y (0).

72720, () = limy_ o 0™ (@), oM(0) =1 &0, ZOWHHFRRDRITRDOLTHESNDS.
_ 2
() (0) = exp ( - 0—92).

Zhid, 7 o? &3 O 0 DIEMD A ORMERBUC M 5. Ko T, Lévy Ol L b, R
BN 1EER 0? & OV B O IERN A IZHIRT 5.
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AREITH, YIab—Ya v iZ& D BMHRER (4.1) OO0 L EH 4.1 TRIN TV 2 55PERE D IEB
ZHEL, NPRELBRBIIONT, WIHEPREFEIPORL TOSBRTF 2R T 5. o SO T A — & i3kdE
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d=2, Q:<—0-2 o.2> (A, A2) = (1,2),  (1,72) = (1074,2 x 1072),
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BEMSIEIZ2, 5, 502 LTy Ial—rarviaiFhozfRThsd. NS LIEEMMOREEZ352, N
MEFEREIBLLTEY I ab—ya VR EEHDHIEPRDENZ EBH5. koTadl LD KE
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WAL 200) =exp(MNIN-19) T2, LEDjeD & e (—00,0] IZHLUTUTORIKLT S.
NE{N (1= p;) + 2(0)(1 = N7H (1= pp) P 1{T™ = j}] - NE[(0) ™ 1{7™) = j}]
=01 —pj)%E[z(O)M(N)l{J(N) = j}] +o(1). (A.1)
. (AL ROALFRD & > BB TE 3.

NE[{NTY (1= pj) + 2(0)(1 = NH (1 — p)PM T 1T = j}] = NE[2(0)™™ 1{7™) = j)]
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1 (N) M® 1\ 1 _
= N(1 - p;)E| M N~z (9)M kz_:l( L1 )k(z(e) k1)
)ANTH L = p) 1= N1 —p) MR g™ — 3. (A2)

ZIT, EEDE>1,0¢€ (00,00 12X L, MRDOAFERNVKLT 5.

k—14—1
20)7F—1=(2(0)"" =Dk +(2(0)7 = 1)° D> 207" < (2(0)7" = Dk + (2(0) 7" — 1)2%1@@ —1)z(0) L.
¢=1 h=0

(A2) R ZnERALZRZHUT, #3328 34) R2dEHTLE, ROLFEREES.
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< 01— p) SE[OM V1IN = 3] + (V). (A3)
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FERH. M 3.3 K0, ROADPENLT NI (A4) XV THZ LD VR 5.
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Uplink coverage analysis for heterogeneous cellular networks

Takuya Kobayashi Naoto Miyoshi
Department of Mathematical and Computing Sciences
Tokyo Institute of Technology

Abstract The analysis of multi-tier cellular networks (heterogeneous networks, HetNets) have been attract-
ing attention because of the increasing variety, popularity of mobile applications, and network traffic. Most
prior studies on such models assume that the base stations (BSs) are placed according to homogeneous
Poisson Point Processes (PPPs); that is, their spatial correlation is ignored. For the downlink communica-
tion, a stochastic geometry model of downlink cellular networks was proposed in which the wireless BSs are
deployed according to the Ginibre point process (GPP). The GPP can express repulsion between BSs. We
should consider the configuration of BSs depending on the BS class since the strength of the received signal
and the interference depends on the distance between nodes.

On the other hand, in the case of uplink communication, the transmit power of user equipment (UE)
depends on its location because of the transmit power control. Furthermore, the interfering UEs construct a
Voronoi perturbed lattice according to the configuration of BSs. Therefore the uplink analysis for HetNets
is more complicated than the downlink one.

In this study, we analyze the uplink coverage probability for K-tier HetNet model, which is composed
of the PPP, Hexagonal lattice, and GPP. In this model, e approximate the configuration of interfering UEs
with inhomogeneous PPP based on the configuration of BSs. For this model, we investigate the impact of
the power control parameters and the configuration of BSs on the coverage probability from the results of
some numerical experiments.

1. Introduction

The multi-tier cellular networks (heterogeneous networks, HetNets) have been attracting attention
because of the increasing variety and popularity of mobile applications. A multi-tier cellular network
consists of multi-tiers of base stations (BSs), in which the BSs of each tier have a particular transmit
power, intensity, path-loss exponent and configuration policy.

Recently the studies for downlink HetNets have been made a lot, e.g., Poisson multi-input multi-
output (MIMO) HetNet models (see, [2, 3, 4]). However, in the case of Poisson point processes
(PPPs), the wireless nodes are positioned independently of each other and their spatial correlation
is ignored. For example, the configuration of the macrocells tends to be more regular than that of
the femtocells. We should consider the configuration of BSs depending on the BS class since the
strength of the received signal and the interference depends on the distance between nodes. By
taking the correlation of BS deployments into account, we expect that the models will enable more
accurate analysis to be conducted. The wireless network models considering the negative correlation
between BSs is analyzed, in which the configuration of BSs follows Ginibre point process (GPP) or
a-GPP (see e.g., [5, 6, 7, 8]). The GPP and a-GPP are a kind of Determinantal point processes
(DPPs) that can be used to express repulsion between the points (see e.g., [10, 11, 12]). In the
a-GPP, the parameter a can be used to interpolate smoothly between the PPP and the GPP.
For example, the downlink heterogeneous cellular networks with multi-tiers was analyzed, in which
the BSs are deployed according to a-GPP in [6]. Also the downlink cellular network model was
proposed in [7] where the BSs are deployed according to the GPP over Nakagami-m fading. In the
case of HetNet model, since the macro BSs are strategically placed, it is appropriate to express
the configuration of the macro BSs using the a-GPP. On the other hand, since the femto BSs are
arranged opportunistically, the PPP is sufficient to represent the configuration of the femto BSs.

On the other hand, in the case of uplink communication, the transmit power of user equipment
(UE) depends on its location because of the transmit power control. Furthermore, the interfering
UEs construct a Voronoi perturbed lattice according to the configuration of BSs. Therefore the
uplink analysis for HetNets is more complicated than the downlink one and requires a different
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approach. For the single-tier case, Novlan et al. [13] proposed a model wherein the locations of the
UEs follow a PPP and the communication distances of the UEs from their associated BSs follow
an independent identical distribution. Furthermore, the model proposed in [14] places the UEs in
annular areas around a typical BS. The model of [13] is regarded as a UE-centric scenario, and the
model of [14] is regarded as a BS-centric one.

In this study, we analyze the uplink coverage probability for A -tier HetNet model, which is
composed of the PPP, Hexagonal lattice, and GPP. In this model, we approximate the configura-
tion of interfering UEs with inhomogeneous PPP based on the configuration of BSs in a manner
similar to [1]. For this model, we investigate the impact of the power control parameters and the
configuration of BSs on the coverage probability from the results of some numerical experiments.

The rest of this paper is organized as follows. In Section 2, we describe our stochastic model
of general K-tier HetNets and introduce the cell selection rule and the proposed approximation
of the configuration of interfering UEs. The numerically computable representations of the cov-
erage probability is described in Section 3. The results of numerical experiments are described in
Section 4, and conclusion is given in Section 5.

2. K-tier cellular network models

Now we consider K-tier HetNets in which each BSs is assumed to belong to one of K distinct
classes. Let ®; denote a point process with intensity A\; on R?, k € K = {1,2,..., K}. The point
process @y represents the configuration of the BSs of kth tier . We assume that the point process
$y, k € K, are simple (the probability that there are more than one point in the same place is
0), locally finite a.s. and also stationary. Therefore, the superposition ®p = (Jcx ®r is locally
finite a.s. and stationary. In the same way, let & = {Y} denote a point process on R2. the point
process ®y; represents the configuration of active UEs. Assuming that there is only one active UE
in each cell, @5 and ®y; have the same intensity. Therefore ®; constructs a Voronoi perturbed
lattice based on @5 and cell selection rule. Since ®p is locally finite and stationary, ®;; is also
locally finite and stationary. The path-loss function ¢ representing the attenuation of the signal of
the signal with distance r is given by £(r) = 1=, + > 0, where 3 > 1 is the path-loss exponent.
The random effects of fading { Hx y } are assumed to be Rayleigh distributed; that is, the {Hx y },
X € &p, Y € &y, are mutually independent and exponentially distributed with unit mean and are
independent of the point processes & and ®g. Furthermore, let P, denote the constant transmit
power emitted by BS (k,7), i € N.
The received power at the BS located at X from a typical UE located at Y is

Pxy = PyHxy((|X = Y|).

where Py denotes the transmit power emitted by UE located at Y. We assume the fractional power
control for uplink transmission; that is, the transmit power Py is given by Py = P,({(Ry)) ¢, where
€ € [0,1] denotes the power control fraction, P, denotes the target received signal power at each
BS and Ry = ||Y — Xy denotes the communication distance between UE located at Y and BS
connected with the UE. We can also regard Ry as the distance between a typical UE and nearest
BS of desired tier.

The signal-to-interference-ratio (SIR) of the typical user at the origin is given by
o PXDHXO,OE(HXOH)

1,(X,) '
where X, denotes the location of BS associated with typical UE at the origin and I,(X,) denotes
the cumulative interference received by BS X, from all the UEs except typical UE at the origin;
that is,

SIR,

L(X)= 3 PyHxyi(|X, - Y]).
Yedy\{o}
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2.1. Flexible cell selection in Hetnets

In this paper, we assume that every UE use flexible cell selection rule for both uplink and downlink
association; that is, a user selects to be served by the BS that provides the maximum biased average
received power. Let Ty = Piby, k € K, denote the uplink association weight for BSs of the kth tier,
where by, is the corresponding bias. Hence, noting the £(r) = r—2%, r > 0, the event that a typical
UE located at Y communicates with BS of the kth tier located at Xy is given by

{Tie(|lY = Xy |) = T b(|]Y = X)), X € @0, m € K}

Tf T

={|ly - X||>( )||Y Xl X € ®pp,m e K}, (1)

where 6 = 1/7.

2.2. Approximated interfering UE point process

It is difficult to express the interfering UE point process @ \ {0} since ®; is a Voronoi perturbed
lattice based on the superposition of distinct point processes. Therefore we approximate the point
process with inhomogeneous Poisson point process in a manner similar to [1]. Conditioned on the
BS being located at X and of tier k, the point process of interfering UEs from tier m to BS X
Dy is assumed to be Poisson point process with intensity measure

Ty &
Ay (da) = /\m(l —P(|X]| > (T—?:) 2||xz||, X € @y, m € »’C))d:?:.

This approximation is based on thinning according to distance x between a transmit UE and BS
receiving signal and their tiers.

3. Uplink coverage probability
The uplink coverage probability is defined as the probability with which the uplink SIR of the
typical user located at the origin achieves a target threshold associated with the desirable BS; that
is, P(SIR, > @) for & > 0. Although {Ry}, Y € @ are not independent because of their dependence
on the BS configuration ¢, we assume that they are mutually independent. The independence
assumption is appropriate enough [15].
3.1. General stationary BS deployments
Lemma 1. Consider the K-tier downlink HetNet model, in which the tiers are mutually inde-
pendent and BSs of tier k are deployed according to the stationary point process ®y on R?* with
ntensity Ak, and we assume the channel model and the flexible cell selection described above. Then,
the coverage probability for a typical user is given by

N Ry RS )25

P(SIR, > 0) JE[ T (+ e(HY e

Yedh {o}

Y1- (2)

Proof. The coverage probability is given by

R:.HXQ,QE(RO)I_E 6‘)

P(SIR(X,) > 6) = P( )

P(HXUO > 9%). (3)

Since Hx, , is exponentially distributed,

L,(Xo) ‘
—— | &y, Pp,{H X,Y) # (Xo,
B | B @ k(G Y) # (X,0))
. 1,(X,)
= exp ( HPHE(R())I_E)

= H exp ( — Hx, vt
YECI)U\{O}

[P(HX,, >0

Y - %) )

LRy ) 4(R,)1 e (4)
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Since Hy, vy, Y € Oy \ {0}, are mutually independent and the Laplace transform of Hx, y is given
by Li(s) =E[exp(—sH)] = (1+ ). Then,

(Y — Xol)
[T eo(- HX"’YHE(RY)EE(RO)l_t)

Yedby\{o}

= ]I E{BXP(_HXG,Y*? al ikt ) )‘®b',@3

E

D7, Pp

{(Ry )t(R,)'

Yedy\{o}
(Y = Xol[) !
= II (1+0 ) (5)
S\ 1—e
Yedy\{o} HRy)t(Ro)
Hence, we obtain (2) by applying (4) and (5) to (3). ]

3.2. Single-tier cases

Theorem 1 (Poisson deployment). Consider single-tier uplink cellular network model with path-
loss function €(r) = =7, r > 0, in which BSs are deployed according to the homogeneous PPP with
intensity Ap, and we assume the channel model and the flexible cell selection described above. The
coverage probability for the typical UE is given by

P(SIR, > ) = /m exp (1 /OC fme—m e ) ) (O
0 J0 0 b

Proof. The probability density function of Ry is given by fr(r) = 2mAre~ ™% 1 > 0. Since the
. . . . . . -2

intensity measure of interfering UEs is given by Ay(dz) = A(1 — e~ ™#Mydz, from lemma 1, the
coverage probability is given by

P(SIR, > 6)

[ae] o E 1—¢
= / 2mAre ™A exp ( - / (1 - ] ZﬂAye_ﬁ‘\y (1+ 6( d )Jﬁ)_ldy);\g‘r(dx})dr
Jo 2ER? |

0
€,.1—¢

= [ 2mAre ™ exp ( - Qﬂ')\/ (1 - / 2mAye” ™’ 1+ H(J 4 )m) _1(ly)(1 - (‘._”zz)zdz)d*r
0 0 0 z

:j[]me_texp(—/:O (1—/:0 e "(1+6( Fil F)B)_ldu)(l—e_‘g)ds)dt. (7)

O

Theorem 2 (Hexagonal lattice deployment). Consider single-tier uplink cellular network model
with path-loss function (r) = r=%, r > 0, in which BSs are deployed according to the Hexagonal
lattice with intensity Ay, and we assume the channel model and the flexible cell selection described
above. The coverage probability for the typical UE is given by

1 P F
IP(SIRO>9)=/ exp(—/ / (1+ 067 Fi_g)’j)_lduds)dt. (8)
0 Js=1 Jo<u<t uti e

Theorem 3 (Ginibre deployment). Consider single-tier uplink cellular network model with path-
loss function ((r) = r—5, r > 0, in which BSs are deployed according to the GPP with intensity
Aq, and we assume the channel model and the flexible cell selection described above. The coverage
probability for the typical UE is given by

S

P(SIR, > #) = / fal t)exp / / fa(u)(1— fa(s )(1+9_1(W)6)_1dud3)dt, (9)

where fa(t) = Sien (? l]}_: [[,,QU.t), and Q(j,t) = e %du denotes the reqularized in-
complete gamma function.
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Remark 1. The coverage probability for the a-Ginibre deployment case is given by replacing fa(t)
inTheorem 3 with

i1yt
fa(t) = CUZ h H (1—a+aQ(jt)).

3.3. Multi-tier cases

Theorem 4 (Hexagonal lattice-Poisson overlaid BS deployments). Consider 2-tier uplink cellular
network model with path-loss function £(r) =%, r > 0, in which BSs of tier H € K (tier P € K)
are deployed according to the Hexagonal lattice (Poisson point process) with intensity Ay (Ap), and
we assume the channel model and the flexible cell selection described above. The coverage probability
Jor the typical UE is given by

1
P(SIR, > 0) = AH/ esp ( / / (1= Loz ) (1407 () ) duds
=0 J0<u<l

<

e (11— — s )e™ — Y duds)dt
/>0£>0 (1 I{J_(l r‘p) J(+6 ( c(iﬂt)l_c)) dd)df

U Iy

+Ap/ exp // (1= Locre "0 ) (1407 (———)") " duds
s>0 Jo<u<1 uc(5Et)te

_u —_ CH 8 By —1
/)U[a;;u “Licee (=) ) (1467 (5=)") duds)dt, ~ (10)

where cg = )\HTE, cp = )\pTg,, Ay = Ef_f—(l — (E_EE), Ap=1- Apy.

Theorem 5 (Ginibre-Poisson overlaid BS deployments). Consider 2-tier uplink cellular network
model with path-loss function £(r) = r=%, r > 0, in which BSs of tier G € K (tier P € K) are
deployed according to the Ginibre point process (Poisson point process) with intensity A\e (Ap), and
we assume the channel model and the flexible cell selection described above. The coverage probability
for the typical UE is given by

)3) “duds

P(SIR, > ) = Agfwexp( f y fa(u)(1 = fa(s)e _32_3)(1+9_1(ﬂc;_c
/>[]/u>U e ( l—e_qf‘(ﬂ(s—))( + 60~ ( (e t)l F)'ﬁ)_]duds)dt

— 1 — — '% S (L L ud

+Ap/ exb t />0/u;0 (1—fa(s)e cc)(1+0 (uﬁ(f‘;t)l—"-) ) duds

- — Ce _ s 8y —1 _
_Lojme M= e el ) (107 ()" duds)dt. (11)

where cc = )\(;'Té-, A = fom fal(t) exp(—t;—;)dt, Ap=1- Agq.

4. Numerical experiments

Here, we show the results of numerical experiments on computing the coverage probabilities. Fig. 1
and Fig. 2 show the coverage probabilities for given values of the SINR threshold # in 3 models:
Hexagonal lattice, PPP and Ginibre with the pair of path-loss exponent /5 and compensation factor
€ given as (3,€) = (2,1) and (1.625,0.75), respectively. From these figures, the uplink coverage
probability is achieved when the repulsion degree of the configuration of BSs increases.

5. Conclusion

We proposed the multi-tier uplink cellular network models. For this model, we analyze the coverage
probabilities and investigate the impact of the fractional power control and varying the repulsion
by using PPP, Hexagonal lattice, and GPP. We approximate the configuration of interfering UEs
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with inhomogeneous Poisson point process based on the configuration of BSs. Furthermore, the
uplink coverage probability is achieved when the repulsion degree of the BSs increases.

However, from the complexity of the GPP models, the numerical calculation of the performance
indices of the GPP models takes a longer time than that of PPP and Hexagonal lattice models.
In [8], the approximative approaches for downlink HetNets are proposed (see, [8, 9]).
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A. Ginibre and a-Ginibre point processes

In this section, we define the GPP and a-GPP, then describe their tractable properties. Figure. 3
show the voronoi tessellations of samples of a PPP and GPP. From Fig. 3, we can see that the
configuration of the GPP is more regular than that of PPP.

A.l1. Ginibre point process

The GPP is a DPP on the complex plane C, which can express repulsion between the points of
each other. Let @ denote a simple point process on C and p,: C" — Ry, n € N, denote its joint
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Figure 3: Voronoi tessellations of samples of a PPP (left) and GPP (right).

intensities with respect to some locally finite measure v on (C, B(C)). That is, for any continuous
symmetric function f on C" with compact support, we have

E Z f(XlaX25‘-'aXn)] = f(zla'-'3zn)pn(zla'-'3zn) V(dzl)"‘p(dzn)-

Xir Xn€® cr
distinet

The point process ® is said to be a determinantal point process with kernel K: C2 — C with respect
to the reference measure v if the p,, n € N, satisfy

pn(z1, ..., 2n) = det(K (zi, 2j) )1<i j<n,

for 21,...,2n € C, where det denotes the determinant. Furthermore, ¢ is said to be the GPP if
the kernel K is given as following definition.

Definition 1 (Ginibre point process). ® is said to be the GPP if the kernel K is given by K (z, w) =
e, z,w € C, with respect to the Gaussian measure v(dz) = 7~ e 11> m(dz), where W denotes the
complex conjugate of w € C and m denotes the Lebesgue measure on (C, B(C)).

This choice of pair of K and v is not unique. Indeed, the determinantal point process associated
with the kernel K (z,w) = w e~ (F+Hw*)/2620 with respect to #(dz) = m(dz) coincides with
the GPP. From this expression, it is easy to see that p,(z1,...,2,) = det(f((zz-,zj))lgi,jgn is
motion-invariant , or equivalently, the GPP is motion-invariant (stationary and isotropic). From
its definition, we see that E [®(C')] = m(C')/x for C € B(C); i.e. the (first order) intensity is equal to
71 with respect to the Lebesgue measure. In order to adjust the intensity, we consider a scaled GPP
®. with a scaling parameter ¢ > 0. @, is given by the kernel K.(z,w) = ¢e“¥ with respect to the
reference measure v.(dz) = 77! e—clzl? m(dz), or equivalently, f%c(z, w) = (¢/m) e—cllz*+wl*)/2 ez
with respect to the Lebesgue measure. Since E [©.(C)] = (¢/7) m(C), P, has the intensity ¢/m.

One of the useful properties of the GPP comes from its radial symmetry, and it is described as
follows.

Proposition 1 (Kostlan [?]). Let X;, i € N, denote the points of GPP ®. Then, the set {||X;|};cn
has the same distribution as {\/Z-}ieN, where the Z;, i € N, are mutually independent and each Z;
follows the ith Erlang distribution with a unit rate parameter, denoted by Z; ~ Gam(i, 1), i € N.

Proposition 1 can be extended to scaled GPP ®.; i.e., for the points X;, i € N, of ®., the
set {||Xil[};cn has the same distribution as {\/Z}?'EN’ where Z;, ¢ € N, are mutually independent
and each Z; follows the ith Erlang distribution with rate parameter ¢, denoted by Z; ~ Gam(i, c),
ie N
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A.2. o-Ginibre point process

As is the usual GPP, the o-GPPs are determinantal point process on the complex plane C defined
as follows.

Definition 2 (a-Ginibre point process). ®% is said to be an a-GPP with o € (0,1] if the kernel
K< is given by K®(z,w) = e*™/®, z w € C, with respect to the scaled Gaussian measure v®(dz) =
rlemlal? e m(dz).

This choice of pair of K® and »* is not unique and the determinantal point process associated
with the kernel K(z,w) = nle~(2P+wP)/2020 with respect to r*(dz) = m(dz) coincides with
the a-GPP. The usual GPP is just the one with o = 1 and the a-GPP converges weakly to the
PPP of intensity 1/7 as a — 0 (see [12]). Therefore, the a-GPP constitute an intermediate class
between the PPP and GPP by regulating the value of a € (0,1]. As is usual GPP, it can be
seen that the GPP is motion-invariant and the intensity is equal to 7=!. In order to adjust the
intensity, we consider a scaled a-GPP ®% with a scaling parameter ¢ > 0. ®£ is given by the
kernel K(z,w) = ¢ e“*™/® with respect to the reference measure v%(dz) = 7! e—clzl*/a m(dz), or
equivalently, K2(z,w) = (¢/r) e~z +wl*)/2e ceal/a with respect to the Lebesgue measure. Since
E [®@¥(C)] = (¢/m)m(C), ®* has the intensity ¢/.

Due to the radial symmetry of a-GPP, we can extend Proposition 1 to the scaled a-GPP.
Proposition 2. Let X;, i € N, denote the points of a-GPP ®% with intensity ¢/w. Then, the set
{1 Xill} ;e has the same distribution as {\/Z}iEN’ which is constructed from {Z;}ien such that
Zi, i € N, are mutually independent and each Z; follows the ith Erlang distribution with a rate
parameter c¢/w, denoted by Z; ~ Gam(i,c/a), i € N and it is included in {Z;}icn with probability
« independently of others.

From Proposition 2, we can construct the a-GPP ®2 with intensity ¢/7 from the usual GPP
Do = {X:}iew with intensity ¢/am by independent a-thinning; that is, by deleting each point of
GPP with probability 1—a independently. Let {&;};en denote the set of marks of @,/ such that &,
i € N, are mutually independent and identically distributed as P (§; = 1) = aand P (§;, =0) = 1 —a.
Then, the a-GPP @7 is obtained by

P(C) =Y &1(X; €C), C e B(C).

el
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L ZeARD SNz,
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ROVEETREIT 5@EARICN L TH, FHERZERRE L EINY ATV — ML B3HEZITA 5 &5,
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EELIERNOSBETHGA L ORI THELU B ZLIZOWTOBEE2RAS, S, EiRHE 2B HIC
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AR THEET 2 BEMAOBIIL. BEREEZ - HRANBETLIEDOTHD, 7. BEIWADEE & BH)
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2. YATLETI

2.1. Ry hI—UFEFI

YT Ry NT =2 KT B EAOEEHEIE I EEOADKEY =7 A3y MU =2 %2 EL, HHlFIX
intensity 2 MZEFOEF RV Y VABE O I THEI NS T 5, LT xy NU—7 EO@EWEILE
LW EICFET 2 EMBEBET S Z Z’&{}iKEbf’Em\ MR, ENSOMENRTATY vRa )/
A2 VDONIIZEENDBEHARICK UMSGEFE 2175 2 & 705, Z T, intensity 2\ DK7Y Vit
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L VT k - i AT
i ”‘T‘H# ‘I:'-F- T J
d - —_ ; L= -
T AT N

1: RV VEBENZT R Y vRa /1 Lo

BARTRT Y VR ) £ I BWT, LV ERET 2008 127 2/(3V) DH ¥ v HITfEn, 7
ZN 5 DI D HFILA DA IE intensity A3 3\ DRT Y VRGEFRIZHEDS L ARE D Z RSN T WS [4], [5.

SR EHR ) 5 B Z 25T B8, T OBEMDMBEL o > 2 DIFBA —X—THEIT L LT5, £k, %
BEBEOBEE T =T+ VIR o TEELAIND, TDT 2—T 1 V7 IRIZFEYS 1 D RayleighFading
EIREL, £z, BEMBEPRET2BEBEZ I 1 /pTHdL T2, Z0&E, @I AN,. B r 72
TEEN - EEMF 0 S B E ZETI2ROZEREIL hr—> & RESND, ZIZ T, hIEEY u OB MK
IMERLEHTH 5,

F7z, ‘%ﬁﬁ'ﬁy\%@%ﬁﬁ%f)‘6%%6%6%%%?& (A R2—=T 47V VA) HERIZEE p OISR
DT 5, BEMEIINTEIIVR—=T4 TV YARE I, & SINR K, TNETNLTFTOLIIZRI NS,

Z giRi (1)
1€P/{bo}
hr—¢
ZIT, by e @ IFBEMARDBELTHDHMFBOMEEL KT, £z, BEWRNT Y X—T4 TV A%H
(G5 B MM i € D\{bo} . BIEHAD S O R, ThH O, BRAWET 57 = —F 1 ¥ VRIS
fi g; ~ exp(p) IHE2 TV B,
SEIZK L 7 OMIE/ETH B IMD » ORI DI + B35 5 SR F(r) &

F(r)=P{r<R}=1-¢>"" (3)
TH3B, EoT. TOHEEMB f(r) 1F

fir)y= — e oA (4)

ERELSNB,

2.2. BIEWHKRDBE

EAREE E% & D HBANI > TEE A2 2SR S BEMAVPBETE2ETIVEZ R S, BEMAVBET
BEARE I, F AR PEO LA U TEREEIZB T 3O EAHABET2b0E LT, B,
WEHADPBET2RES L OBEMRHEE TR(L) £ IWFHRT 5,
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TR(L)J:LZk:f@,ﬁpl,...,pk . *(kﬂjﬁ:@*I‘I/ > THLE S 5, MENARIZ. & py, pirr BIOEERE
l (i=1,. - 1) 2ENTN s TBHEITS LS TR(L )J:’a’:ﬁ%?jﬁ_éo BB, pi,pir1 DEOXM % EE
Ui A | i%%%m#ﬁfﬁi)ﬂ‘é 1Y #*ﬁ‘ilﬂ&@ Al BEWARIX TR(L) E2EHCHEIT S, 7z,
TR(L) FCHEZZLIERASBETHHL LT, \If A intensity & v & U7z —KITAR T YV ¥ sUBFRIZHE S
EMEZOND, B, slEs>10%AT I L E2HRET 5,

NY RFTL—hERERE, BIEOTMELK
Tld. TR(L) LOXKM pi,pir1(i=1,...,k—1) ZYEDPBENT 2BUHET HZNV FAT L — b, 72,
AT — R RO LR % R ’%Hﬂ@'é??ﬁ’a’::‘@\/{éo ZZT. NV RAT7Lb—beiE Kl py,pia(i =
, k—l) D % @ISR DB E) U 72 B %éE@'é/\‘/ RA 7 DR EIET DL T 5, /2, ZET—
ﬁ@%@’ﬁﬂ:%t e K p,pici(i =1,k — 1) Z@EWAPBET . NV RAT7&2I{T-o7256 817
Dl o255 L OETHRET 5% %?—ﬁﬁ%@%@ﬁﬁﬁo)btfﬁ)%o IS 2008 EHWT, EEDFF
ilif% %z €T 5,

Dt XM py, pir1 OUERE L ORFE —MEL, [ ERT L LT 5,
3.1. NYRATL—MEZTOREN
proposition 1 FEHFOEIED intensity & N\ & T BEFH KTV ¥ aGBRE © ITHES L &, FElEl 0EMR 2B
B9 5@ EMAIERT HHRT Y vRn ) A wVOBEREOBDYI, $hbbNy KA 7L —F N(\I) i
UTFDESI1TkE 5,

VA

N@Q:Z;z (5)

SEER ©IZLBARTY AR/ A IV EMKT SLAOHLRDOESE O, WDORI & X, £ 7200 BT
EAMERTAELZ ¢ 295 (0< ¢ < 7). O IEintensity B 3N DEHRT Y VRGERETH 2720 [4], [5]. &
S | DEFRDO— DRI R, B 5 — O UIEEE (1,0) IKRELTEW, ZO&E NV FAT L —Fh
NADIE @Dzt oRTY v ARn /A2l BX | OEHRE DM TOLRSOBIZHE L,
ZAT0 N & HERE 1+ S cosd. BiRE Xsing &3 2 RGO B ONEIHEET 5, EHATY v
FOBFE O DILOEBDOEETH S, X ORES NAEOBEEEE g(v) & THiE, HH% B OFEWEM | B | I1x

3.

-
Z
-

mm (v

—_

X coso [ X cost
7 €08 7 cos / descriptions ————
: > < > i——>p 7 6 one side of
H 4 Y o Poisson Voronoi Cells
W X (length: X)
—sinf
i 2
— Y. Trajectory of
fmm—— User Equipment
(length: 1)
. .
area B

N /

X 2: tHI% B D&

| B|= %/W /OO (z )((l + fcos¢)xsm¢)dacd¢
= %/ (/ lxsm(bd(b—i—/ fsm2¢d¢)
:%/O g(w) (20 +0)da
= X
4]
- 3mVA ©)
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Lled, 22T X =2, ¢6~U0,7) THEZ LEHAN[4], [5]. PRI,
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—3\|B|
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N AN O

7B, A (5) OFRIE. Wei 5OFER B ZFEV=T ARy NV -V DGBITEEHA-HDEEHT 5,
3.2. THRET—IBREOEILEDHEMN
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RA 7 270> GE D IR ET — X FE Di(L,\, ) 2. NV RA T %2751 560EIZET — XK
& Do(s,\,a) PHEUGIWEE, T0bb

AD(S,Z,/\,CY):DQ(S,A,OC)—Dl(l,)\,CM) (8)

EAEZTETH D, Di(l,Aa). Da(s,\, o) FENZTNRD LS ITKE 5,

proposition 2 FHHMFORLED intensity & X\ &3 HEFH KT YV ¥ RGERE O ITHED & &, FEEE | OERR LT
VIRA 7R —EHITOTIOEEMAVBE EIT o7z L EOFEHRET — X ERE Di(I, )\, a) i, ELENIELTO
£IITkE B,

l 27
Di(l,\ o) = 1/ i/ T(A, a, 0, u)dfdu 9)
l 0 21 0
Z Z T,
T\ ,0,u) = / re= ™ / erZMT'a(etfl)Elr/ (ur'™(e' — 1))dtdr (10)
r>0 t>0
exp — 27TA fooo de
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Iy sy dw
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THb,
SRR proposition] LRIk, R | DEM EEZBEWANBE L TS HFEAEE A FIESE (1,0) ELTXW,

HOH () % RS (u,0) EOSET B (0<u <), MEWENERIFET 5 & = OMIEEOEH by L5
AL O, H(u) & OFlEE ZNEN . o 2T B, FUREHEHUR by & %8S SERRDHEIE S & 72T %
9 t‘a_éo

bo
°
TI
r
'\9
H(0) H(w) HQ)
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3: BEpnR & HM R & O E R
H(u) DM by LBETBLEDA VY R—T 1 T LY ADWE I, %
I’r’ = Z giRi_a (14)

1€D/bg
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LB, TITT. R EH(u) &ie®/by DR, g; ~ exp(p) 13ie€ ®/by S DFERKIZE TS 7 = —
T4 I THD,
I, @ Laplace ¥ L, (s) ZEAT DO XS5 IZEHE I N5,

Lr,(s)=Eo[ [] Eqlexp(=sgR; )]
1€D/bg
_ _Eo[[lico Eglexp(—sgR; )]l
E(I)[Hie{bg} Eg[exp(—sgR; )]

exp ( — 27 [ (1 - E, [exp(—sgv_o‘)])vdv)
1y~ Eglexp(—sgr'=%)|2Amre= ™ dr
exp ( —2mA [, (1= W%)vdv)
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2\ fooo re=mAT? #H’:/w dr (15)
7B, DEORDE2/7HIE, & & {by} EAHWIZTHNLE AR L TWB R TEMNRALE L L>oTWE Z
CIHEET D, BB, FAROELEHEOTEN 6] IZBVWTERALNT NS,
H(u) 2B 2, BH70 OFEMF by 26 DEEZET — X ERE 7(u, N, a) KT, Z0E, M
DX ZBEWAD s BT TRET 2HIZZET 2RZET —XEDF DI, ) &

!
Di(L,\ ) ~ %/ 7(u, \, @)du (16)
0

%, ZIZT. Di(l,\ ) lE 7(u, N\, o) DXE 025 | ETOHMEZ s FUZDEIL 72X akiEe LTRD S
nTnad,
R 7(u,\ o) Z2RD 5B,

7(u, A, @) = E[log(1 + SINR)]
1 2

=5 ; T(A, o, 0,u)db (17)
Z Z T,
T\ ,0,u) = f(r)E[log (1 + ];T/_a )]dr
r>0 0%+ I
= 271')\/ re= ™’ / Pllog (1 + ZT/;) > t]dtdr
>0 >0 o+ I
= 27r)\/ re ™ / e*"Q’”/a(et*l)Ch, (pr'*(e" — 1))dtdr (18)
>0 >0
THH, T (10) 2B T 5, ab. BUEORTBITS L, (ur'*(ef — 1)) 1FX (15) TRD 7 Laplace 2
BARATSZ L TRDAHZLHTE, TOMERR (1) LEHT 5, 0

proposition 3 ([2], Theorems3) HMiEDHELED intensity 2 X\ & §THEFRT Y v rGHRE O 125 L &, BH
BE ] DERETAY R A7 2172 S E A AT & 17 o 7 & % OVAIZ(5 7 — R AR Da(s, A, o) BT
DESITKES,

Dy(s, M\ a) =s-T(\ ) (19)
Z Z T,
T(\ @) z/ Te_”>‘r2/ 6_02“”(&_1)5”(/17“0‘(8 — 1))dt2m Ardr (20)
r>0 t>0
(oo}
1
L af t 1 — — 20t 1 2/()1/ - 21
1, (ur® (e ) exp( TAre(e ) )2 1+$a/2) (21)

THd,
SRR BB DR TV OEREEA S - NTEBWADN Y FA 7 217556, TOFERET — 2B &I,
BHEEHE AT 2 MR N S5@E22ET 2L E0BRH /0 DFERET —2EE 7(\a) &, HHEl O
X OBENZET 28 s LORUZHELW, 22T, 7(\,a) BR (20) THEZASND Z &, [2], Theorem3
5D,
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3.3. BEDFHERI%K

INFETOFHEMIZED, —IRITCAGEFE UV IZ XD 06T 5 kMDA CEMEE TR(L) Ei2 2% L 72&XKE D
izl L&, TOXMEZBEHAEN s PPITTBETLLEDNY RA TV — NN\ &, EEZE
F—REBOEE AD(s, [\, a) 2 TNZhRDE, TS EAWT, BEOFMEE QoS(s, 1\, a) %

QoS(s,l,\,a) =UAD(s,l, A\, ) — CN(\,1) (22)

CEFETDH, TIT.URFT—RIEY MR TSE2—TFT14)VT1%2K L, CINVYRAT 1REIBZDD
A MMEERRT, BB, COBMEI—FT 4V F4U LALTH B, & (22) 1281F3 UAD(s, I\ ) &
CN D FEhZh, il oK EOBEIZE VT, LLOBEREZBITHENY A 72FbRVEED1—
Ta)TaEEkREE, YVOBEREBIA7-CIINY KA 72T OGEIRETEZIAMNDDI—T 2 ) T 1 1
BEr 2RI,

QoS(s,n, A, @) (unit/minute)
o

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11 1.2
intensityA(unit/km?)

4: QoS(s,1, \, o)) DEfEHI

41F, MZBET 5 QoS(s, [, \, o) DB TH 5, 4B, MMD/NT A —&iE s=100(s), I=1(km), a=3 &£ ED
7oo BLEDFERE D, QoS(s, [, N\, a) IZIZ XN IZET AL SN D, Zhid, X (23) DEIHIZES T
BENYRAT U= N D, BE—THIZBT5 AD(s,1, X, o) 126 ULHEHMFE DR E D intensity A\ \IZBAL T LD
WA =X —THEMLTWE I E2RLTWS, ThbL, ABFHHNIVEE@FINY FA T 2TDRVWES
DA—T 4 VT AHEREVPNY RATEZITIGHEICHUKREL R, #IZ AR REVESIEX NY N7
EADBGAEDIANPNY RETZTDLRVESIIHUKRELS LD I LD N5,

BUED QoS(s, 1, A, ) & VS TEAHIE TR(L) 4T o IMIRIE D T4 % kb B, s TR(L) %5
YR P BE T R OME A L, —IRGCAGERE U IZ kD TR(L) CHLESI Nz kDR DA AHIC & 0 2/bd
%, kEDRIZE O pEIEN/Z TR(L) EOXMDOEIMMERED A n IZhED & &, QoS(s,l,\,a) D ILIZET
%Y QoS(s,m, N, a) 1

QoS (s,m, A\, a) = Ej[QoS(s, 1, \, )] (23)

ERE B,

5%, 734 n BV v DRBAGFIWKS BE (0 = Newp) CRT D, —BRAFAIWHEDBE (0 = Nuni) D
QoSk(s,n, A\, ) DFEFE AQoSk(s,m, A, ) = Q0Sk (S, Newp, Ay @) — Q0Sk (S, Nunis A, @) & k DAEIZBEIL THE
BIEMERTH S, BB, EREOHEHGOBHZEE L., BE#HEDOEX L % L =10(km). BHE#EZ L {#
DR E D RENU 72 &KX OBEN 028 s % s = 100(F). EMIFBORERE%Z \ = 0.25(1 /km?) B
HEOMERE a2 a =3 LEE LTz, AEDOKRE D, AQoSk(s,n, A\, ) DAEIE k DIEHNZAENEMT 5 Z
LML, Thbb, B EEBET2UAROBEIIEVWT, N RATVOERIZE D FET DEFEDOL—
T4 VT 1 DEEIF, #ilE Lx - ERHETBHTLIHEIIH L ~ETIERWEETBREIT 255DV KE
ARy, FYIBEHEE DI NZDMHEAIIKRELS REI L ZRLTVWS,
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4. BBbHYIC

KX TlE, MAROBEEHEDOZ(LIIHIGL, ZET —XBROEMENY RAT7 LV - 2EHT 5 2T,
38 a2 B E TR BT RIS U TREMRHIE 21T FHEEZRE L2, T 5ICFEOFHG T,
[ —DNYEEZ R LN S, Bl L2 RIRFERTHEIT 256 L €5 TRWESG & ORT, PEREHIER I
B BHEEBIE LT, b, KX TEA L 7z B GRAE OVEREREMAEEE 2 Vi, SRRGE 217 5 Yiiko
BN & — CEEIBEIRE, BEIEEOZADNE D 570) (5 U 7z i 7 5= O Bl @58 23k 5 v B
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BeEHL, w20 EHZ R,

1. FL®IC
AT, BORFBEREICHKIO S 2 EH % M/G/1 FFBATIICE T 2 RNEBI 2 EET 5. &
DEEIFE N (0< XA <o) DRTY VIBFRIZHE Y, FIEFKIILEHTY—ERA2%ZIT5LT5, ¥—
E AR RENE R DITABIE H (x) (x> 0) IS > THNLDDFR—IZ0 M % ERET 5. ZNZND
HORBIHITIZHIRID D D, FEEfFE R Z OHFNGET 2 &, BV —EXA2RITTICR2R
HRE S 5, bR OR 31X, MBS (o, T) IC6E> TS D123 6§ % LIRET 5.
L, o FHERRZ bV, T 3SERIVEBIERFZEZELT. Thbb, [F5RREHRE D AR
G(z) IRATEZ NS,

G(z) =1 — aexp[Tx]e, x>0 (1)

L, e BEENIET 1 DIIRY PLEERT, ZOETFIVILER, M/G/14+PH 5175 & Kl
N, G(z) RO AAEB L RKEZND M/G/1+G R bATFI ORI 2 5 E 1M %,

AfEClx, ¥ —C ARSI AROYY E[H] <00 26725 EKET S, ZOLELMT7EY Y
BRI p = AE[H] ZEROMEEZID, 72 lim, 0o G(x) =1 THE7®D, YATLILZETHS
EDREEI NS (1], MR EMS 28T 5720, ARTIEIT — Tea BHENTHS 2 L, H5NNT,
H(0)=0 2ZRET 5.

AWOHMIZ, M/G/14+PH #5475 E 1 2 RNEBO AT OBUEGHRILE 2 WE T2 2 L TH 5.
ZDETNVIZ M/PH/14+PH 3647002 Rl w54 & LCEE 2 LIEEY X, M/PH/1+PH £§5
19D FZNE LGB LER RO <L a 78§ 2R L, L OUREERATREEE & LCEsibsh
5. MLEES 0 THDLEE, I OHREHAILHRE O ERIRELEIIRE B IRHEIR 2 £ 3B A0 D3
A9 2REED n FICHBIT 270, ZOER A2 EEGE T2 2 L3O TEHL V., AT,
M/G/1+PH f# A5 BT 2455 B IR0 D IEFTHE IR (6] 2 b L ICRNEEB iz RO 2 L)
77u—F %5 LT, M/G/14+PH £ 517510 RNE A IS 2 BRI 7 L 2 X L%
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Abstract  'We study an M/M/m preemptive last-come, first-served queue with impatient customers without
priority classes. We focus on the time interval from the arrival to either service completion or to abandonment
of an arbitrary customer in the steady state. The problem is formulated as a combination of two one-
dimensional birth-and-death processes each with two absorbing states. We give explicit expressions in
terms of Laplace-Stieltjes transforms of the distribution functions for the time to service completion or
abandonment which is decomposed into the waiting time (time in limbo) and the service time. A numerical
example is presented in order to demonstrate the computation of theoretical formulas.

1. Introduction

We consider an M/M/m queueing system with impatient customers without exogenous priority
classes. Customers arrive in a Poisson process with rate A\. The service time of each customer
is exponentially distributed with mean 1/u. There are m servers and an infinite capacity of the
waiting room. Let us define a parameter p := A/(mu). Each customer present in the system is
either being served or in limbo in the waiting room at any time. A customer only in limbo leaves
the system (abandons waiting) with probability #At¢ during a short interval (¢,¢ + At). In other
words, the patience time of each customer is exponentially distributed with mean 1/6. We use
another parameter 7 := 6/, which is the ratio of the mean service time to the mean patience time.

It is assumed that the service to each customer is started immediately upon arrival. If all
servers are busy, the arriving customer preempts the ongoing service to the customer who arrived
first among those who are being served. The customer whose service is preempted is placed at the
head of the queue in the waiting room. When one of the servers becomes available, a customer at
the head of the queue, if any, is called in for service to be resumed. This discipline is equivalent to
the one called “preemptive last-in, first-out (LIFO)” for an M/G/1 queue by Wolff [4, p. 456].

We study the time interval from the arrival to either service completion or to abandonment of
an arbitrary customer in the steady state. In our previous work [3], we formulated the problem as a
one-dimensional birth-and-death process with two absorbing states and considered the first passage
times in this process. We gave explicit expressions for the probabilities of service completion and
abandonment. We also showed the sets of computational formulas for calculating the mean and
the second moment of the times to service completion and abandonment.

In the present paper, we turn our attention to the distribution of the times to service com-
pletion and abandonment We formulate the problem as a combination of two one-dimensional
birth-and-death processes each with two absorbing states and consider the first passage times in
these processes. We give explicit expressions in terms of Laplace-Stieltjes transforms (LST) of the
distribution functions (DF) for the time to service completion or abandonment which is decom-
posed into the waiting time (time in limbo) and the service time. We present a numerical example
for the mean and the covariance of conditional waiting and service times.

An analytic technique shown in this paper should be interesting on its own. It can also be
extended and applied to the analysis of M/M/m preemptive-resume priority queues with impatient
customers in which customers of the same class are served in either first-come, first-served (FCFS)
or last-come, first-served (LCFS) fashion.
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2. Time to preemption or service completion from state £, 0 <k <m—1
We begin analysis with focusing on a tagged customer in state k, signifying that there are k other
customers who compete against him for service at any given time in the steady state. They are the
customers who arrived after the tagged one and have been staying in the system until that time.
Therefore, arriving customer starts with state 0.

We first consider a birth-and-death process for the time to preemption or service completion
starting with state k£, 0 < k < m — 1, in which the tagged customer is being served.
2.1. Birth-and-death process for the time to preemption or service completion

The state transition rate diagram for the one-dimensional birth-and-death process modeling the
time to preemption or service completion is shown in Fig. 1. The process has m transient states
and two absorbing states. The transition rates and the LST of the DF for the time spent by the
tagged customer in state k are given by

oo R g m gy At (Rt

A (k+Dp 7 A (k+p o F s+AF(k+ )y
N4
6m71 BkJrl ﬁk ﬁkfl ﬁl ﬁ(}

e . Ak+1 _ [ _ . e a1
(o el (- - T

l1—am-1 1—ar—0Ok 1—ar—1 1-Bo

_5m—1 _kal

Figure 1: State transitions for a customer until preemption or service completion.

2.2. LST of the DF for the time to preemption or service completion

Let H}(s,Pr) be the joint probability of service preemption and the LST of the DF for the time to
move from state k to state m (“Pr”) without service completion (“Sr”). Let Hj (s, Sr) be the joint
probability of service completion and the LST of the DF for the time to move from state k to state
“Sr” without reaching state “Pr”.

Finite sets of equations for {H}(s,Pr);0 < k < m — 1} and {H}(s,Sr);0 < k < m — 1} are
given by

(s + A+ p)Hi(s,Pr)=\Hj (s, Pr),
[s + A+ (k+1)p]Hi(s,Pr)=kuHj_ (s, Pr) + AH} (s, Pr) 1<k<m-2,
(54 At mp) (5, Pr) = (m — 1)l _o(s,Pr) + A
and
(s+ XN+ p)Hi(s,Sr)=p + NH{ (s, Sr),
[s + A+ (K + 1)p|Hg(s,Sr)=kuHy_1(s,Sr) + p+ AHp (s, Sr) 1<k<m-2,
(s + A+ mp)Hy, 1 (s,Sr) = (m — 1)uHy, _5(s,St) + p,

respectively. The solution can be obtained in terms of {h}(s);0 < k < m} in the form

Hi(s,Pr) = ;ﬁ((i)) ; Hi(s,Sr) = s—llf/i {1 - ZE((Z))} 0<k<m.

In addition, let H; (s,Pr) =1 and H} (s,Sr) = 0.
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2.3. Solution for {h}(s);0 <k < m}
A finite set of equations for {h}(s);0 <k < m} is given by

ho(s) =1 5 s+ A4+ pu=Ahi(s),
[s + X+ (k4 1)pulhi(s) = kphi_i(s) + Mg q(s) I1<k<m-—1,
which can be written as the following set of recurrence relations:

i) = ZFAI - B ) 2<ksm

The solution is given by Cramer’s formula as the determinant of the k£ x k tridiagonal matrix

—stAdn 1 0 0 0 0
4 — stA 1 0 0 0
0 2u — stAu 1 0 0
Hi(s) = (-DF| 0 0 E S 0
0 0 0 0 _w 1
0 0 0 0 L

for 1 < k < m. Note that h}(s) is a kth-order polynomial in s, the coefficient of s* being (1/\)*.
At this moment, we do not have a simple expression for hj(s). For s = 0, we get

mp)! [ (mp)* 1
= 0<k<
1 //k! B(k, mp) =r=m

L
H(0) =3 =
j=0

with Erlang’s B formula:
am [ a?
B(0,a) =1 ; B(m,a)—m!/zgﬂ m=1,2....
j:

Thus we have the probabilities of preemption and service completion

B(m,mp)

pr{Pr} := H;(0,Pr) = Bloms)

pr{Sr} := H;(0,Sr) = 1 — pp{Pr} 0<k<m.

In particular,
po{Pr} = Bm,mp) : pu{Pry=1 ;5 pui{Pr} = p[l — B(m,mp)].

The derivatives of {h;(s);0 < k < m} at s = 0 are given by

Bo(0) =0 ;  Ki(0) =

The (th derivatives of {h}(s);0 <k <m} at s =0, =2,3,..., are recursively given by

hy(0) = 1{9(0) = - = n, (0) = 0,

0) 1, % k jJ—1 k
@y . @ 7hg(s) £~ (mp) (e=1) (mp) <
h;”(0) := arrai AA;éi i ;ighj (0) i (<k<m
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3. Time to service resumption or abandonment from state k, £k > m

We next consider another birth-and-death process for the time to service resumption or abandon-
ment from state k, k > m, in which the tagged customer is waiting.

3.1. Birth-and-death process for the time to service resumption or abandonment
The state transition rate diagram for the one-dimensional birth-and-death process modeling the
time to service resumption or abandonment is shown in Fig. 2. The process has an infinite number
of transient states and two absorbing states. The transition rates and the LST of the DF for the
time spent by the tagged customer in state k are given by

R :
P x4 mpu+k+1-m)d " TF T Ndmp+ (k+1—m)o’
B'i(s) = Amp+(k+1—m)o

s+AX+mpu+ (k+1—m)o

Ogq o, Xy /
— > > — — ——— (€79
o) (k) (B e @
P < < -— - ——————
1—ay, l—og_y 1—al,
—B —Bra ~Bm
Blle+1 By, Br_1 Brmt1 Brm

Figure 2: State transitions for a customer until service resumption or abandonment.

3.2. LST of the DF for the time to service resumption or abandonment
Let W} (s,Rs) be the joint probability of service resumption and the LST of the DF for the time

to move from state k to state m — 1 (“Rs”) without reaching abandonment (“Ab”). Let W}(s, Ab)
be the joint probability of abandonment and the LST of the DF for the time to move state k to
“Ab” without reaching state “Rs”.
Infinite sets of equations for {W; (s, Rs); k > m} and {W}i(s,Ab); k > m} are given by
(5 + A+ mpu + )W, (5,Rs) = AWy (5, Rs),
(5 + A+ mp -+ (K + 1 — m)O]W; (s, R)
= [mp + (k —m)0|W;_,(s,Rs) + AW} (s, Rs) kE>m+1
and
(s+ XA+ mp+ 0) Wy (s, Ab) = 0 + AWy, (s, Ab),
[s+A+mu+ (k+1—m)0]W; (s, Ab)
= [mp+ (k —m)0|W;_,(s,Ab) + 0 + AW}, (s, Ab) k>m+1,
respectively. The solution can be obtained in terms of {G}(s); k > m} in the form

0
s+ 0

Wi(s,Rs) =Gi(s+6) ; Wi(s,Ab) = [1—GL(s+0)] k> m.

Thus the probabilities of service preemption and abandonment are given by

pr{Rs} := Wi (0,Rs) = GJ.(0) = 1 — pr{Ab} k> m.
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3.3. Busy period

A busy period started with k (> m) customers in an M/M/m queue is the time interval from the
instant at which there are k£ customers in the system (all servers are busy and k —m customers are
waiting) to the first instant at which any one of the servers becomes available. The LST of the DF
for such a period, denoted G (s), satisfies the following set of equations:

(s + A+ mp)Gy(s) = AGr 11 (s) + mp,
[s + A+ mp+ (E—m)0]Gi(s) = [mp + (k — m)0|GL_1(s) + AGjy1(5) E>m+1.

Subba Rao [2] derived the LST of the DF for the duration of a busy period in an M/G/1 queue
with impatient customers, which is also shown in [1]. We can obtain the LST of the DF for the
duration of the busy period in the M/M/m queue by using the exponentially distributed service
times with mean 1/(mpu) in their result. Thus we have

mp
s+ mu + 60

st+mp
Z(S) - i

o (M/0) T my >
1 l1—-—
+; il jl;IO s+ mu+ 56

- i—1
mu o). - e
+ Z(—l) Vi k—m(\/0) Ll;[o (1 s+mu+ j0)
1

k>m,

where we have defined

ig(x) = Z (_.x)j<. g ) i>1, k>0

j=max{0,i—k} gto\i—y
Thus
= il(—7/m) %k m(A/0)
Gk = Z i+1 Z z
i LA +47/m) +J7'/m)
and

Gy (8) = mpaldGy(5)/ds) s

B W=7 /M) s k—m (\/0) : 1 2 i (=7 /m) s k—m(A/0) 1

B { Z:ZI H”l(l +j7/m) JZI 1+]T/m)jr/m] l% ”1( +j7/m) 1+(i+1)7/m]}
= 4 R A m) A/e N R 1

/2 e ) % T2 (L4 g fm) { G 5 +j7/m>j¢/m]

00 i 2
p
/[g j—o(1 +J'T/m)] '

In particular, since 1; o(z) = (—2)%/i!, we get

M

mu (MO mp mp
s OO (-
s+mp ~—~ i : s+mu+30/)| s+mu+if
a* (8) . =1 j=0
" )\/0 )i it mi
1 S
+Z ! ]1_[0< 5+m,u+j9)
so that
0 o0
G, (0) = —
/\g 1+j7'/m Z ’ —i—]T/m)
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and

, B 0 0 i 1 e ok 1
muG, (0) = LZ; Hz+1(1 tjr/m) & Z < (1+ jr/m)jr/m ;} Hz+1(1 +jr/m) 1+ (i + 1)T/m]
00 pz‘
/LEB [Ti—o(1 + ji/m)

00 pz‘ o] Pi 7 1 o) pi 2
l% Hz+1(1 +j7'/m)] [; 3-:1(1 —i—jT/m)jz::1 (1 —i—jT/m)jT/m] /[g ;-:0(1 —|—jr/m)1 )

4. Joint Distribution of the Time in Limbo and the Service Time

We are now in a position to consider the distribution of the time until the departure (either
abandonment or service completion) for the tagged customer in state k (> 0). Such a time consists
of the waiting time (the time in limbo) and the time being served. Therefore, we derive the
joint LST of the DF for the waiting time and the service time for the customer who abandons
waiting, denoted T,:(s, s’, Ab), and that for the customer who gets served until completion, denoted
T,;“(s, §',Sr). Then we get the marginal LSTs of the DF's for the waiting time, the service time, and
the total time spent in the system as follows.

Wi(s,Ab) := Ty (s,0,Ab)  ; Hj(s,Ab) := T;(0,5,Ab)  ; A(s Ab) := T} (s, s, Ab),
Wi (s, Sr) := Ty (s,0,8r) ; Hi(s,Sr):= (0 ,Sr) . Ty(s, Sr) := Ty (s, 5, Sr).

4.1. Time to abandonment

We first consider the time to abandonment for a customer who abandons waiting before service
completion. For the customer in state k, 0 < k < m — 1, we have

Hp(s",Pr)Wr(s,Ab) 6 hp(s)[1 — G}, (s + 0)]
1—Wx(s,Re)H},_(s',Pr)  s+6 h¥(s)—h!_1(s)GE (s +6)

which leads to the marginal distributions

Ti (s, s, Ab) =

. _ p{Pr}Wi(s,Ab) 6 hp(0)[1 = Gy, (s +0)]
Wicls, Ab) = 1= pm_1{Pr}Wy (s,Rs) s+60 h;;l(ok) —hi_1(0)Gr, (s +6)
. pm{Ab}YH (s, Pr) hi(s)[1 — G}, (0)]

His Ab) = 7 Re e, (5 P1) ~ Tin(s) — iy 1 ()G (@)

Fe(s, Ab) = Hi (s, Pr)W* (s Ab) 0 Rp()[1 = Gr(s+0)]

1—Wx(s,Rs)H}, (s,Pr)  s+60 hx(s)—h _1(s)G5(s+0)
Then we get the probability of abandonment
hi(0)[1 = G7,(6)]

Pi{Ab} = W (0, Ab) = H(0, Ab) = T;:(0, Ab) = 10) — he L (0)Cn (8

the mean waiting and service times

hi(0) A7 —1(0) — 3, (0)]G7,, (6)
[77,(0) = hyy 1 ()G ()

hi(0) [, (0) = By 1 (0)G,(0)] hy,(0) }
[75,(0) = hyyy 1 ()G 13 (0) = by, 1 (0)GR(0) |
and the covariance Cov[Wy, Hy; Ab] := E[W,Hy, Ab] — E[W}, Ab|E[Hy, Ab] with
2hj(0) [P, (0) — Py, 1(0)][h' (0) = hin1(0)G, (0)]
[77,(0) = i1 (0)G, (0))°
1 (0) (75, (0) = i1 (0)] + B3 (0) [P, (0) — (0)}}
) .

A 1
E[Wy, Ab] = 5P {Ab} —

E[Hy, Ab] = [1 - G},(9)] {

A A 1 ~
E[WiHy, Ab] = 5 E[Hy, Ab] + G, (6) {

[17,(0) = hi, 1 (0)G, (0))2

m—
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For the customer in state k, k > m, we have
Wi (s,Rs)Hyy, (s, Pr)Wy (s, Ab)
1—Wr(s,Rs)H}, (s, Pr)

_ 9 {1_[%(8’) m1(8 )]G*(s+9)}
s+0 R (8") = Ty _1 (8") G (5 + 0)

Tji(s, 8, Ab) = Wi (s, Ab) +

which leads to the marginal distributions

W (s, Ab) = Wi (s, Ab) 4 Lo AP (0 ROWn (2, AD) 0 {1 (17 (0) = P 1<0>JGz<s+e>},

T o (POWa (s, Rs) 540 Bin(0) o 1 (0)Gan(s £ 6)
r _ pk{RS}pm{Ab} Hi (s, Pr) o [hj(s) — hya (9)]GR(6)
Hils AD) =Pl ADE T R, (5P ' hinls) = by ()G 0)
- . Wi (s,Rs)Hy, (s, Pr)Wy,(s,Ab) ¢ (A (8) — by —1(8)]GR (s + 0)
Ti (s Ab) = Wi (s, Ab) + =72 W;(s,f;s)H;_l(s,Pr) IR {1 AR ECACE) } |

Then we get the probability of abandonment

[17,(0) = 1 (0)] G (6)

i (0) = 1,1 (0)G

m

P {Ab} =1

the mean waiting and service times

E[Wy, Ab] = —Pk{Ab} [ G1.(0) L M (0)GEO)E () }

m-1(0) = R (0)] {hm ~ i (0G5 (0) " 1, (0) — By, (0)G, ()

E[Hy,, Ab] =

and

E[W;,Hy, Ab) = %E[ﬁk, Ab] + h/f;;iozh):” __1(3 : _<g>mc?1](lg>b](£ |

< {GL(0) G (0)[117,(0) = 23, 1(0) + G (0) iy, 1 (0)] = GR(O)[1 — G, (0)][7,(0) — Doy, 1 (0) G, (0)]}-

4.2. Time to service completion

We next consider the time to service completion for a customer who gets served. For the customer
in state k, 0 < k < m — 1, we have

Hi (', Pr)Wi (5, Rs) H,_y (5, S1)
1—-Wg(s,Rs)H}, (s, Pr)

m

1 {1_ hi(s)[L = G (s + 0)] }
St | b)) = b (5)Gh(s +0) f

Ty (s, s',Sr) = Hj (s, Sr) +

which leads to the marginal distributions

e PrAPE} P (S (5, Rs) B (0)[1 = G (s + 0)]

Wi (s, 8r) = p{Sr} + 1 — pm 1 {Pr}Wr (s, Rs) _h:‘n(()k)— s (0)Gr(s+0)

(0. 50) — (o5 + PRSI PO I (088 [ h(e)[1— G 0)

Hip(s,Sr) = Hi(s:St) + 20— RoyHr, (5, Pr) 8+u{1 hms)—hal(sm(e)}’

Ny - Hp(s,Pr)W (s,Rs)H,;, _4(s,Sr)  p b)) = GrL(s + 0)]

Ti (s, Sr) = Hi(s, Sr) + kl—W%(aRs)H:n,l(sfPr) _S+u{1 h:n<sk>—h:“<s>ams+e>}'
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Then we get the probability of service completion

hi (01 = G1,.(9)]
hin(0) = hi 1 (0)GF(6)

Pp{Sr} = W;(0,Sr) = H;(0,Sr) = T3(0,Sr) = 1 — =1— P,{ADb},

the mean waiting and service times

hi(0)[h7—1(0) — A, (0)]GR,(6)
[h72(0) = Ry, 1 (0)G (0)]2

Wi (0)[7in (0) — her 1 (0)GFL(0)] hi(0) }
[1,(0) = Ry, 1 (0) G ()] i (0) = Ry, 1 (0)GH,(0) |

and the covariance Cov[Wk, Hy; Sr| == E[Wkﬁk, Sr] — E[Wk, Sr]E[fIk, Sr| with

E[Wy, Sr] =

B[, Sr] = ;Pk{Sr} - GL0)] {

213 (0)[A7(0) = hiyy 1 (O] [F3, (0) = Py 1 (0) G, (0)]

~ A 1 N
E[WHy,Sr| = ;E[Wk,Sr] - Gl,(0) {

[152(0) = hy, 1 (0)G, (0)]
~ 13(0)[77,(0) = Ay, 1(0)] + P, (0)[h7,(0) — Ay, 1(0)]}
[152(0) = hy, 1 (0) G, (0)]2
For the customer in state k, k > m, we have
Wis,Rs)Hy ((s',8r) o [hg(s) — hyy 1 ()] GR(s + 0)

Tk (s,8',Sr) =

1— W (s,Rs)H}

m—1

(s, Pr) ' +pu hp(s) = hy 3 ()Gh(s+0)

which leads to the marginal distributions

(o5 PSR RS [15,(0) = by OG5 + )
A 1 —py— 1{Pr}W* (s,Rs) D3, (0) =y, 1 (0)G (s +0)

PO X115 L ACE R [h* (5) — Hiy (]G0
kA% 1—pm{RS}H* (s, Pr) s+ Ry (s) — Ry, (S)Gin( )’

s WEGRIH (580 [(s) = iy ())Gi(s 40
k 1— Wy (s,Rs)HY _(s,Pr)  s+p hi(s)—hi_1(5)Gs(s+0)

Then we get the probability of service completion

O _ 1 pab,

. N . h
P {Sr} = W} (0,Sr) = H}(0,Sr) = T;(0,Sr) = U

the mean waiting and service times

A . G(9) R ()G*(G)G’ )
E[Wlﬁsr]—[hm—l(o)_hmm)]{h:n(o)—h*k 1(0)G;,(6) [hm) L(0G <6>]}

1 GO (0)h%, 1 (0) — Ry, (O)][1 — <>]
Bl $t) = 2 B{St} = = e e )G O

)

and

E[Wkﬁk,Sr]—;E[Wk,Sr]—h;[ZiOgh; }E*) ) 1h*

(0)
@))°
<AGH(O)G, (0)[h,(0) — 2h7,1(0) + G, (0) Py, ( )] GLO[1 = G (0)][17,(0) = Py, 1 (0)GT, (O)]}-
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4.3. Time to departure (either abandonment or service completion)

We finally consider the time to departure (either abandonment or service completion) for an arbi-
trary customer. For the customer in state k, 0 < k < m — 1, we have

Ty (s, ') = T} (s, s', Ab) + T} (s, s', Sr)
B ( 4 p > hi(s)[1 — GL.(s + 0)]

S +p o \s+0 s +p) hi(s) —hi, ()G (s +6)
which leads to the marginal distributions
W () = Wi s, AD) + Wi (s 50) = 1= S AOR G DL
Ti(s) = T (s, Ab) + T (s,80) = " (s i il u) hméﬁ(s—)%m_i;(é;(?i 6)’

The mean waiting time, service time, and total time are given by
E[Wi] = E[Wy, Ab] + E[W,,St] = %Pk{Ab},
BIL] = Bl AV] + Bl S1] = © Pu{St,
PIT] = I, Ab] + E[Ti. 1] = BIW] + Bl = GPAAD} + -Pi{St}

In particular, for an arriving customer (k = 0), we have the relation

<1 _E[L] ‘ " _E[S]
EWo] = gPo{Ab} = —= ; E[Ho] = ;PO{Sr} ==
and Little’s theorem
Elfo] = - Po{Ab} + 2 By{st} = EIN]
o] = gto " 0 =y

where E[L], E[S], and E[N] are the mean number of customers present in the waiting room, in the
service facility, and in the whole system, respectively, which are given in [3]. We also have
1

E[Wkﬁk] = E[Wkﬁk,Ab] + E[Wkﬁmsr} = 0

E[H;, Ab] + iE[Wk, Sr]

to be used in the covariance COV[Wk, ﬁk] = E[Wkﬁk] — E[Wk]E[I:Ik]
For the customer in state k, kK > m, we have

Ty (s,s') = T (s, s, Sr) + T} (s, s', Ab)

_ 9 (- 0 ) (15, (8) = by ()]G (s + )
Tt 0\ s+0) W) =i ()G (s+0)
which leads to the marginal distributions
- 4 s [hn(0) = hy 1 (0)]GE(s 4 6)
W - :
£(s) 3—|—9+ s+0 hx(0)—hi_1(0)GE(s+0)’
- s [h(s) = hy 1 (s)]GE(0)
H =1- :
) = T ()~ ()G 0)
. * _ h* *
s+0  \s+p  s+6/) hi(s) = hi_1(s)Gh(s +0)

We get the same expressions for E[Wy], E[Hy), E[T;], and E[W;Hy] as shown above, respectively.
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Table 1: Numerical example.

k  P.{Ab} Pi{Sr} E[Wi,Ab] E[Hy,Ab] E[Tx,Ab] E[W,St] E[Hy,Sr] E[T},Sr]
0 051270 0.48730  0.24299 0.30992  0.55291  0.01336  0.17738  0.19074
1 056396 0.43604  0.26729 0.28965  0.55693  0.01470  0.14639  0.16108
2 0.62549 0.37451  0.29645 0.26019  0.55663  0.01630  0.11432  0.13062
3 0.70034 0.29966  0.33192 0.21777  0.54969  0.01825  0.08189  0.10014
4 0.79283 0.20717  0.37576 0.15678  0.53254  0.02066  0.05039  0.07105
5 090911 0.09089  0.43087 0.06878  0.49965  0.02369  0.02211  0.04579
6 0.94907 0.05093  0.45368 0.03854  0.49222  0.02085  0.01239  0.03324
7 0.96686 0.03314  0.46548 0.02508  0.49056  0.01795  0.00806  0.02601
8 097624 0.02376  0.47252 0.01798  0.49050  0.01560  0.00578  0.02138
9 098181 0.01819  0.47713 0.01377  0.49090  0.01378  0.00442  0.01820
10 0.98541 0.01459  0.48038 0.01104  0.49142  0.01233  0.00355  0.01588
15 0.99293 0.00707  0.48827 0.00535  0.49362  0.00819  0.00172  0.00991
20 0.99541 0.00459  0.49146 0.00347  0.49493  0.00624  0.00112  0.00736
30 0.99732  0.00268  0.49434 0.00203  0.49637  0.00432  0.00065  0.00497

k E[Wk} E[I:[k] E[Tk] COV[Wk, Hk; Ab} COV[W}W ﬁk; Sr] COV[VV}C7 I:[k]

0 0.25635 0.48730 0.74365 0.08169 0.00896 0.16832

1 0.28198 0.43604 0.71802 0.07098 0.00897 0.15952

2 0.31274 0.37451  0.68726 0.05852 0.00888 0.14639

3 0.35017 0.29966 0.64983 0.04474 0.00862 0.12713

4 0.39642 0.20717  0.60358 0.03103 0.00807 0.09905

5 0.45456  0.09089  0.54544 0.02089 0.00703 0.05808

6 0.47454 0.05093 0.52546 0.01656 0.00582 0.04012

7 048343 0.03314 0.51567 0.01379 0.00487 0.03049

8 0.48812 0.02376 0.51188 0.01183 0.00417 0.02459

9 0.49090 0.01819  0.50910 0.01038 0.00365 0.02066

10 0.49270 0.01459  0.50730 0.00926 0.00324 0.01785

15 0.49647 0.00707 0.50353 0.00612 0.00212 0.01087

20 0.49771  0.00459  0.50229 0.00466 0.00160 0.00798

30 0.49866 0.00268 0.50134 0.00323 0.00110 0.00533

5. Numerical Example

Numerical values for Py{Ab}, Pi{Sr}, E[W, Ab|, E[H},Ab], E[T},Ab], E[W},Sr], E[H},St],
E[Tk, Sr], E[Wk], E[I:Ik], E[Tk], Cov[Wk,ﬁk;Ab], COV[Wk,ﬁk; Sr], and COV[Wk,ﬁk} are shown
for k=0,1,2,...,10,15,20, and 30 in Table 1. In this case, we have assumed m =5, u =1, 0 = 2,
and A = 10 so that p =2 and 7 = 2.

References

[1] F. Iravani and B. Balcioglu, On priority queues with impatient customers, Queueing Systems,
Vol.58, No.4, pp.239-260, May 2008.

[2] S. Subba Rao, Queuing with balking and reneging in M/G/1 systems, Metrika, Vol.12, No.1,
pp-173—-188, December 1967.

[3] H. Takagi, Times to service completion and abandonment in the M/M/m preemptive LCFS
queue with impatient customers, QTNA’ 2016, December 13-15, 2016, Wellington, New
Zealand, DOI: http://dx.doi.org/10.1145/3016032.3016036

[4] R. W. Wolff, Stochastic Modeling and the Theory of Queues, Prentice Hall, 1989.

Acknowledgment
This work is supported by the Grant-in-Aid for Scientific Research (C) No. 26330354 from the
Japan Society for the Promotion of Science (JSPS) in 2016.

— 63 —



By NDA YDA ZVT - ®EFTIVE NS UY U 3 VEREREET

W Reoe o MR IER
BTN IR S S IPNE S TN S R R ST

BWE: Yy haq TR Ny Y aBiBOHNIRRYH DM 2T D LS X FH 2RI 51 =0
& BEIBIRTHE 70y Y - Fo— Y EH TS BOEDOMRIZE D, Fi il ELE T o ay
BEIEDY A =V IWR Ty 713 EDO o T, IREBEDO 70y 21280 605 L\ ZENHS MRS
7. ARTIE, ZORMEEFY — AL 2 HCTET UL, M7 V¥ Y a v B QKGR Ofif
WiZdi 5. BRIIZIE, BHIY —C 22475 M/GP/1 2B 2, Fill s V72 a VOFERSTY —EAHhD
FEHY A AHHIRAMTH o CHZD N T VY oY a VIHLITFICRET 2ETVESZZS. ZOETIVIZ
PV, b IV Iy a v ORNEHERIZZO b T VI Y a VOKGEIZ L LRSS 5. ZOETIL
EHUTH—ERAPD LTIy a VRERLITHIN N T VY 7Y a VBOR G &5 X, T Z2EIC b
T VWY a3 VKRR O &2 BT 5 BUERIC B VT, BV —EADT A XN T U H T Y a VKRR
MIC 52 28 E ERINIZITT 5.

1. IFL®IC

Ew b ad iEp Ry — NREEENFE LR VARSI OREEETH O, eI YT - Y
7 - ¥ (Peer-to-Peer) %Y N7 — 2 FEHMIZ LD, ZELZHI VPR DT EUEDOAREZGIET A Z &I
I LTWA [1]. By baA VidEE» DOLZEIZEBEINGI B TH D, TOFEROLZI NS A v
R—2v b EOBITERX T VT2V B ANDE L W o F2ADEEEG] (W1 781 AV M IZBWT
FMALRKPHGFIN TS [2]. By b IA VIFELAFHINSEEPEZTHED,2015 FO—HY 7=
D OSEIFEE MU 125,000 12 £ D, Z DO ETED 69,000 /4 & LR U TR 2 f5I8EmML Twa. HAR
FERIZBWTI, BB ST, Ey b a1 oA =31 7 L7458 OREERIGFRIZ DD 5 IHE
Fri7 70 < 3 A A CRAEE ORBLHISE I /M Cigam 2 D TH 0 [3], KB E O KIZHHEL D15 Z
EMEZOND.

Yy IS VOGN, bT Uy IYavEBEUTITDNAS. NI U2 a ryoduliy, EEE D
OZEHENHDHEEED A Y EBEIEL L WS BHRLREHE I N TS By bar Tk, I UY
Iy avEEBEDTTa Yy 7EERL, SAVIREZ RS EEICE D 70y 7 %2 &ERT 5. ZOE
XA VTN, A=V TIE 105 THR T T2 L5112, XAV OHMGEILHE CHEI N
TWB 4. A=V T %75 —FEIAF =R, A F—1E< A =V I 5 & dfife L
TI25BTC 7Ry ZIZ&8ENE T U7 v a vk TEE2%ZITHLS.

Yy b aA v OEMEERED —DIZ, k7 ay 234 ZCERT2EN N7 037 > a v ue#
ERHD[5. By AL TR Ty ZIZEBO NI 7Y a v ENEL TERILE 2T M, 7
0w 744 XA IMbyte IZHIRENTED, EH 10 5DV A1 =V FHRITH 5 Z 205, ALY
ODNSI Uy a VILEBUZIEAD D S, 72, b T U2 Y a3 YIRS, B ORI S D
FOmER, 7— 2V 1 R & o TEEEDMHENRD S, TDMH e TR 2RIz 7oy ZIizgH o s
MEIPPREIND [4]. ZD7/-0D, GEAMGETIHMEEEED NI V7 a3 VRBEOFERO b T
VI Y a VIHEWEED DIz Ty 2R A flAGAF 0T, AR AR o TLUE S, 7
Oy - Fr—VOHEEHREZRELTVWS [6]1I12X2 8, 10040 D NS VY a vt R
78y 29 A XD ERELIZESTETED, A7 —5 ) F 4 ZUHTIZHEE T 2 D DS o 3L g8
EHoTWA, ZOMEIZRL, NI UH Y a vOBTELED 2T ST Ta—F [7] kEBE
 DIFPRIEDREINT WS M, 2016 4F 11 HREIZBWTE Y haAf Y - 332 =514 THEEIN
7= FRIEAFE L 0.

Cy a4 vD T Iy a VEKRIIE, BRIV - R L AHBTHE LTET VLTSS
EMTEL. EMY — A ZEFEOREBITH OMATIZ DO WTIE, STk [9] 1I2BWT M/GP/1 IR L, #iE
Y — U AR & B T HNE R DRSS DB DO W TR AT h T\ 5. SCTHR [8] T, BEEHER
& M/GB/1 B 175 % 5 A, BB S AR O ZFEHD b T V¥ 7 v a VT B KRR o fif
WhfThhTWa.  CHR[8] DEFBITHIETIVTIE, I VU HF 7Y 3 USRI L - CHEM
P—UEARHIPERETHNUL, TD TV F 2y a VFEBLIZY - AIZEETNI L VWS ETILEZRKR

— 64 —



HFLTWD. XHk[8] Tk 7By T « Fx—VDREHSHZITWV, 1 =V ZIZh 58 (7 a v
7 R MR RITRE > TWBZ e, I U2 a vARE L TH S AR I NS £ TOREM
Y — U AR O —ASEL Do TWAZ S, D HAEREL, ZNO DR S, TiEEE T V¥
7 aVFELIZY—ECAINEIDOTIE AL, BLTHMO 7oy ZEFIZEINE Z L 2 ERL T
W5,

Z AR TIE, M/GE/1 HH a5 W BNV —EARTON T WS L EIZHE LT
Yo oavidzoYh—CRAZEDONT, FHITFITHESE SN ETIVEZ X 5. BAERMIZIE, ¥—
CAHD S vH 7y a VBEHRBITHND N5 v 7Y a VBOR SRR EE 2, EHRN
Moo avBrs) MVOARI VI NT VY2 v a VkBRRM 283 5. BB T, 7
Oy 2% A XN T v oy a VARRBRKEIZGZ 58O\, ERMNZTE 217 5.

AKX DRERIILATO@EY THB.2ETIE NI U F 7Y a VI ORFHLTHET V2R A, 3 ET
Y- 2FD N T U HF 7 a VBERLITAINN 7 V7Y a VOS2 EHRT 5. 4 BT
%R L, S ETREMmE RS,

2. XAZVIDFBTHNETIV
NSV ITaviFRAORTY VBRI S TUVATLMIEE TS, b vF oy a VIidEBE E
honT—o07uy ZIZNEINS.

ALk > T7uy 2R ERINS =0, LTFTIE 70y 7 42 3 — AR & P,
Si(i=1,2,..)%2iZHHO 7Oy 7 EREREREE 5. (S;) 1XHALFE—22 068 G(x) = Pr{S < x)
IZHREW, G(x) DIERBIEBEZ o(x) 3 5. F¥H7ay 7 ERER E[S] 1%

E[S] = fooxdG(x) = foo xg(x)dx,
0 0
LRES.

P—NFERDO NS oIy a v 2EMY—UERAT5 LMY —EADHRAY 1 XE b TH5S. b
FUH I avDEELURETYATLAPBEE O Z, 20 N7 VY7 Y a VBT TR
U, REED 7y ZIZREBIETED SN, YATLARIZ NI V7Y a UBMFELBRWGE TS,
RAZV & BT — AR MHRNIZITbNG. ZORD, FiilBE LN VT2 3 VIZIRD
Y — U ABHBR S E THEIE O N LD LINET 5.

3. BT
Ny(t) ZWZ t lZBT DY — NN T VTS a VBN 2RBITFINN S Vo v a v d 5.
X0 2RL 2B AREY — AR E U, P, EIRRTEET 5.

Pyp(x,t)dx = Pr {Ns(t) =m,Ny(t) =n,x < X(t) < x+ dx}.

FY—C AR S DNF— L — b é0) ZIRRTEHRT .

_ &)
00 = 5 et
t— o0 & UTEFIREARE 2 5. By — AWM x(f) OMUNELRICHERET 2 Z L TIkA %25 5.
%Pm,,,(x) = —{A+ EQ)VPpn(X) + APy 1 (%), 0<m<b, n>l, (1)
%Pm,O(x) = —{A + &)} P o(x), 0<m<b. )

— 65 —



x= 0 1B BEARMFRATE R 5B,
b 0o
an(o) = Z f Pm,n+b(x)§(x)dxe n >0,
m=0 0
Pm,n(o):O, m=0,1,....,b—-1, n>1,
b co
Pmm):zlf Pus(0éE@)dx,  k=0,1,...,b.
m=0 0

IEREEA

iZf Ppn(x)dx = 1,

n=0 m=0

ERED. T, MEEREB PG, 20:x) & P(21,22) ZATD XS IZEET 5.

co b
PG, 20 = ) ) Pual' 2, 3)
n=0 m=0
P(z1,20) = f P(z1,22; x) dx. 4
0
(H X&) XLy,
00 b d o) b
Z Z Epm n(X)2]'7y = Z Z {A+ EQYPyp(x) 22 + Z Z APy u1(x) 2125
n=0 m=0 n=0 m=0 n=1 m=0
00 b 00
= 20 A+ ECNPun () 41 + A2 Z Pyp() 22,
n=0 m=0 n=0 m=0

YR, BEKEAVTES R 2 L
d
EP(ZI,Z% x) = —{A + EX)}P(z1, 225 X) + A2 P(z1, 225 X)
—{A(1 = 22) + EX)}P(z1, 725 X).
& D P(Z],Zz;x) Li(ﬁ\’fﬁfg‘i ‘57‘}/1/5
P(z1,22; %) = P(z1,22; 0)e " 172X(1 — G(x)}, 5)

ZDMAIZ E(x) ZDITT x THAT &

f P(z1,z2; 0)é(x)dx = f P(z1,722; 0)e 172X — G(x)} dG(x)
0 0 1-G(x)
- P(21.22:0) f GG ()
0
= P(21,22;0)G" (1 — A22). (6)

(Y
(Y
)

GWA—A@)=L[ e 724G (),
0

— 66 —



Th5.(3),6) XD,

0 o b
P1.22:0)G" (A - Az) = f 2,2 PunlE() dx 2. M
0 %=0m=0
¥7-Q3) ATx=0&95L
o b
PG00 = ) D Pua®) ]2
n=0 m=0
o« b-1
= Z Pya(0) 2525 + Z Ppo(0)z}
n=0 m=0
© b e b=1 b oo
= Z Z f Ponip(0EX) dx 282 + Z f Pn()é(x)dxz]. ®)
n=0 m=0 ~'0 n=0 m=0+"0

ZZTE RDE—HEHIZ (N AXE2HWSEZ LT

o b 00 b o b )
> fo Prnpsp(X)E) dx 22 = (i—;) > fo Py p(x)E() dx 23

n=0 m=0 n=b m=0
o\ b=1 b oo
= (5) {P(I,Zz; 0)G* (1 — Azp) — Z Z f Py n(X)E(x) dng}’
n=0 m=0 0

L%, oT,(8) RIRD LS IZHFEIT 5.

b b-1 b 00
P@1,22:0) = (i—;) {P(l,@; 0G" (- A) =y Y fo Poun(E) dxza’}

n=0 m=0

b-1 b 0
3 [ Pt ar, ©)

n=0 m=0

QO RiZz=12RATHL

b b-1 b I~
P(l,zZ;0)=(;—2) {P(l,@;mG*u—Am)—ZZ fo Pm,n<x>§<x>dxz§}

n=0 m=0
b-1 b )
+ 0] fo Py n(X)E(x) dx.

n=0 m=0

LEROWHLIZ 2L & n ) TR B L

b-1 b )
{5 — G* (1= A22)}P(1,22;0) = Z(z‘; -25) Z fo Py p(0)&(x) dx.
n=0 m=0

£-oT
T -
P(1,22;0) = S22 22 (10)
Z, = G* (1 - A20)
zZT

b co
ap = Z_Ofo Pm,n(x)é:(x) dx,

— 67 —



TH5.
(10) XD 4 REZXF L T Rouche DEH L b [10],

-G (1-1220) =0,

DI DVWTDfRfIE |2 = 1 + e(e > 0) DHIFHIZHEAEGENT WS, ZTDRED 1 Dixz,=1THO, %
DOIRE 25 (k=1,2,..,b-1) £ T2 LR (10) K DRD b - 1 HDTFEREE5.

S

-1
{(Zz,k)b - (Z;k)n}afn =0, k=1,2,..,b—1. (11)

S
I
(=]

9) A& 10)X&D

P(z1,22;0) = (Z_z) {Zn 0 (z2 _ Zz) G (A-A2) - Z anzz} + Z @ny. (12)

G*(1 - 1z22)

Fz@4) A B)X&D

P(z1,22) = P(Z1,Z2;0)f e~ =251 — G(x)} dx
0

= P(zl,zz;O)W. (13)
Z ZCHHAIZ AL —20) 20Tz TRBD T2 L
OPEL2) )1~ 1) = Pag, at = P20 (4 G = )} - Py, 2y 002 A=A,
022 02 02
n=20=12RAULPAQ,DH=12Hn3&
P(1,1) = P(1,1;0)E[S] = 1.
P(1,1;0) 2K 2 72812, (13) RDOMLIZ 25(5 - G (A - A20) & T B &
b-1 b-1
P 2: 005 {h - G- 1) = Y (A - &) enG (A - Az0) - [ - G*(A - az)} Y e
n=0 n=0

b-1
+ zg {23 -G*(A- /lz2)} [Z @nZ] + a/ozl}.

n=1
D CRBAUT=0=180, VATLDLESMb> AE[S] DL EZIFEET 5L, IRAE2HE5.

Shib-n)ay,

PO L0 = = EsT

& o TEHERMFIFRATERZ SN S.

Sogb-may
WE[S] = 1. (14)

(1D R & (14) X% @, ITOWTHL Z 22X 0, b HOKRINZEE o, DIEPREINS.

— 68 —



(12) R& (13) R&k b
p XE0( - 2an
2 -G*(A-12)

b-1
1-G*(1-A2)
n T N e
I e T

b—1
P(z1,22) = {(i—;) G* (A1 - A7) - (%)bz(:) nZy

ER%E 7y TLEMRMD U 2 T2EMRMZ L THS (14) REE LTy =n=12KRAT 3L

@m@@n [ Zhb -y,
021 )i | b AELS]

= AE[S].

E[S]}AE[S]

Tl T3EMA LTz =2=1%2A0 (14 X2V TEHT S &

9 -1 2E[S2] - 2b(b - b -
(aZZP(Zl,Zz))ZI:LZFI = 2(b—/lE[S])(/l E[S°]1-2b(b—-AE[S]) -b(b-1)

b—1
+ Z{/IE[Sz](b —n)+E[SH{b(b-1)—n(n-1)}+2bE[S (b - n)}a/n).
n=0

SoTRAN T U7 v a v BOEEIZIRATEZ6N5.

I S P T 1y _ 2
E[N] = 2(b—/lE[S])(/l E[S°]-b(b-1)-2(b-2AE[S)])
b-1

+ Z{/lE[S 2](19 —n)+ E[SI{b(b—1)—n(n—-1)} + 2bE[S (b - n)}an).
n=0

NS UH Y a v ORNKAERBZ T 5L, FHRNHAAERM E[T] 1,V bLOAR K DIRAT
Ez2o6h5.
E[N
pir) -
_ 1
©2A(b - AE[S))
b—1
+ Z{AE[SZ](b —n) + E[SI{b(b-1)—n(n—- 1)} +2bE[S1(b - n)}a/n). (15)
n=0

(AZE[SZ] —b(b-1)=2(b - AE[S]))*

4. BUBREMT

41. 70Ov U ERBEEOS T

XHR[8] &0, Tay ZERFFED N Gx) IZA FDNRT A =R EFFORBOMATEMTESZ 0
WEINTWD.

G(x)=1-e*, 7277L  pu=0.0018378995.
Ik ES] & E[S?] 13,
2

1
E[S]=~ =544.0993884,  E[S*]=
u H

= 592088.2889,

— 69 —



ERDEND. F2,Gx) DT T TR - AT 4 I)VF = AT,
M

s+u
et . Zhs &R (15 2HVWTEEERZ 1T 7-.

42. BIFEYIal—2a v

G*(s) =

Comparing Numerical Analysis with Simulation

§ 16000 T T T T T T II . T

= analysis —— |
@ 14000 - simulation —>— T
= 12000 |

[

S 10000 | i
o

E 8000 - J

§ 6000 | /]
5 4000 |- 464655_
E 0 T - T - T - /;\ - T | | |

= 0.8

lambda

1: @iy Ial—> 3 rolbig

FRMTAE RO Z Y2 MEET 5720, A—DR/BLITHMET NN T EEY TRV I alb—Ya Yy
o7 K LIEHTRERE Y I ab—Ya VR Z IR L ZKTH 5. ZOXOMEZRER A %,
MEENTSEY N 7 v o7 v a VKBS E[T] 2R L TWA. 22 TR 7Ry 78941 X% b= 1000 T
ELUTHIEEEZIT> TS M1 &0, kR Iab—va VEERP L TH O, BT %Z
MMEAMERT A ENTE

FEE1L XD, ADUNIWVEBTIE N S VY2 Y 3 VRGN 1088 B T—EDfEEZRLTWS Z
EMBRING. T Oy J AR 1y =544 B E D, BIERAVZOMEETIE N T VYD
VaviXEBROTHY I TR ZDES 1 2O TE Y ZIZHDIAENT VAR HERI NS,
TS AN b/ iTED K AT ARKHPELS 2RI 52 L BRI NS.

4.3. fENT & ERBED LR

fiffr & EHME & OIRZ4TS. Xk [8] 12k DL, b vH T v a v DY 1 A 571.34 X1 R T
HBEZEDNS, ATV I A RXEb=1750 L AEH 22N TEE. K1 1FZ070y 7894 X
DETET—RIVESNIEHRER A DEZILICHBE U N T W7 Y a v kgRIReE & 521
EEHBELEZHDTHE. ZTOERLD

& 1: it & SERE & O R
NIV a Yy BAER K it A
B L 0.9709120529 | 1127.238651 | 1112.035745

FHMEAS 1127 IR U TR T 1112 B EEWEZ R L TWA. BRSO /2% 15 BIZ &/
EWHER L 7o TWAB D, SEYHIZ 1000 DA — X — o> THE D, RZ Y EEDRERIESNT
WaheEZLNS.

44, EF—YEHAWVEYIaAL—Y 3V ERITOLE
XHER[6] 2B NT Uy aryORTHEME Ty 2 DEKRKREOTF -2 2HWTYIalb—Ya
VAR, TSR T S, £9 2013 10 H2 5 2015 £9 HEFTO 2 FEfOF— Rk L T,

— 70 —



X (15) TEEE A =0.9709120 & U THMEFEBRZTo7-FER LY I 2L —v a VORREZK 2 1R
3. FRRIZ, 2013 4E 10 HH 5 2014 29 HD 1 B & 2014 £ 10 A2 5 20159 HEX TO 1 I
FUT, ZNEFNEEHERA=0.733693,1.208131 T2 To7zfER e Ialb—Ya ViR Z2X 3,4
2R

2013/10-2015/09
5000 T T T

T T T
RealDataSimulation —+—
Analysis

4000

3000

2000

I N T R
1000 vvvvvvvvvvvvvvvvvv —]

0 | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000

Blocksize (byte)

Transaction Confirmation Time (sec)

2: 2013/10-2015/09 (Z B 1F B ARKNIC T 5 70y 73 A XD g2

2013/10-2014/09
5000 . . .

T T T
RealDataSimulation —+—
Analysis

4000

3000

2000

1000

0 | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000

Blocksize (byte)

Transaction Confirmation Time (sec)

3: 2013/10-2014/09 \Z & 1J 3 &GRS T5 7 ay 73 1 DL

IHZ DN VY7 avDREREXSIZRT. ZHED 1THIZBRETSE NI o> aro
BT EHIZRELSEFHLTVWDB Z D39 H 5. 2013 4 10 55 2014 F 9 HOM TIXRIERD
o DENDRWED BTy Ial—rarvTh—HLTWS. LALEAS 20144 10 H) S
20159 HOMITIZFIERDIES DENRKE WD, RN Y I 2L —Y a3 VO TEREIAE
UTW5. FARROHHET20134E 10 HH S 20159 HEFTO2EMIZFLTYIalb—YarvEifo
7-BEEHM Uo7,

45, "NSUH I a3 VERRREICHTEZ IOy 791 XDORE
AETIE, 7Ty 23 A XN S oY a VKRG A A HEIIOW TR 21T,

Jay 7% 4 X% b= 1000,2000,4000,8000 & & X 75 A5 DOFEREZX 6 ILRT. BEORAKT O Y

Y%A X IMbyte IZEHEND bT U P Y 3 v ORKEBULISHR [8] & D b=1750 TEBIZEZ 50

—71 -



2014/10-2015/09
5000 T T T

T T T
RealDataSimulation ——
Analysis

4000

3000

2000

L L
1000 “““““““““““““

0 | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000

Blocksize (byte)

Transaction Confirmation Time (sec)

4: 2014/10-2015/09 12 B 1F B AGRREIZ X5 Ty 73 1 XDz

Transactions Per Day

w

-—_—- em—m————
transactions

Average Arrival Rate for 2013/10-2014/9
Average Arrival Rate for 2014/10-2015/9 |

N
U
T

N
T

AMhn A m Mn

RGN et
AW’\A}\ ¥ MAM\/W\M’\“ NPT '(\(\"\W\W\WW

—
T

o
)
=
=
=
=
=
=
=
1

Transactions' Arrival Rate(/sec)
—
(6]
T

L L L L L L L L L L L |
2014/01 2014/05 2014/09 2015/01 2015/05 2015/09
time(day)

o

5: Arrival Rate Of Transactions Per Day

TW5. ZOMEITEVDA b =2000 DHET, 1=3.6 HETHHBLTWE. ZhiF7ay 754 XD
ERRIZEAS AT, 7ay 7Y A XEEPLTE NI U H Y a VIBEEE R KIFIZ W E LW
t%%ﬁﬂﬂibfl{\é.

AU U T Segregated Witness (Segwit) L IEIEN AR EZ T Z L DA FEI N TV S [11]. Segwit
i, %7/#0/5 VIROCBETEXRENHL, TOy I F o —VIZHIVIAEND T — &E%#}U{DZL Jz
FalT4bfbT25DTHS. Segwit IZHEL7=vx by bEFHT S L, EFEH/ILTOAE
% 75% BT & 5. Segwit & 70y 7oA ADWMMEMAGLESLZ LIZLD, Ty r s /5@
MEEKIFIZHETED I LWHIRFTES.

5. iR - SRDEE
AKX TIEEY baA VDT UHF Iy a VEARERIZOWT, EMY — A 275 bT0E T IV
M/GB/1 % I TRt 2475 72, 2 DRFH1 ﬁuﬂewm :,t BELEN Iy aviz—HAEY I

DT —IIZEBEI N, JIERETERFTO 7oy ZIZE3ED o N WVRRZEERL TWE. ZOET
V& FWT ]\7/#0/3 v D AR % XAk U, %@Eé'lﬁza‘:/ alb—Ya vz Lo
THERR L7, SIS oy a VEGRRIZN T2 70y 73 4 ARRERDEEIIOWTER

—79 -



The Effect Of Changing Batchsize For Transaction Confirmation Time

'S 14000 ‘ ‘ |

= b=1000 —+—
g 12000 & b=2000 —>—
= b=4000

S 10000 |- b=8000 )
g 8000 |- i
€ 6000 | |
S

= 4000 |- ]
S

S 2000 ]
2 SRR

E 0 | | | | | | |

a 0 2 4 6 8 10 12 14 16

lambda
6: N FH A RZXB NI UYLy a VAR OZEL

FNZEHi 2 T o7z, Tay 2834 ZOBINZ &0, NI U F Iy a VLM E.2 HHREHMAIELZ L
MTE LN, T DU NEIFRERNTH S Z EWHEAL 72, U LRAS Segwit IZ& D T v H2
vavr—XEOHRERATa Y JY A XEBINEERZLIZED, VI U Y a VL EE B
REDEHRIBIZHETE LR D 5.

SBOBEL LT, EBEOYY FaAA VDY ATATIE NS V7Y a VITERERGZ SN, 8%
EDOEWN T Yoy a FERITTH Y IS N A IMAIIZIR > TWE 720, BREEZZEL
TET VDM BBETHS. LA 78RS AV N TORAPRIAZNT WS 70, BIEIK
WIGED N7 VY7 Y a VAR O 2 T2 BRENH S [2]. £l A 701 AV MK BF]H
WA G682, 94 M2V T2y T —=J LIEENEY A 70 RS AV NEADF v 2V &2 FET
52DV EINT VWA [12]. ZOREBHET VCERNIIMINTAZ L LEHETH S.

SE X

[1] S. Nakamoto, “Bitcoin: A Peer-to-Peer Electronic Cash System,” https://bitcoin.org/bitcoin.pdf, 2008.
[2] http://www.meti.go.jp/committee/kenkyukai/sansei/fintech_kadai/pdf/003_02_00.pdf

[3] http://www3.nhk.or.jp/news/html/20161016/k10010731691000.html

[4] A. M. Antonopoulos, Mastering Bitcoin, O’Reilly, 2014.

[5] http://www.coindesk.com/1 mb-block-size-today-bitcoin/

[6] https://blockchain.info/

[7] http://www.coindesk.com/segregated-witness-bitcoin-block-size-debate/

[8] S. Kasahara, J. Kawahara, ‘“Priority Mechanism of Bitcoin and Its Effect On Transaction-Confirmation
Process,” Submitted for publication.

[9] M. L. Chaudhry and J. G. C. Templeton, “The Queing System M/ G8/1 and its Ramifications,” Euro-
pean Journal of Operational Research, vol. 6, pp. 56—60, 1981.

[10] H. Takagi, Queueing Analysis: A Foundation of Performance Evaluation Vol. 1, Vacation and Priority
Systems, Partl, North-Holland, 1991.

[11] https://github.com/bitcoin/bips/blob/master/bip-0141.mediawiki
[12] J. Poon, T. Dryja, “The Bitcoin Lightning Network: Scalable Off-Chain Instant Payments,”
https://lightning.network/lightning-network-paper.pdf, 2016.

— 73 —



BGpPUOOOOOOOOOOOODOOODDOODOODO

goood goog
goboobogobboooboobooooboo

000 Ooo0oOooooBGpOOCOOOOOOODOOCOODOOOOUOODODODODODOOOOODOBGPO
OO0000ooOo000oDoOo000ooooO UPDATEOOODOOOOODOOOOOODODOOOODOD
googoood
1. OoOoo

O0000o00000000oboo0000oo0o0o0oooo0o0oooo0o0ooooooooonon0n
oo0o0ooooO0o0o0booO0o0O0oO0ooOoO0oOoOO0OO0O0OOO0000O000O000O0C000000
00000000000 0BGP(Border Gateway Protocol) 0000000000000 O0DOOOO
oo00o0o0oooOoOo0o0ooOoBGPOOOOOOOOOOOOOOOOOOOOOOOOOBGP
0000000000000 (b0oo00o0o0)b00o00b0000o000000000o00o00o0n
O0000000000ASOOO0O0OO0O0OOO0OOO0OO0COO0O0O0O0 BGPOOOOOOOBGP
OTCpOO0O00OO00O00O0BGPOOOOOOOOOOOOOOOOOOOOOOOO0O0O0O0O0OO
ooo

e JO000OOOOO OPENOOOOO

e 1000000 KEEPALIVEODOOODO

e J00O0DODOODODOO UPDATEOODOOO
ooo0000

2. 0000

0 BGPOOOOUOOOOOOOOO(DODOOOOOL)ODO0OO0LOOODOOOOOOODOODOOODO
000000000000 00oASOOO0DODOO0ODOOO0DOOODOO0ODOUODO BGPODOODODO
OO0BGPO TCPOOOOOODOOBGPOOOOODOODODOOODOOUODDOOOOOODDOO
goooooboognd

e J0DOOOODOOOPENOODOO

e 000D OO KEEPALIVEO OO OO

e 000D OOOOO UPDATEODODOCOD
O00000000D00OO0000O00C0DO0000 UPDATEOOOOCOOOOOOOUPDATE
0000000000000 0O000000O0000DO0DO00OO00O000 (00 0withdrawn) O
0000000000000 00000UD0O00U0D (D00Announce000O00OOOOODO)
00000000000 00000000000D00OD0 UPDATEDOODOOOOODODOOOODODO
oboboboboboboboboobboooolboDobDUbDUDwithdrawn O OO OO O OO
Announce 000000000000 DO0OOO0ODOOOOOODOOOOOOO 500100 UPDATE
OO0000000O0O0O withdrawnOOODOODODODODDOOOOOOOOODODOD UPDATEOOOO
0000000000000 C0OD00000OC0O0O0000oODO0O0O0ooOOn UPDATEDO
gbbogboobobooboboobuobbobooboboooooobobobooboon
Oo000o0oooocoO00O0O0O UPDATECOOOOODOOOOOODODOOOIOOODODOOOO
gbobobobobooboooboooooo

3. OO
3.1. ODUOOOOO

0 Update 0000000000 Route Viwes Project[1] 00000000 ASO UPDATEO OO O
00 MRT format[2) 00 0000000000 RIPENCCOOO libBGPdump[3]00000 00

— 74 —



O00000O0O000 10000000000 ood UPDATEODCODOUOOODOOOOODODOOO
0100000o0o00oopooooooOooooooooooooooooogooooD ASOogooo
OO0ASOOOWITHDRAWO ANNOUNCEO O OOOODOOOO 100000000oooooo

0 1: UPDATECOOO0O0O00O0OODOOOOOQO

TIME 11/11/14 00:00:08

TYPE BGP4AMP /MESSAGE/Update
FROM 00000000000 IPO0OOO ASOO

TO 00000000000 IPO000O ASOO
ASPATH 00000 ASOO000O
WITHDRAW 00o0000000000000
ANNOUNCE 000000000000000000

0000000000 Dyn Research0 [4(00C0Dyn0)0000000O0DynO0OO0OODOOO
00000000 (internet event bulletin) 000000 20 20150 40 300000 (outage) 0 O
goon

U2 Dyn000000000O0O0

|00 | 0ooooo 0000000000000 [00000000
2015/04/30 04:08 outage 7 Paraguay
2015/04/30 05:13 outage 23 Paraguay
2015/04/30 06:36 outage 71 | the United_States
2015/04/30 06:53 || momentary_outage 23 Paraguay
2015/04/30 06:56 outage 57 | the United_States
2015/04/30 07:02 outage 183 | the United_States
2015/04/30 07:19 outage 15 Paraguay
2015/04/30 07:49 || momentary_outage 23 Paraguay
2015/04/30 07:58 outage 15 Paraguay
2015/04/30 10:22 outage 57 Hong_Kong
2015/04/30 10:57 || momentary_outage 88 Sweden
2015/04/30 10:59 || momentary_outage 72 Sweden
2015/04/30 11:01 || momentary_outage 71 Sweden
2015/04/30 11:07 outage 88 Sweden
2015/04/30 11:09 || momentary_outage 42 Sweden
2015/04/30 15:57 outage 48 Philippines
2015/04/30 17:53 outage 68 Ukraine
2015/04/30 20:32 outage 111 Iran
2015/04/30 23:53 outage 101 Bulgaria

020000000000000000(UTC)D0000O0OO0OOOOOOO (outage)DOOO
O (restoration) 0000000000000 O0OOOOOO ASODOOOOOOOOOOOOODOOO
DynO0OOD0OO0OOO0OOO0OODOOOO UPDATEODOODOOODOOOOOOOODOOOOOOOOOO
0000000000000 0D00000000000000D000D000D0000 UPDATEODO
Jdod00o0oO0odoodb0odooooOodoooo0ooooDoDOooopDoooOooOooo
000000010004d AS the United_States d O O routeviews 2 DO OO0 OO0

3.2. outagelevel OO

DynO0Ooutage 0000000000000 300000000000 0000000DO0ODOODO
gobogbooobooobooooab

— 75 —



O 3: outagelevel 0 O O

outagelevel | outage U
1 0
2 10100
3 1010 200
4 2010

3.3. ODOOOOOOO

gboobooboobogobobooobobooobobooboooobobbobooooboooDo
gbooooooooboobooooboboooboboooobobooobooboboboonDo
gboboboboboooooooooon

1. 0000o00oo0ogoooobogoo

2. 0000000000100 000DO0

3. Z=(X-y)/c 00000000 (XO0O0OO0OOOuO0O0O00oc000)
0000000000000000000020000000000000000

Ti — Tmin
Tmaxr — Tmin
goooo
3.4. OJO0OOOODOOOOO
O00d00ooboooooooooboooooooooooooooooooooooooooooao

gboobgooboboobooboobooboobob 1oboobobboobobobOooDbo
goobobgobgoo

1. 000000000000000 (interval)
Announce 0 00000000 (Announce message)
0000 Withdraw O (Withdraw length)

0000 Announce(Announce length)

0000 WithdrawO OO OOOODOOOO (WithdrawO OO OO O )(Withdraw message rate)

6. Withdraw 000000000 (Withdraw message)

D00 60000 D0OO0DOOOODODOOOODOOoutagelevellDOODODDOOOOOOOOO
0000000000000 ODOoutagelevel OO0 OOOOO0OODODOOODOOODODOOODOOODOO
00000 600000000000 D0O0UDOOODO AnnounceJO000D00OOOOOOOOODO 10
0000d00DOdooo20000000000 UPDATEQOOOOODOODOOO 20150 400 10
0do0ooooooooboooonolooon

AT ol

— 76 —



outagelevell outagelevel3

800000 1600
700000 1 1400 F 1
600000 |- 1 1200 F 1
=500000 - 4 21000 - 1
3400000 - 4 3 800 1
©300000 + 1 © 600 1
200000 1 400 F 1
100000 - 1 200 + 1

L L L L L O L L L L L
%2 0 0.2 0.4 0.6 0.8 1 1.2 0.2 0 0.2 0.4 0.6 0.8 1 1.2
outagelevel2 outagelevel4
10000 : ‘ 500 : :
9000 |- 1 450 + 1
8000 - 1 400 F 1
7000 1 350 + 1
£ 6000 - 1 E300¢r 1
3 5000 - 4 32250+ 1
3 4000 F 1 8200t 1
3000 1 150 1
2000 1 100 1
1000 | 1 sr ]
%2 0 0.2 0.4 0.6 0.8 1 1.2 0.2 0 0.2 0.4 0.6 0.8 1 1.2

0 1: 20150 400000 Announce 00 0O outagelevel 1 00 00O

0.009 T T T T - T
‘p5median_0.001.txt' —+—
‘p5average_0.001.txt" ---x---

0.008 | A
0.007 - .
0.006 |- T .

0.005

Announce length

0.004 |~ i

0.003 . : 4

0.002 1 1 1 1 1
1 15 2 25 3 35 4

outagelevel

0 2:20150 400000 Announce 000000000

00 2000outagelevel 000000000 Announce 0 0000000000 O0DOOOOO0ODO
goooobobobooobbobuobooobboboobooboboobUobobo40bobDO
1. Announce 000000000 (Announce message)

2. 0000 Withdraw O (Withdraw length)
3. 0000 Announce(Announce length)
4. Withdraw 000000000 (Withdraw message)

— 77 —



Withdraw message

0.8
0.6
0.4
0.2

3.5. UUOOOOoOooOOooOoOg
gboooboobobooobooboo20dbogbobogooobobobdogooogoobooonoo
0400000000

0 4. 0000000000
oooo d<=1
oood 1 1<d=2
oodd 2| 2<d<=3
oogd 3| 3<d<=4

4. OJOOOOOOO
0300000000030400000000000000O 20150 40 300 Orouteviews 20 00O
goooooooonon
e Announce 1 00000000 (Announce message)
e 0000 Announce(Announce length)
e Withdraw OO OO0 OOOO (Withdraw message)
oo3000 3000000 2015040 30000000b00booo400no0oaon

levell
level2
level3

+
X
*

— + 4+
x X X
+
+ . X
L +
+ * o4+ X
+ + + + X X
o + o+ X +
ot +#++ s X o
Bk + X x
++f¥<ﬁfm+ >>%<<;§><
+£F++ -+

06

0x Announce length

Announce message

0 3: 20150 40 3000 Announce message,Announce length, Withdraw message 0 00000 O
oooooon

5. 00O
oboogooooooob byn00OO0O0OOO0O0O0O0OO0D0OOOOD 40 2015040 3000000
000000000000 Announe0000C0O0OOOO0OO

— 78 —



Announce length

|_\

T
X
X
1

X+

©c o o o O
o N o ©
T

o o
w b
T
KX+ X DEOROIOIK MOOK X K

© o
[l N
T

G

000:0002:0004:0006:0008:00 10:0012:0014:0016:0018:0020:0022:0000:00
time
0 4: 2015040 3000000 AnnounceJ OO QOQOQOO

0020000 20150403000 Dyn00000O00OO0 40000000 the United_StatesO
OO00000 06:36006:560 07:020 0000000000020 300000000000000O
0000000000 United-StatesD OO0 DOOO0O0O0O0O0O0O0OO0ODOOO0ODOOOOOOODyn
goooooogbg2o000000000000O0OO0O0OO0OOO00OO

6. OO0

OO0000100 ASOOCOOO000O0OoO ASO0ODOOOoCoOoO0OooooooOoOoooooDoooo
ODASOOCOOOO000000O0ODOOCOCOOO0O0000OooooOOOOOoO0OoooooDoOOObo
gobobooboooobooooboboobooboooobooboboobobobooobooboobn
gobobooboboobooboboobobooboboobobobobooobobnoobo
gbooobooooboobooonoobo

7. OO

00000000000 00D00D00000000000 0000000000000 00o0oo
BGPView OO O OOOOOOO GRI(Graceful Resilient network Investigation project) O Update
0000000000000 0000000 Route Views Project 000000000 OOOODOO
ooo

goog

[1] University of Oregon Route Views Projectd http://www.routeviews.org/
[2] RFC63960 https://tools.ietf.org/html/rfc6396
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goooooooooOoOOOOOOOOOOOODOOO.OASOOASOOODOODDOOD,BGP
000000000000 00000ASOO0O0O0O0OD 2000 (l6000)000ODODOOOOoO
0065530 000000000000. 0000ASOO000DOODODOOOOOODOOOD?2007
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2.2, BGpPOOODOOOO

OBGPOOOUOOOOODOOODOOOOOODOODOOOOOUODOUODOO.ODOOODO
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0000000 BGPViewODOOOOOODOOOOD,00D000O0OO00ODODOOODOOODO
0. 00000000 ASO00D0000000000O000000 (Prefix,Next Hop,MED O, O
O00,ASpath00)000000000OO30000000000O.
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00 10 2014/7/150 byn 00000000000 OOOO.

63 networks out in Vietnam &
By Dyn Events on July 15, 2014 2:00 PM

63 networks experienced an outage in Vietnam starting at 12:31 UTC on July 15. This represents 2% of the
routed networks in the country.

Saigon Postel (AS7602) was the most affected organization (AS).

This event continues a sequence of recent events in Vietnam affecting many of the same networks. At publication,
we have seen:

12:22 UTC on July 15 - a restoration of 95 networks
11:40 UTC on July 15 - an outage of 93 networks

Summary statistics on the event are as follows:

date/time 2014-Jul-15 12:31:30 UTC

primary geography Vietnam Ed

primary organization Saigon Postel (AS7602)

severity 2% of the routed networks in the country

0 1: 201407150000 DynOD0OD0OODO
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T—XDOHTREDBMEZBZ 5T — XDED A TH D, —MRBES i % W72/ E 7LV % GEV
(Generalized Extreme Value) €7 )V &P, —f/SL — b 32 W2 ET V% GP (Generalized
Pareto) ET V& KX, GEV ETLV TR T —ZEPREV RV EZIZEGP ETARLSCHVSONS.
Iz H, WHEDEFMZ MW EXEE701Z, Efir (> 1) 0T —2%2HW2 rGEV €T IVHBEET
5.8, ZZTETMIVWT NS BT — X OMNMEZIE L TWBH, BIHIRIZEL > TIXZ DR
EVHEYTRVBEEEEZEZAOND. TD XD T — XX U T, MSiVED S0 2 8B U 72 I8 H i
EEFADVHNONS.

UTFOHITIE, GEVET VB LGP ETNIZDOWTHIRT 5.
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2.1. GEV £5/L
2.1.1. —RABEST
GEV ETIWVIZHWO NS —BIBES A %2 EANT 5. £9, FBUET — X (HEXEH) OF{X, eR =
(—o0,00);n =1,2,...} DI DO — 256 FIZHES L35, X512, HEREB M, (n=1,2,...)
ZLLRDESITEHRT 5.

M, =max{X;;i=1,2,...,n}. (1)
IDLE nZ2TUYIYARX M, 270y VERAET—RE IR, T0y ZEKET—X M, D5
AIZEAL T, UTFTOMRERPHoNTNS.

£ 1 (Fisher-Tippett DER) H5E# c, >0, d, € R &, IERILRDM G BFIEL T,

n—00 Cn,

M, —
lim Pr< n — dn §z> =G(2), z € R,

B SIE, 0AGIRIRDESITRETE S,
G(z)=e 7 2 G (2),  zeR

U, 14 >0TH5S. 2D E, 0 F I3—MRIBED /M ORS I E T 5 £\, F € D(Ge)
LHKT 5.

LOEEMNS, Tuy YA An BHaREVE &,

Pr(M, < z) ~ G¢ (Z_d”>, z € R, (2)

Cn

&b, 22T, NQ2)DHELIZEHNEE M cp, dy, ZENTE N0, u LIEESHZ TH
% — ARG 3 45 L IE DY, GEV (u, 0,&) &R

Or
S
N
D
~
©
|
=
~
2

1
GEV(M,J,g):exp{— <1+§Z;M> E}, z e R. (3)
2.1.2. JOv Y4 XDOREFE
—RBAE A Ge 2 HE T DBRICHE L 2501, X (1) TBF 270y 791 A nDRETHD. —
ARG 1, 7ay 2914 XA n Z2ERKICEL>THRIELZEED Ty VRKIET—X M, D
BHE DA THS. Uz oT, 7Ry 7L AnldTELREITREVEREZLVWEEIONS. —
AT, 70y 794 Ana2 RES LT ED L, —BIBMEIAG Ge DNT A=K (u,0,8) DHEIZFIHT
ELT—REDDILIRD, NI A—ROWEREME T TS, 2D kL — A 7% Bias-Variance O
VLU ERENS.

Bias-Variance DY L V' <IZ &k D, 70y 7Y A Xn 2RD 5 DIXEZ TIER WD, KIFETIE, X
RNCEBI NI RE Lin) ZRKIZTD L5070y 94 Xn 2HHT 5.

L(n) = > log g (a1, ()
=1

R, mET 0y 2 BKIET — 28, gep T Ty 21 R n & UCHEE S N2 —IBHEA A Ge

DiERELBEBTHL. 22T,
0
Gen(2) = 5-Gen(2).

ThHhdILIZEET 5.
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ST, MR YA BOLIE Lin) 25K LT 2EIRICOVWTHRRS. Jay 2914 Xk n Lz ED
B % G{ & L/, Z OB % g¢ LT 5. WEI N0 G&n H Gf ENEI W ERERT
RE & LT, BAND Kullback-Leibler f&#t& (AN K-L E#HE) 1 5.

(

1(g¢(2); 9em(2)) = Eq, [1 gs(ZZ))]
= Eg, [log g¢(2)] -

Ec, [log gen(Z)]. (5)

27U, Eg || WA Ge (BT 2 W45 2 K5, R (5) OB IHIZ

Ec, [log gen(Z)] = / log ge.n(2)ACe(2), (6)

EELIENTE, EENBAE L FIENS.

R (5) !5, 504 G Y Ge 1EVELE, 1(gn(2); gen(2)) DIEIZNES KB Z 30 h 5. KX (5) D
*ﬁﬁﬁﬁﬁ%%#%‘w—ﬁ®$ﬁﬁ&tﬁ®m#k%mia,E@ﬁﬁkﬁmtmx% LA
U, D3 Ge ERHTH D05, ﬁ()f%i%ﬂéIﬁﬁﬁtﬁ%%hibé iETER.
ZD7D, PP REERET Z2HENH D, TOHRRMEEREL LT, X (4) TRI WY
ﬁﬁtﬁ#%é.bt#cflx)%Eﬁk?é7m/7ﬁ41n%§mTétboy %, HEEE
NB53M Gey M, K-LIEREEZREL U2 &, O G ILRDIELS BRI EIEM UL DZL
E25.
2.2. GP ET/)
AN TIEGP EFTNMIZOWTHRARS. GEVETA TR 7Oy ZHRAET —X2HWED, T— 28
RHATRVWEGELEZ V. 2D X5 256, #HEEDFEMEITEDNTLES. 22T, GP ETILTIE
9, Y ICEEEED, TORBMEEZBA 2T -2 OARERATS. IZ, BESNZT— X DME1 S
Bz 5= 02 EE T — X LY, 2z AW TRERDEOHE Z175.

UFRTIE, GPETIVIZHWO NS~/ — M HEIZDWTIRR S,
2.2.1. —f&/N\L— k2%
H 21180 GEV ETIVOHAL FRIZ, T—R DI {Xin =1,2,...} PSR DE—IZ 04 FIZ
WHETBH, ZoLE MMl BT ARMERERT — X005 (UF, MRS HE X)) % F, &7
%,

F.(y)=Pr(X —u<y| X >u), y >0, (7)
LD ZDNAE Fy i2OWT, MFOEMAH ST WD

EIE 2 ([4, EHE 2.4.1]) PLFD (i), (i) FEMTH 5.
(1) /46 F 13— BiE 06 O RS FERIZ BT 5. T74bb, F e D(Ge) Th5.
(i) ®5F% a:R — (0,00) BMFIEL T, IRAAL D 2D,

im  sup  [Fu(y) — He(y/a(u))| = 0.
nZF O<y<zp—u

772U, zp =sup{z € R: F(z) <1} TH D, He(x) FEEE—H AL — b e idh, LFOAT
FzInsg.
He(x) =1 (1 +&n); "~
272U, (2)+ = max{z,0} TH 5.
LOEHEMNS, 534G F BR— B0 Ge DRSIEHBIZEL TWa 2 61E, +0KE 2BIE o 1B
T LRRMEREE T — X300 He(y/a(u) IZHES EFEZXO6NE. 22T, Bfla(u) & o ITESHATHE
LN 5346 He(y/o) &% — /S — M3 LI Y, GP(0,&) &£ 7.

GP(0,) = Hely/o) =1 - (1+¢2) . ®)
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2.2.2. —&/NL—bMDHICHITZEEDRE

GEV ETMZEBITE 71y 7% A4 XOERE AR, GP E T IIZE W TIXEIE u D% E D EE 2R

FEE 5. AR T, AR TERM U ZBIEOREICOWTHIBISRR S, FMIEEEs 4 221

Nz,

{yp — uyi, o, BRREEHCTHE I NG S L — N GP(0,6) DT A=K EZNEN G
LEXT B Mu ke L BAIET, (u,6%) & (u,&) 27O Y b TR, REL, 6 =6 — u lREE

REOHEMTHS. ZO_DDMT, HhAELVATHEM* L EVLBIT—ETHDB L RAES
LE,ENSDRNOEEBIMEERD .
IHULTROSNEHENG He & T — XA L TVWE N, R Tay b B XOHRATa Y
NBHWTHE» D 5N5. ERT oy M

N 1 )
{<Hf(y(z))>nu+1> 1= ].,...,nu}a

THEAON, EL Ty ME

A 7 '
(G-

(i) o (k1=

& \n,+1 _f Ny + 1 ’
THhd. 20220070y MHIHARPORESAND LS BGEITIE, GPETILVEZYTIIDEDIE
WY TR WM 5.

ThHEZOoNSG. 2L,

3. MBEMEHICK 2ETEFELIBEDRE

AEITIE, £, BEMEZ2SHL T, METREMICBIT 5T Vv X L% AR — NIERIEDHE
IEfEfE A RS 5. BARIIZIE, RFrBOEED 7 — X 2 S, —fMifED 46 H 5\ M E—f L — oA &
HeE U, ARG R IC B 1T 2MOUEROMHEZ G RE LB LTERT L. T0®%, EHEL
7= A IR AFUE R &2 TSP O BUEEIEA 35 Z L 2E L, T O BARNARFIES X VER A
BN S.

3.1. B{IFEHARNEE

ANETI, AT RELICB 1) 2 EE IR Y U C ARG ER 2 CHET L. 28, AR T
FEHWBEBORAMEEBEIZ O WTIRAR S, 2k, MUEFE CIRERET — 2 OB HF NPT VW2
Th5. /MEFEIZBEWTE, HERUIZ -1 235 Z & THRAMECHE AP 5N E 72D, —
et Ix bz,

ST, IRETHHEFEIEEEOMEILOVWTHRRS, £, 7 VX LEAR— MNafiERFIZ L V15
5Nz HINBIEB O RrBolE T — 212 UC, GEVET LB LGP €TV ZEMH U, —BAG{E A
BLUO AL — M DHEZZNTNHET . S50, HEEI N BBEI L L&/ — b
AR T, GHRAE R YE & 7 B ARG R O Rl O 5 3R 97700 b AL IR AR s R
ZRDD. LT CTIRBABREMET — XN LT GEV ET NV EZEM L ZEEIZDOWTOMA, BHHEEE
FEEDBRTVWED, GPET NV EAWVIHEAETHRKICGERTE 5.

TYRLEAR— NEFERFEIZE > T, n (n=1,2,...) BEHIZE S Wiz o el o B B EE
ZY, U, {Yn=12,.. PEHSE2DE—IZHMT 2 LIRET D, £72, {V,} 2 EArEGHEET —
REWF, ZNS5DT—RE2ESNEZIHIZ NSO >Eedzb0%2 70y 2, ZUTCN 270y
AR LR 51T,k (k=1,2,...) BHO T B Y 7 {Y_1)ni1, Yo 1)Nt2s - - - Ve } DECKEZ
Zpy U, Iz 70y JRKEE LN KELD, {Zk=1,2,... VIZMSL 2 DE—ZHHEL, 2D
HEONGE G 2T 5.

— 87 —



W, WO TRy ZRAMEPESNTVWSE LT, TNSDHTRADEEZ 2 235, 7z
1 70y 750RTIZr 2 EREOEEE2 T 635, 22T, TERERDEDIZEET S.

Tp
[T z—2 dG(2)
R E e
1 {1 - G(2)}d=
El 1-G(2) ' (10)

EHZDPS, TITEMFERZIT-> 255 I EEHEE 2 DEI NS FTOVERETHS. £72, RIX
178y 7 50EMERIZE > TEHERBEVIEHRFINSE L VI EREDO N TOMFHFRERTHS. L
72DoTC, T & REZNTNFEIEFIAM & MM E Ty 7 BIHfFRER L L8 5012, kK
TRERIND r %, VIEBEEOPARFFAGFRER L L.

. R _ f;o{l — Ge(z)}dz
T |Z|T ’

R FOEAE 2 1ZFHE 2Rk L T EFRICB W TIERA TH B D T, BRI ARGE R » 1XIERE N
7B, XoT, r B/ E L Ro MR THEBEZFEIET N, BERBEENEH I NS FIAAD L
WHEBK R B R 2 M T E 5.

PLED#FEMRTIE GEVET L EHWT WSS, GP ETF A2V SEEITIE, FFrEEET — & {Y,}
LY R w 2 FHNT, S L— N H, DT A= REREHEETIUZ IV, 72720, Ge DY 1
Tay 28 B AKDRFEEMED 0 R R T O U, H, \$RATREE?BEE v 28R 728 &,
ZOMBBEBYDIETHZ Z L ITFERBBETHS. Lz-T, R (11) S BRI SGER %2 KD
BERITIE, Ge(2) & Hy(z —u) CEEHRZ S, 72, nHMORFREMET — 2D 5 n, [HHEMHE % &
ZlzedhE B2 BT 57— XX EH L Tn/n, BIZ—EBHNE L EZS5NEDT, Ty ld1 D
DS EEE T — X %15 5 LY R RN n/n, 2T U72EE T 5.

3.2. TSP ~DEH

ARG TIE, AR SGERDS, 5V X L% AR — N EREOFHEE LAY U T2 Y nE
DPREET 5728, TSP Z BN THAEERZ1TS . UF T, BUEEBRZ T BROFERESZ T 2
WA BUEEERAERIZ O WTIE, OEBRFICERERZTRNT 5.

AIFZEDBUEHI T, 2-opt ZFEEL 2T VX LEL AR — NEfiRREEZ AW, AT A VE Y
X VA AR EAWTCEIRT 5. WEHEE%2 TSP IZIGHT212H 720, KEEORIEHIC —1 2F L
=HD%HWERE U, LM HEARZ 5. 72, BAREET — X {Yiun=1,2,...} 26—
ACKBAE DA GEV (1, 0,&) DIXNT A=K o, &, £721F MV — b 5370 GP(0,£) D/NT A —R g€
EHET ABITIE (Y, AL TH B Z L MR E 2D, £ T, Swed 5 [3] AHRE L 2 FHEE W,
{Y,} PWHSITH B L ART I DZUMEMER L2, 0d, NI A —RDOHEITITHRAEEZHNS.

(11)

S Xk
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BE#9T Lumpable &% )L 7E#EHD LR OME

RERER AR AR BAEREEIEHE 7u 774 Alll B
FEREREREDE BT Ao ARk Py

Abstract KX CTlE, K ZREZEM LRSI~ L a2 7 #BIc B WT, WAL ZREZRRZHNT2 7L
YALIZOWTEZ, X DBRE»OMNZ ERE 52 52 a 7 2R T 2 B oW TIRET %, Sk [1]
TlE, HREEEo LR ERO 251k E LT, v a 7EBHICERNZEFERZ ED T, I 5ICHARL REZEM
DI A REWHLELZ 7NV D) ZLPMEEINTHE, @A77V X LiE, o< a 7 EEREENchH i, b
Re52 5N a7 BB LHNICES X ICKESINTWE, L2LEYRS, Zo7)ud ) XLABEAT 5K
P2 MEEd 2 FETIE, BT LLBEL FRZ252 2 LI3ES K, KHXTCIICoELZIERL, 20oFRA2E
LLTWL EEHIT, BUIREZRRET S, FH{TFleET Lk o~ a7 I L CBESERZ L, KTt
BI2WREEZR L O DX D EE L EREG 272D DTFIRICTOWTHILEL T <,

1. [FLU®IC
=AY AT LOWREBNITT2HNT, 2 a7 @I X 25670 T Ao S, BlENZETIL
EDZDI T A= 2l BRET 5 & ~va 7 MBORBEBPHRL, SHREIC»PEDDaR P 2EPTZ
LItk TLEY. w a7 OERTAADS S AT L ORI IE 2 35T 223, FEBE I3 BEES 70 315
R L b 20872 <, WHEFHMMGEED ERTHFocBHREHRE 2D S, EEiEED ER%ER
HBHELE LT, 2 a7 #BICNETFRERE E O CHEMiT 2 5iENH 5. STk [1] To LRk GIE, wLva7
HHEOMERN ZFRERICED O 7L TY ZANEFETH L. o703 XL Vincent D703 X4
2] ZHRERSEDDTHY, 7LV RLIANELTHER D2V a 7PN T 2461, e L
THohze a7 @b PN TH 2 2 EOMREESI NS, X oT, Bonik~ila 78O B2 BEET % 46
ED W DIEFICHERATH 5.

Vincent O 7))L 3 R L ZGRER L 7 7V 3 X L DSBERIVE %2 (RGE T 2 IREEZE[IE, TCOD =)L 2 7 Mg D IRIEZE[H]
ZHEWKT 5, STk [1] TE 2 OFHEFIEICIZ T, X 5ICTHORBEER OV A XA I8 25 7L 3 ZLHPHRE
INTVE, ZOTNIYRLIITEDO N 2 7HEDBHITH D 20 dH 250027 7% 61, BERMEZRIEL 7
YA RDNS V)L a 7 HHE 52 5 RICREDIH D, KERIREEMZ SO a 7BHOLEICHITH 5.

B Z SRR T 272012, TNSD7 NI Y XA TR 28EZTI L CHERNMEZHIEL T05, Lo L%
OEMEZEITH) 2T, MREEREZLGZTLE ) WHBEND 2 2 EMETE 2\, RFSCTIESR [1] TIRES
NTVE 7N ZLDEERIEERIET 270D FIEICHE S Z2 0T, L )EBRER ERZRD 2 7200 171k% B
LTw(, 28T, X[ o7 ATY ZLICOWTHRR, 3FETIEZOHEZHEML T, ZOFEDMR
Jik%E 4 OB, 5 ETIEFERDOETFTNEM) 2 LT, BUEFIEZTV, KRSCTRET 2713 RAD0HAH
iz o> TBRT WL,

2. BEEALTRO7ZILIVIL

Y, KLz ED 512 H 72 o CHERERE ~ L 2 7 @8I B 1T 2 HERN R IEF AT I T o g, BT
3EE 2T 5.

2.1. YILOA7EEDLLER

DTOEHRNIC LN >T, v a7 @HOFREGREZED 5. AIRIREZRM S EoBEsiri <L a 7 HigH %
FZ25, REER S EICiE2EFPERINTWE LTS, T, FRicWisZzoerED, N ZIE0BELE LT,
S={1,2,...,N} ¥ 3.

TH 1 OB S LIz L 2HERER X LY 1couT, [EEORMME f:S - RIENLT, E[f(X)] <
E[f(Y)Th2ai51E, $2-20LZI2)Y, Y I X X DHREFOEKTAELE LY, X <,V L8

FR 1 MERERX LY oz ZznEnp: S REG: SR ETE, X X, Y THEILE, EED
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i€SIOVT Y plil < S qlj] THB I ERRAMTH S, KL, plj] =Pr{X = j}, qlj] = Pr{Y = j}
THDH, WHEEE p X, jEHOESD plj] THEMERRZ P Lp LHE—FHLTH L, XoT, X =24 Y TH
L2t p=gqeiidTr2lbdH B,

EE2 P L QEREEYS Lo~ a 7 EEOHBHERTINE 5. PO ifTH% Pli,*], Q ®ifT
H% Qi,*] £9%. fEED i€ SICDWT, Pli,*] =g Qli,*] DL T 574 51F, Q XERIFTOEKTP LD
bAREVE L, P = Q &L, (Hlznlpgr:)

L3 7R Y SRR BIC IR T S 201, #HREEED THHERIEFPREINIWEEZEAT S,
EE3 PEMRTIET S, 2TDu=gv ER5MET MLy, v IZHLT,

uP jst UP7

DALT % & &, P IIHERIEF OEWR CHHTH 5 L9,

EE 2 WRTH P BHEITH 24561, LED i< NI LT, Pli,*] <g Pli+1,%] BRALT 2 2 EHHIS
NnTns,

CNODER NI 7HEHDONFA T 2L T2720DbDTH L. INsDAEXZM <)L a 7HEHO
ERZEZTHL,

2.2. BEEALGLERERDZZILIIVXLA
SCHR (1) TIRBERIR R~ v 2 7 SO HEBMERITII O Bt 2 Ko 2 7L 3 XAt I nTw %, KEiTIEZ0
TNATY RKIZDWTHBRS, FIoic, % HICT 2720l TORBRKEEAT S,

ER 4 EHTIOEAEEZ M LT 5, REHEM S Lo~ a 7 8H03E O 2 #HERIHERITII P e MWL T,
MBS MANDBE c: M - M %,

N
co(P)li,j) =Y _ Pli,k], Vi,j€S
k=3
TEHET S,
BE% c DWBIE ¢! ZRD X HITERT 3.
EES MecMITHLT,
M[m, N], n =N,

C—l(M)[man] :{ Mm,n] — M[m,n+1], n=1,2,...,N —1.

ER 3 HERITIIDRATOMERR 7 POV LT, BIE e 13HERAY VO BB 2 K 25 & 0 5. [FkR
I, BRHAMETOREL T2 LT, ot BHERITIIZ L2 5.

A,Be MISHLT, B— ADEEITH, TabbaTOEENIEATHLFIITHLEE, A<B EHLC
LicFiUL, PEQAMEAGIET LS, P2, QTH52LL, o(P)<clQ) TH5I LIkAMTHS. X
DEFDIFALT 5 [4].

TE 1 P L R AHEHERTIE T 2 M~ L 2 7388% {Xoin >0} & (Yain >0} £33, ROZH

1) Xo=stYo
9) P RDIBALEL &b DIIHH
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3) c(P) <c(R)
DBHRALT 3% 561E, TRTHOR>0I220WT, X, <x Y, TH 5,

ERLICKD, BT L OB LTV 2R OHERETH PIcH LT, 20 LR%E L2 BRI R IZROAE X% i
TS ENRH 5 2 LD,

c(Ry ;) = (P ;) vj €S,

c(Riy1,5) = (R ;) V c(Piy1,5) Vi,j €S.
72721, aVb=max(a,b) LT 5. TITHLNKc(R)ICERDL DMK ! 2HT2 2 LT, METHO
PTxtd 2HERN 7 ER R 28G5 2803 CE 5, mUBEL ERAZ2E27-0121%, (1) NTHEALNLD 320
R ZRDITE N, T4 Vincent D7)V TY) AL E L THIGNTWS [2], UL, Vincent D7V TY ALT
Z P56 RZFHRLERIC P TRIETH > ATHIDHEEN R TIE 0S4 >TL F ) AlREMED H 5 L MMERT S
NTw3, D7, Vincent D7)V T AL P LT, 49 LOBEIZAZ R Z2HIT 2 L3RS v
CLiThD, 2D (1] TEREERIEE L WY ETIER L, MERTH P OBz A, I 50
5 R OB EZ R T2 7 LY AL ZREL TS, 207 3Y XAs% IMSUB & L, Algorithm 1
IR,

(1)

Algorithm 1 IMSUB

1: for/=1,2,...,ndo

2 T1,0 = P1,1

3: end for
4: fori=2,3,...,ndo
5. Tin =Ti—1n VDin
6
7
8
9

: end for
:forl=n—-1n-2,...,1do
fori=2,3,...,ndo

c(rig) = c(ri—11) vV e(piy)

10: if (c(rig) = c(rigs1)) and (e(rig41) < 1) and ((¢(piy) > c¢(piji+1) or (i =1+ 1)) then
11: C(T“) =€ X (1 — C(W,H—l)) + C(Ti7l+1)
12: end if

13:  end for
14: end for

7L 2Y R4 IMSUB TR (1) 122 T 10 FFHICEHERZEMU T2, - O5EaNMiE SN 3 8a, Bk
ZRIET 2720, 11THICR LX) IEREDOIER ¢ ZEAL TEIET 2. 73 X4 IMSUB TIEROWE
DIKALT 5 T EDIHR [1] TRINTW 5,

mRE 1 (OZR [1] D Theorem 2) P zBEZlERIT4E§ 5. P[1,1] > 0T, 174 P O T =fA{r5o&iTIcd
BAEDL1IODIEDEEVE TN T E451E, FLZORIRE) 7L3) XL IMSUB 12 & - CRHE S NLAT
G R ZERITH 5.

2.3. Lumpable B ERZXRHZ7IL TV XL

ZOfiTTIE T LY XA IMSUB 9 % R % 5. 2 2HE3RAT512% Lumpable &SN A2 HEZ b E T 2856
oW Tn g, DUNTIE, #7512 Lumpable Th % & W) WHEERT 5.

FEO6 S=SUSU- - USk»OSNS; =0i#£jET5 ZDLE, Agx={5,S,,...,8k} % S D4#l
LIER, X512, S; B/ nIRRE G LIRS,

> Plm,k] =Y Pk, YmneS;

kES; kesS;
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MRS B EE, Pidsa#Hl Ax 122w T Lumpable TH 5 &9,

WERITH D, D& 7T TR L 7% Lumbable ZHEHRITHIT, MERNL ERZ252 2701 3) X A% Algorithm 2
WRY, 207 2Y AL% LIMSUB EERC EICT 5 (1.

Algorithm 2 LIMSUB
1: fork=K,K—-1,...,1do

2. forl=e(k),...,b(k) do

3 fori=1,2,...,ndo

4 c(rig) = c(ri-1,1) V c(pi)

5 if (c(ri1) = e(rii41)) and (e(rii41) < 1) and ((e(pig) > c(pigg1) or (¢ =1+ 1)) then
6: c(rig) =ex (L —c(riig1)) + c(rigsr)

7 end if

8 end for

9 fory=1,2,...,K do

10: tmp = Z;fb)(k) Te(y).j

11: for i =b(y),...,e(y) —1 do

12: (Tip(r)y) = tmp — E;fb)(k)H Tig+ c(ripge)+1)
13: end for

14: end for

15:  end for

16: end for

72721, b(k) =min{s | s € S} TH D, e(k) =max{s|s€ S} TH5. 7)1 2Y AL LIMSUB TIZXDIEEH
JRALY % Z E3CHR [1] TRENTW 5,

iEE 2 (LK [1] @ Theorem 3) P 2B ARMERTIIE L, 78l Ax % Ax = {51,52,...,Sk} £ T 5.
P[1,1] A0 TH Y, #2EH S ICIEd 2 70y 271550 Py O T =2ATT0&TICA % LD 1 DDIEDHESE
DEEN, HORTOREIICHLT, ieS, &jes, y<a thd k) RRE j ~DERBHET 244,
73V AL LIMSUB 13938 A (2B U 72 Lumpable 7 BERRERI T O LR Z 5T 5.

Bl 1 LU0 250f51iE P ASEOMERTH, RAS7 LY R4 LIMSUB % L 755565 & 1L 2 feR 751 ¢
b3, BEL, YEE A ={{1,2),{3,4,5}} LT 5.

0.1 04]01 0.2 0.2 0.1 02]03 02 0.2
0.1 0.2 ‘ 0.1 04 0.2 0.1 0.2 ‘ 0.1 04 0.2
pP=| 01 0201 04 02 |, R=1] 01 0 |03 04 0.2
0.1 0101 0.2 0.5 01 0 |02 02 0.5
0 0102 02 0.5 0 0102 02 0.5

1790 RI357E) Ay = {{1,2},{3,4,5}} ICX L TiEF 7 279D T Lumpable TH 5. 512, RIZHHITH
D, WRIFOB®K TP DLEREE 252 L¥bhb,

3. ZILIdYVXLIMSUB & LIMSUB QOBE#ER L FDEE

AFETIZ7NLITY XL IMSUB & LIMSUB 2 &3 T 282 E&RL, ZO7 3 XL OFEIZD W THE
5,

3.1. ZILIAVXLOBEHER

IT, 2HOTVIYALZELT 5720, 2O0OBBEZERT . I 2 TRIERITH P Ioxf L CREEMERST
MQ%Q=c(P)t¥2. £, D#M Ax % Ag ={51,Ss,...,Sx} LT 5.
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EE 8 Bfuls, %,
1. meS;,i=1,....,K, n=0bxz) DHEE

ls, (Q)[m,n] = max{Q[k,b(x)] | k € S;},
2. ZofhoGs
s, (Q)[m,n] = Q[m,n.

EE9 Bfus, %
(I)p=KDLE,

vs,(Q)i, j] = vs,(Q)[i — 1,5] VQi,j], i=1,....,n, j=e(K),...,b(K),

(Mp=K-1,...,1 DL ¥,
1. &1 o854

vs, (Q)[i, j] = €(1 = (Ls,, 0 vs, 1, )(Q)[ise(p) +1]) + (Us,,, 0 vs,., )(@)[ise(p) +1],  i=1,....n,
2. KM 2 DB
vs, (Q)[i,j] = e(1 —vs, (Q)[i,j + 1]) + vs, (@i, +1],  i=1,...,n, j=e(p)—1...,b(p),
3. Zofmo%s
vs, (@), j] = vs, Q)i — 1,5l VQ[i,j], i=1,....,n, j=e(p),...,b(p),
TEDS, 2EL, vs,(S)0,5]=0THY, € MEHROERKE TS, M1 L5212

G 12 (s, (Qi — 1,e(p)] V QL e(p)]} < (6, 08y, ) (@)l e(p) + 1] < 1) and
((Pliye(p)) >0)or (i=54+1)), i=1,...,n,

0122 (05,Q =1,V Q) < 6, @l 1] <1) s (PG} > 0) o =+ D)

i=1,....,n, j=e(p) —1,...,b(p),

ThH5.
3.2. 7ZILIJYXLLIMSUB DR
ITE A i 2 DM E T TR B HERITH P IS L, QfF ={s, ovs, 0+ 0ls, ovs, (Q) 1Tk > TR
WERITI Qp 23kD 2. ZDEE, Qp ITHIET BHERITH Pr = = 1(Qf) #5, 7N TV AL LIMSUB 23 /1§
2 HERNAFF DR T ES 2 5.2 5 Lumpable 2 BERIMERITIITH 2. Blfivs, TORM 1 E&ME 287 0a Y X
L LIMSUB @ 5 fTHIZEIPN TV BEMETH D, 713V XL IMSUB @D 10 fTHOSEH LRI THS, D7
NI ALE, ERREET 2 720 Dfilfys (1) Z2#ERF L, 5> Lumpability Z24R3EY 2 7208 Ax TEX %
&7y 7O ELL %5 X ) ICiEL oD, PIMEZREET 272012,

MR 1. LA IEOMERZH T2 8RIBIEFLT S

Beff 2. TlORINAEEZIEE LTS
TistD b LICEEF SN Tw S, BE L EHE2 2 BT 27010, ZOTNLVTY AL TEGEMFANTEEDIES €
ZEHALTWS, LeLAass, SR (1] TEEENZL e DEIZOWLTIMLERLTWwAL, RERez2b5 2T
LEHE, EOREHEAVPHTLFVWEHYITAWI E23H L, DTORlZ R TAHRS,
B2 PzRXOWMERTINET 5.
0.1 03]0.1 01]0.2 0.2
0.1 0.2]00 02]0.2 0.3
0.2 0.5(0.1 0101 0.0
0.1 0001 02]04 0.2

0.0 01]01 04|01 03
0.1 00]01 01]02 0.5
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L, ElE Ay = {{1,2},{3,4},{5,6}} £ T 5. Lij & Loy 2T e DI e =02 L e=06TH5
LEiL, 73 XL LIMSUB 23719 2 HERITII 2K L 751 & §5. CDEE Lip & Loy BELTD &S

%%,
0.3 0.2 0.5 0.08 0.42 0.5
Liy=(01 03 0.6) , Lop=10.08 032 06].
0.1 0.2 0.7 0.08 0.22 0.7
CHERDE Ly <y Loy PHERTEZ. UTFTRED LI & e OZERTRENIZOOTEET 5.

4. e DERICDOWT
4.1. BELGLEAPHASNIZIEREA
EEDOER e 12k ->T, BoN2HERTHO LAIMIEICHZFERIL22H 5.
JEH 1. 7r 3 X4 LIMSUB TR EGRDED vs,, ls, £7E S, GI#ERE KDt vs,_, ... EVIEFT
ROTWE, ZHUTXDILDITHIED b, S FIHOBEEPKRELLELL I ELDDHD. TDL, v, , D
He(i — 1) DFFETEM 1 il Tl R %2 %,
A2, G20z e DEPREWVIZE, FHEOARERXNICH 2 max B CIRASIN A ER L YD KREL &
% 7- OMERIEF OFEK TR E RIS N5,
B e ZHERTII ORI R RO DI NTW» B D, ZRIMTEOETH L. KICe ZREWHEIZLTLE
H &, WERERPTCTLEIARELH L. 22T, e 2 EOMEICTIUIROET D, FHK2 2@HL 20w
DEMEEIDFHLIEZ AL,
4.2. ¢DLER
Bt vs, 1B WT, e ZHT 2D 1 H2VIIEME 29025 L ETHS, 74 aY X4 LIMSUB ICHE
v, v7uREp+1 (Thbdb Sppq) FTUHINTREHDEREL, fTHIRZRXDEHIED D

R={s,, 0vs,,, 0 0lscouvs,(Q). (2)
WEL i=NORICEMF2IUTEIEZ I Lidkw,
B X7, i=NDLF g (R)N,j+ 1] Offiix

vs, (Q)N,j + 1] = max{Q[i,j + 1][1 <i < N}
I max iz & 2472 m LIES &, REMERTIITHL I LM TDOIENER 5,

Qm,j +1] < Q[m, j]

7, BBl DERICED, LUTOIENFERS.

vs, (Q)[1, 7] S vs, (Q)[2,] < ... < s, (Q)IN, ]

ZIDSHUTDIENEZLD.
USp(Q)[maj} S USP(Q)[N - 17]]

iz
vs, (Q)[N,j +1] < vs, (Q)[N —1,j].

EoT, i=N DB e 2T HEMAF 210 TIELILRRVEER S, O
UTTEi£NEjES,p# KITHLT, &2 % vs (Q)li,f] 2z LT3 ET 5. vs,(Q)[i, j] b3%H
2 &t § DT, vs, (R)[i, ] &

vs, (R)[i, j] = vs, (R)[i,j + 1] + (1 — vs, (R)[i, j + 1]). (3)
22T vg, (R)i+1,j] 2EAS AELD, KL EEH2ITUTIEES I LIIAVED,
vs, (R)[i +1,j] = vs,(R)[i,j] V R[i + 1, j].

PIF, 22005 /I0313TEZ 5.
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o 7—2A1: vs,(R)[i,j + 1] > R[i + 1, j] D56
ZDEE, vs,(R)i,j] > Rli+1,j] THZDT, vs,(R)[i+1,j] =vs,(R)[i,j] TH%. £>T, X (4) Df
WHE 2D TRANEL D EREDSRELAD, D ug (R)[i+1,5] ICHEHHT 2.

o 7—A2:uvg, (R)i,j+1] < Rli+1,j] DB
ZDLEE, vs,(R)i+1,j] =Rli+1,j] BRZT 2, Tbb i fTHTERRL e Vi + 1 fTHICHEZ 5 A 4
Wb, vs, (R)[i,j] < Rli+1,5] ZWitc T e 2 BEBEDBDH S, j#e(p),i# N ELLLE, ZOR%ER
25 ex (1—-wvs (R)[i,j+1]) +vs,(R)[i,j+1] <R[i+1,j] THZDT

P

(o Bt L) = os,(Rlig+1_ Qlit L —vs,Rij+1 ) 1-QUi+Lil
1= s, (B)i.j +1] 1= s, (B)fi.j + 1] T s, (B)i.j + 1]

LEMTE S, 72720, BSIASEES N TR VRS Rli+1,5] = Qi +1,§] TH 2 LISEET .

F7, FE1DBRYIORES, FARICEZS ZEDVARETHE. 22T, RERDEIICED S,
R/ = €5p+2 ov5p+2 O--- OfSK OUSK(Q).

ZDLE, j=e(p)i# NIKHLT, (bs,,, ovs,, ) (R)i,j+1] > Ri+1,j] £5>THUE By — 2 1IZ#4%
ML, (ls,., 0vs,, )(R)i,j+1] < Rli+1,j] EA>TORETr —R 2 4T 5. 7—R 20, LLF
MDOEZTiTe D EREZED S ENTE, 2D LRI

o 1-Qli+1,J)
B 1- (ESP+1 © U$p+1)(R/)[i7j + 1]7

LEtHTE 2,

Xk [1] 7 ATV RBICET D ¢ RICEDOIERTH 203, FHIOEHET XTI LT BEICED 2 451 74
(, WEILILRLZ>TOTHRY, 22T, iffjilickildeze; £T5L, ¢; DERZRDEIICE L
DBHENTES,

(i) J # e(p),vs, (R)[i, j + 1] < Qi + 1, j] Dty

S T () ®)
(1) 5 = e (5,00 005, ) (Rl +1] < QUi +1,5] 08563
€, <1— 1-Qlit 1]l (6)

— 1-(ls,,, 0vs,,,)(R)[i,j+1]
4.3. BEIMOFRHDEM
TNaY XL LIMSUB IZBWT, 7—A 20T HILT %% 51F, fTHlOBFIERRIET % 72 I I3 EE 2
BRITEAT S ¢ DD, MOBRICEMT 2 2 L%, Lumpable Zv L a 7252 2 L3 CTE 5%, Ly
L, 7—A13H O E 270, BREEZEOLOICEAT 2 ¢ DEPMMOERIHEL T THRELH S, T
) X LIMSUB 2319 217511386 CTdH D 2> Lumpable T®H %. & 512, Lumpable 2175 DIRAEZE %
MR L TR e N2 TIB MR TH 5. 2 2 ¢ Lumpable %21751% £ 2 HINAMREZRMOMENICH 2 £ T 54513,
A L 22\ e DIREZER COBERIME BT L H RO SN2 b DTl <, Mk L 72 IRAEZ2 1 © o BERYE % £REE 5
32 CtHaThs,. 22T, NREEMEMEN L 2750 L ToRENMER2 T2, 22k MEEHE L
7Y AL LIMSUB ICB 2 8/F2 2RD KI5 ICEHT 5,
BAE 2 R L 7AT5I 0 THIO RN AEEZIER LT 5,
COXHIIEET LI LT, 73V AL LIMSUB 38R 2 &5 S 5. #F 2 2#38T 2 75k%, DL
TTClRENCEICTEET 3,
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BI3 4 Ay = {{1,2), (3,4}, (5,6} ) IR L CHERFHI P 2RO & 5 125 3,

P11 P12 | DP1,3 P14 | P15 P16
P21 P22 | P23 P24 | P25 D26
p—| P31 P32 P33 P34 |P35 D36
Pa1 P42 | P43 P44 | P45 Pis
P51 P52 | P53 P54 | P55 D56
P61 P62 | P6,3 P6,4 | P6,5 D6,6
22T, fIAINOBIEEERL TR b0 LT 5, C0LE, ML A0 FHORNAERZ R 5 70y
71550, RD 2 DODFTH] Poy & Pyp TH 5,

Pa= (), = (s ).

7 3Y X4 LIMSUB T, Lumpable Z{TFIZ R T 5720, EFRT 2l I kIR o, Lo,
B Z 1L p5 3 + ps.a DIEIE pe 3 + pe,a ICFL K %5, i) L 72 REEZER COREIIEZ IREE T 2 72 0 121F, JEORAE
EE OB AEEZIEZE LT LEMFORODIC, ZNSDELLDEEIFFEL T IEMEBELZONS, ko T,
i L 7 RIE M COMIIMEZ RO 720121, pes +pea =0 EARDEBICIEDE e ZHEAL TEIETIUIR W,
DlEo#EERZ L, EXIEZXRDEIIBIEL, EEK 10 LT 5.

E# 10 MHvs, EUTOL I ICED 2,

(1)p=K Ot %,

USP(Q)[iaj]:USP(Q)[i_lvj]vQ[i7j]a i=1,...,n, jze(K)w"vb(K)v

(M) p=K—-1,...,1DL %,
1. &1 ouh

vs, (Q)[i,j] = (bs,, 0vs,  )(@)[i,e(p) +1], i=1,...,m,
2. &2 OGG
vs, (@i, j] = vs, (@), 5 +1], i=1,....n, j=elp—1),...,b(p),

3. &3 0Lh

vs, (Q)[i; ] = (1 = (bs, 4, 0 vs,., ) (Q)i,e(p) +1]) + (€s,, 0 vs,, ) (@) e(p) + 1], i=1,....n,
4. &Mt 4 DGGH

vs, (Q)[i,j] = (1 —vs, Q)i j +1]) +vs, (@)t 5+ 1], i=1,...,n, j=e(p—1),...,b(p),
5. ZofhoGG

vs, (Q)i,j] = vs, (@i = 1,41V Q[i, 4], i=1,...,n, j=ep),...,bp),

2L, &Y, &2, &3, FMEARBUTOLIICT S,
BT ({us, (@i — 1,e®)] v Qlis )]} < (6s,., 0 5,,,)(@)lire(p) +1] < 1) and
(Pliye(p)] >0), i=1,...,n,
A2 ((vs, (@i = 1,41V Qi j]) < vs, (Q)[i,j + 1] <1) and
(Plé,7]>0), i=1,...,n, j=e(p)—1,...,b(p),

&fE3: ({vs, (Q)i = 1e(p)] vV Qlie(p)]} < (s, ©vs,,,)(Q)[i,e(p+ 1)] <1) and

| 1-Qli+1,7]
(Pli,e(p)] > 0) and <1 11— (ESPJrl © U8p+1)(R/)

di= 1 i=1,...
[i,j+1]<0> andi=e(p+1), i=1,...,n,
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FE 4 ((vs,(Q)i — 1,51V Q[i, 5]) < vs, (Q)[i,j + 1] < 1) and (P[i,j] > 0) and
1—-Qi+1,]
C1-ws,(R)i,j +1]
FE3 LM 4 DG, cICEBESZS, T, STV EEB2 0583 e=0 L LCEHE2TS, DLEDE
FICHAD VT, BIELZ7 A2 X 4% LIMSUB & L, Algorithm 3 10737,

<0> andi=e(p+1), i=1,...,n, j=e(p—1),...,b(p).

Algorithm 3 LIMSUB ¢
1: for k=K, K—-1,...,1do
2. for l=e(k),...,b(k) do

3 fori=1,2,...,ndo
4 c(rig) = c(ri—11) V c(piy)
5 if (c(rig) = c(rigg1)) and (e(rige1) < 1) and (e(pig) > e(pii+1)) and
(lris)—c(riien) )y and (1 < b(K)) and (m = e(k+1)) then

1—c(riit1)
6 c(rig) =ex (L —c(ripg1)) + c(rigsr)
7: else if (¢(ri;) = c(riy1)) and (c(riy41) < 1) and (e(piy) > ¢(piy+1)) then
8: c(rig) = c(riig1)
9 end if
10: end for
11: fory=1,2,...,K do
12: tmp = ng(k) Te(y).j
13: for i =b(y),...,e(y) —1 do
14: c(ringiy) = tmp — X5 o g + (i 11)
15: end for
16: end for
17:  end for
18: end for

JLD LIMSUB 12 Hi_T LIMSUB D /543, HINfAEEDOLHNEY, MRMEZRAE S 2 7208 AT % ¢ 2l
I BB S. ZDlD, LHVEELERZEONS I EBHFTE S,

5. SEBROETIVEE S IEES

5.1. FBITFIETILOF [3]
RELLT7NVDY AL ERIET 272012, ROFELITIC AT aE2ETUULLe L 7#HEEZ L. B0
F—NEHBER B2OONY 2 7o 2HELITHC AT L2 EZ S, BEEORL 2 2MEHD 7 v F 23]
B2 LRET S, B0, 7y bOY A RFFEHICBIREC2TH—TH Y —~ETHDETE, Ny 77
DETHEIN TS & ZITEREDR 7y F2FE L SHEI NS, BREOE VY P2 L 7
B, LAY 7 7 ICEBREDR Sy b33 272 518, BREDE 7y FIZBREOK 7 v b 24
LIFL Ty 7 7 % 567 225 (PushOut), BREEDME /7 v b 234 1UE, BREDOE G 7 v b 3%k X
N5, = 2%2ZJ2HEFZ, WICELREOER Ty FBEEEOE STy P LD BBIIZIF B LA
7Y a—Y 7% 2% (Head Of Line).

1OoD 7y FBY—EREZIF TS, 7y MIEMTIHET 2 ERET S, ffHoko, LRV
ARXDB0ODHERZp &L, 1DMEREZ gL, 20FEZr L L, ptqgt+r=1%,32. FEHELLA7y bR
BREDR ATy FTHLMEREZ a L L, BEEOEVRT Yy M THIMREZb=1-a T 5. nFHD
Y—EREET LEERONY 7 7 ICHETZ 37y " T, L, AU X)) ICEREDOE 7y M %
H, £§2%&, {(T,,Hy,);n >0} 1%, REZEHS 7S = {(0,0),(1,0),(1,1),...,(B,0),...,(B,B)} £ %=
Na7HEETHD, Ny 77D A AN B THL%6E, REOBIZ (B+1)(B+2)/2 L45. RE%EMS %
S=SUSU---USgD&IHIn#T2, 22T, S.={th)eS|t=k}, k=0,1,...,BTH 5%,
Bld B=4DEATp=03,¢q=05r=02%&L, a=03,b=07,F%. 2¥% A5 ={S),S1,...,S4} &
LT7UVITY RL%ETFTT S, 7va) XL LIMSUB OfER% Ly, £ L, 703V R4 LIMSUB 2, & (5) &
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R (6) DEMEEMA AR [5] % Lom &L, 7A2Y R4 LIMSUB &OfEHR%E Ly, 5. 221, WTho
FATYRBZECTS e ZHT250E e =01 £ T2, ZORREZUTIORT

03 05 02 0 0 03 05 02 0 0
03 05 02 0 0 03 05 02 0 0

Lim=10 027 053 02 0 |, Lam=1]0 03 05 02 0 |,
0 0 027 053 0.2 0 0 03 05 02
0 0 0 027 073 0 0 0 03 07

03 05 02 0
03 05 02 0
Lam=|0 03 05 02
0 0 03 05 0.2
0 0 0 03 0.7
Z ZTlE Lgm jst le,Lgm jst le k_ﬁ’)‘(lﬂ%: kiﬁﬁ@;ﬁ:ﬂfg Z) Lﬁ)L, :@fﬁ']“ﬂi Lgm,Lgm i)slﬁjtf
»5,

5.2. fEHIULRITHOHELKIEZRIEL =5

ZDHEITIF 4.3 H#iTmR L7 TIREBZEM Z ity L 724750 U Co R 2 RFE) LG otz RT,

P AWK E L, 578 Ay — {{1,2),{3}, {4,5}} £ 5. FAIMICHPNTOSHIEZONHETRLE LD &
5.

oo o

0.3 01/01/00 05
0.2 000001 0.7
P=|703 03[01]|00 03 |. (7)
02 070001 00
04 04[0.1/00 0.1
A (7) Ic7v2Y R4 LIMSUB %37 2. 7429 R4 LIMSUB OfH4% L, &L, 71329 X4 LIMSUB
1z, R (5) LR (6) DEMERMATFER [5] % Ly £ L, 7L=3Y R4 LIMSUB (O % Ly £T2%. 7271,
LFROT LY ZMZECTY e 2T 2HEE =01 35, ZOMREEZUTICRT,

0.18 0.02 0.8 02 00 08 02 00 08
Ly=1{ 018 0.02 08 |, Ly=1{ 018 0.02 08 |, Ls = 02 00 08 ].
0.18 0.02 0.8 0.18 0.02 0.8 0.18 0.02 0.8

INzH2L, Lo <4 L1 THY, 61T Ly <5 Lo EB>TWw5, A3HIOFEMNFZEHL7-LEDHRLDE
Hix ER2RLIENTE TR I EMMHRTE S,

6. &

INFTOEZICED, KL Sl 2BLT 280, j£e(p),i# N ELELEE, vs (R)]i,j+1] < Q[i+1,j]
5lE, eDEREEDDIEVHETHLI LRI L, £, IDRELRERZ2E2-01C, WL T
AN T 2 X ) ICEMFERBOLT VIV AL EZRE LKL, ZO7 LT AL ZRE D, %25 E
B FPRBPEDDLIENTEL LMHFIN, Y—ECRLATLDETY VIR EDHEICBOWTEHATHS EE
A6,
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LAIUKES 2 M/G/1 BT 7EMIc 1 354N EEEAEORESET7ILTY XA

AR et TR Pk
KBRS TPkt S5 i T i

BE : AFTRE, EOLVNUKET 2 M/G/1 BhEgik R~ L 2 7 3k 105, LNV N BT TH S
) S E DR AT DBMHGI R 7 )L Y AL ERRET 2, o7 T AL, FBTIHRICE
T, LV FHAANDER 2 RIVIHMIEATH 2 L ) RED FTRES N LD LIZIZFALTHD,
AtERSRDEOTLEOFHEAAIRE A b D L5 T %, N ORI VEA, ZORMN S, E
THOEPE LTHZZ I EDTELLD, TREOLVUKET 2 M/G/1 <)L a 7382 B 5 EH 7
DI TN TY AL E L THHHARETH 5.

I

1. BRUSIC

ARCUE, BB CIEFYRRY 28R 2 2502 v 2 7388 {(L(2), J(t)); t > 0} Z28ZT 5, 7720, LLEI
EN B AR L(t) FIEEEEEZID, HEMEENDZEE J(t) 1%, Lt) =k (k=0,1,2,...) D526 L &,
AIREAS My, = {1,2,..., My} DEEPOEZINS, DU TIE, HFERHE -~V 2 7881 {(L(t), J(t)); t > 0}
DARFEZEM {(k, j); k = 0,1,...,5 € My} ZHWIZELRTWIEA {(k,j); ] € My} IZaEL, FHTEA
{(k,j);j € M} (k=0,1,..) ZL-~L k LIRS, XoT, FEEANARFICHE-> TRIEZR RS &, R
2L a 788 {(L(t), J(t); t >0} DIER/NERIEHZE Q IZULTDIE%E L 5.

Qoo Qo1 Qo2 Qo3
Qi1 Qo Qi1 Qi -

Q= Qz,fz Q2,71 Q2,0 Q2,1 (1)
Qs-3 Qs3-2 Q31 Q30 -

L, Quy (k=0,1,..., 0=k, ~k+1,...) & My x My F75ICTHH, LRV EDPSLRL E+1 D
BEEZRBLL Twa, BMERNEREARSR (1) oL 7my 7Gx b Ouifiei 2 2%~ )L a 7 8
G/G/1 BLEMEN D, KR, LXLVORKETHHEANDERICROBE L 23\, T4hbb

Qoo Qo1 Qo2 Qo3

Qi1 Qo Qi1 Qi

Q= O Q-1 Q20 Q21
o O Q3.1 Qsp

TH D%, MR 2 280 L 2 78I L OUKEES 2 M/G/1 BUERIR R~ L a2 7EE L IR S, D
TClE, SRR~V 2 788 {(L(t), J(t)); t > 0} IFEFHTH S EIRET 5.

L)UREES 5 G/G /1 BLEER = v 2 738888 {(L(¢), J(t)); t > 0} DEFDIA%E {qr; k=0,1,...} £T 2.
7L, qp (k=0,1,...) & 1xM X7 bPATHY, j&H (j € My,) DERIZERMER Pr(L(0) = k, J(0) = j)
2R, kB, EBHERTY P 26> G/G/1 BIEERINH < L 2 7 8 OEH oM g IR H 25613,
q=qP DT 5DT, BWRNEMMERE Q =P -1 %% G/G/1 BRI~ v 2 7 #8805 A
ZELZTIE L O,

LOURES % G/G/1 AL~ L a 7 IcB VT, Lk n (n=0,1,...) NOBIRELS L L k
(k > n) DL EORBADFIFHRERFHEINIC, LV k—1 DUF ORIBICHE S 2 PR O, & — oo
DRRFRIZE VT GEY RSO T T) EFDMICET 2 2 RT3 [4].

Jim diag™ ((—1+Q)"'e) (-1 Q) =e(@ @ --.) (2)

EEL, 14Q (k=1,2,...) BERNVERENE Q @ (X2, My) x (X12y My) odtrifaz£¥. 7, £&
DRY PV g IR LT diag(z) & [diag(x)];; = [z]; % 2 ATHITH D, elFBEYLRXINE b OETOHEE
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1 THBINRT FATHS, HR[4] TIF, TOREZHEIL, LOVKET 32 M/G/1 BERiR L a2 7
HEEDE R AN 2 BEGE T L T A LBRESN TS,

AT, LV E(E=1,2,...) ~"OFFREINICE T 2, FEDO MLV n (n=0,1,...,k—1) D%
REBITHTE S 2 PN ICTEE T 5.
EE 1. LVURET 2 G/G/1 BUERR I~ v 2 7388 {(L(2), J(t));t > 0} IS LT, My x M, 1751 Uy,
(k=1,2,...,n=0,1,....,k = 1) ZBAT 2, %L, Up, D (i,j) HFH (i € My, j € M,,) DEHIZ, ¥
WIREE (ki) 22558 L7 L~V b ~OHRIFEINICIREE (n, j) ISHIHET 2 TR 2, PR (k, )
DFIGRAER I CHl > i TH 2 61 %,

Uy, DEED S RADEALT 5,

a =qUspn, k=12,...,n=0,1,2,... k-1 (3)

ZITC, upn(i) (i € My) % Ug, @i BHOITRZ PV ET S, —fRIC, B CIERRINZR L OUIKET %
G/G/1 BLEfERE = L 2 78IS B W T, &2TD i€ My I L Tug,(i)e >0 L7455 2 LIFRFES AW,
—J, bL, BTD i (i € M) CNLT upn(i)e=0THsLI% k n OMPIFEET S ERETS L, C
MEL RV EDPS L) IZEEETERWVWI E2EKRL, B TH2 LWIRECFIET S, Lo, P
THEH6E, BB L nOM (k=1,2,..,n=0,1,....k—1) IZHL T up,(i)e>0 %2 i (i € M)
DY L DTS, T, FLNVHOHD 7 IV EERICHTFEALTH, G/G/1R, M/G/1HiE
Vo LAROVEOBRICEET 2 IR I NG, 7 ORI S ISRAITI, R R) 2k, JE
A¥Hn (n=0,1,2,...) 35260kt E, 2CDk(k=n+1,n+2,...) IZHL T ugn,(l)e >0 2L
T2 ERET S,
upn(i)e>07%% i€ M IZXLT, EBLINART PV ay (i) ZRATERT S,
uk,n(l)

U, (i) = s (i)e if wug,(i)e >0

RETTIEIRDER 2GS 5,
EE 2. L-VUKFET 5 G/G/1 BUERER R = L 2 7 ##Ic B W T
lim @, (1) =g, (4)

k—o0

DIALT %, 7272 @, EL~NDin TH B &) & P TCOMDEMN SEHEHERR 7 DL 2 LT,

q, = a./(qne)

ETiliR7Z X5, FLXUVHDOHDO 7 XV EERICRDEZ TS, G/G/1ME VI BEIRESNS. %
7o, HELNVOMIGERESGOEE» SHEEZINS. 22T, up,(i)e >0 (i€ My) BEEED i DTNV %
LICHRDEL, @2 2WHT2 LU TORENS,

% 3. LNVUKREES 5 G/G/1 Btk = v 2 78I BT, EEOIEAREE n EEEOIER e VLT,
HHARB K := K(n,e) HEEL, ®TOARE k=K K +1,... ZHLT

[Tkn(i) — Gl <€ if upn(i)e>0, ie My

DALT 2. 1L ||| BRZ PV VL% ET,
oI, DRI N LT gy o3REL, X (3) 2T, LRUEN T THS &) S
EDEH DM {qn(N); k=0,1,..., N} 2252 ENTE 3,

N N
qi(N) Qk/<z qze> qNUN7k/<ZqNUN7ge,> , k=0,1,...N (5)
£=0 £=0

Thbb, FMMEEEIM {q(N); k=0,1,...,N} DFtHEIZ U, (k=1,2,...,n=0,1,...,k—1) DFt
BIIREIDL I ENTES,

Banho, LOUKES 2 G/G/1 Bl v a 7 80K 1T % Uy, DiltHEIE, 2L V0BG IR
THEMPBIEL 2270, MICEEETH2Z, Lrl, G/G/1 MOBNABATHS, LIKET 2
M/G/1 BhEGERs < L a2 788k, X (6) TRT XIS, Uk, ZAFENICEIHR T2 2 E05TE S [6].

Uk‘,n:Zk‘—IZk—E""'va n:071727"'7k_1 (6)
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777l

Zi = Qrs1,-1(-Tx)"", k=0,1,... (7)
THY, Tp (k=0,1,...) BXRFEVIEREES NS,
k—1
T=Qro+ Y Zk1Zk 2 Z,Qukn, k=0,1,... (8)
n=0

SCHR [6] Tl L AMKET 2 M/G/1 BLEGER R L o 7 A R,

RE 4. 2LV N LD HORTHOLRVZEWT, LNVORE NARNDEREZ XTI Qp 1 (k> N)
DIERIZ M x M IEA{TH1ICH 5,

EOCHREDTT, k>n>N hBEEOIEEEE k,n OFISHLT, M={1,2,...,. M} L LZLZ

(i) ugn(i)e>0 (i e M)

(i) Wrn(i) (i € M) \E—XIAT,

(iii) @k (i) (i € M) D3RS (M — 1)-BAK Py, DHNINIEZ riPyp, & L7EE, Prpin C Prp 9272
q, € ﬂ?;n+1ri Pron

LRBIEREOTVS, koT, KE4DFTE, K@) Bup,(l) DEREST, RTD w,,(i) (i € M)

W LCHOLT 5. SCHk [6] T, ZOfEREFIAL T, FOAEER DA {qn(N); k=0,1,..., N} Ol

FHETLTY) RLEBREL TV 3B,

AR 3 fiTlE, B 3ITHEINT, LEDLNVKFET 5 M/G/1 bR H < L 2 7 #HIC B 1 2 &
fHEEHEIM {qn(N); k= 0,1,...,N} OBHEFHE7 L) XA %28ET 5. Z4Ud, KE 4 DFT, Sk
(6] THESE I NI BUEGIE 7L Y AL LIZIEF U TH 228, (SIS L T hBRBNELE %5,
RE 4 OF T, (i) &0 (M —1)-8E Py, DEEGBERZRS 7 FHERL T 720, &2TD Ty,(i)
(i=1,2,..., M) HSEBINICE L v & HI S N E T Uy, ORMEZEFEIET U L v, ARTIEIEIZET 225
RAE 4 BIEIZL B VHATY, Uy, (i) (1 € My,) DERATRLRERD Uy, (i) PHFEL 56, 205 TRS
NBZMLIHEEE Py LAl T &, Prpin CPrn ZRTIENTES, I6IT, g, 1& Pr, ZHRSEMADMK
HTRBSIND 1D, RKE 4P B0HAETY, AROEIREEFAARETH 5.

INET, LYVUKET 2 M/G/1 B )b a 78§ BT 2 EF M OBHEGIR 7L ) A L0E, LUK
HT 2 EAH (G-1551) Z2HV2bDBFETH-o 7% (2, 3], SCHk [3] T, +oRELR K ISHLT, L)L
K Y EOREEDS L NVITEKFF L 2 0E T VICIES IR, ERR2EHE T 2 FEMREIN TV S, £,
2] TIF, LRADBHORECES, BEBEEIERINICL UIKEL RV E RT3 ET V2R E LT
EPREINT VS, T, AETRET 2T 28EHE 7 LVTY AL, KE 4 O T TR 6] ICHWVTRE
SNFbDEIZFFA—TH D, LAINVICBT 2B T HROFETH] (RATH)) 22, %8, KHEOKEZH
WU, RO L NURET 2 M/G/1 Bl a 78I E T 3 54 EEH I {ge(N); k=0,1,...,N}
DIPIRDORELEZEHE S 2 2 EBHRETH 5. £/, £ 10 TRT X, H2EHRM K (K > N) LT,
BT HIDOES 2K TITI Qi1 D7 v 7031 TH LY, KA EERHIM {qn(N); k=0,1,...,N} ®
AR ARG T2 2 L TE S,

KRG ci#Em T 25 S EH M {qu(N); k=0,1,...,N} Z N 2 +2KECHWB LT, EWIMHDOR
R ZE525 (6], LirL, LUERET 2 M/G/1 BGdRH <L 2 7 8HIcs T, EORED N Thih
ERWWIERLE 2 270, &) JUC OV THIREZRIEIIG S T, SR [1] TE, LOUEET 2 M/G/1
B a 7 ORI RI5ATH 5 L ~N)UKE S 2 ARSI 2 RIS, N OZRICOWTGERm I LT
5. Fro, XHR[4] TREIN WS, X (2) ITEIC LRV 2 M/G/1 B )L a2 7 I 2 $ifiE
AHE 7L TY A LE, N ZHENGEIRT 2 2 &M CEH M OBAEREA R FETH 5.

%8, LUKET 2 M/G/1 BRI~ L 2 7 B BRE L 72858, STk [4] TREI T 5 EdEE
BN T) ALDIEBEE 70> T bR (2) EARTRTIRET 2H8UEFHE 7V 2 XL DEREL 70> T 2588 2
DN IZEE RGP H 5. 9, X (2) THND (— Q) D (k—1,n) 70y 7175l (n=0,1,...,k—1)
BT S (4,5) FH (i € Mi_1, j € M,,) DEFEIE, REE (K —1,i) oINS L~V k DL EDIREE~D
WIEERHNICB VT, REE (n,]) ICHIET 2 FIERKHEZ 52 2 2 L ICHERT 2. £koTC (-0 Q)" P D
(k—1,n) 70y 7479 (n=0,1,...,k—1) % 4 Br_1, £ T35 &, LYUKFET 2 M/G/1 B < v
a 7 HHOB AT

Ukn=Qk—1 k+Br_1n
DT 5, ZOREE, M/G/1BUCERETUE, @B 2 1350k [4) TondinkX (2) 2 HTELS 2 ET
E5. LUKEES 5 M/G/1 B~ )L a 78I 2 30 [4] OFREGTRE 7 V2D AL03 (-1 Q)7 2>
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T, ARCEETZMMEET VDY RATE Uy, #B->CTeb ko, MBI 3IEIEEME ML <
b, Bk L AREOEIL DI TR & b3,

DUT, 2 HicoEBl 2 Zai L 7of, —MO L ~UUKAET 2 M/G /1 BRI = L 2 7 M81C 35 1 3 4 b
ERATMORIEFE 7 LT ) R L% 3 B CIRET 5. I 4 B oA THONAHERE £ LD D,

2. TEIE 2 DA

AEHO LB L % RS T 5790, G/G/1 BUEFERR <V a 7884 {(L(t), J(t)); t > 0} DREBBEKICHE
H¥ 2z tolonzBiera7iligh (L, J,);r =0,1,..} 2223, ZOLE, Ehvil a7
{(L,J); 7=0,1,...} I¥ G/G/1 Bt D, ZDEBMERTI P IIXRATEZONS,

Py Py P Pz Py,
P, Pgog P, Py P3
P, Py Py P; P
P = P, s P; o P;_ ., Py P
P,_, P, 3 P,_o P,_, Py

72720, i &H (l e My, k= 0,1,...) O)g?ﬁ?i)i\—[Qk’oh’i ThHZoNnd 1x M, X7 b M Z T Pk,(
(=01, 0=k —k+1,...) RXATEZ 51D,

P, I+diag " (pk)Qro, £=0
=
diag ™ (1) Qv 0=k —k+1,...,—-1,1,2,...

EFEELD, Bhveva 7l (L, J,);7=0,1,...} SENTERRNTHS. DIFTX, BRiter a7l
(L., J,);7=0,1,...} BEHTHZELEKEL, ZOEFEIM%E {pr; k=0,1,...} L. 2L, p
(k=0,1,..) 3 1x M, XZ bVTHY, j&FH (j € My) DEFRIZ Pr(Lo =k, Jo =j) THEALGNS, EFE
&0, g (k=0,1,..) & pp ZHOCTKRD L HICRT I LD TES.

@, = prdiag ™" (p /(Zp[dlag (me)e ) 9)

RIZ, FEEEH D (n=0,1,..) ITHLT, pfrn(@) (k=n+1,n+2,.., i€ M) & Ix M, X7 FLEL,
Z0 4§ H®H (j € My) DEFEIL, (Lo, Jo) = (ki) SR L7ZL NV n (n=0,1,...,k— 1) ~OFFEER
LNk 2 s 2 e KRB (n,j) TRYT2EREZRTET S, 61, 1F,, (k=n+1,n+2,...)
% M, x M, {15l L, 2D (i,7) FH (i,j € M,,) DEFRIFIRE (n,4) 22 5BH L 72 L L n ~NOFH iRz
D5, LRV EICES T2 R RIE (n,j) TRTT2MREZRTLETZ. ZNSE2HOT up (i) 1ZRXRD
KNICEEMZ L2 ENRTE S,

uk,n(z) = ﬂk(z)kfkn(z)(I - an,n)_ldiag_l(l‘n) (10)
8,
kFen()I = 1 Fpn) ™t =k frnli Zk o
D jHEH (j € My) DHEFIZIREE (ki) 2B LIV k «@ﬁ)ﬁﬁf’aﬁo)ﬁaﬁbﬂﬁ/ﬁﬁ (n,7) ZAEL 72
BRI EET I EICERET S,

ERELD pfrn(i)e >0 (1€ M) Bugn,(i)e>0 EFMliTHS Z EICHEET S, Lo T ug,(i) 133X (10)
ZHOTUTDOEIICEZMZ 5 LTE S,

(i) = AFrn (VT = 1 Fo )~ ding™ (1)
S i fen I = i Fy )~ diag ™ (e

F,n % M, x M, fi5l& L, 20 (i,j) &H (i,j € M,) DERIZIRE (n,i) 2SFHKLIZL N n ~D
PHRIRHIDMREE (n,j) THT T 2HERZ2ELT LT 5., Rive v a 7 EEHOBERM: 2 S NI EimEL» S F,,
ciﬁ%%@&ﬁﬁ*“ﬂ’ca% 52 LITHERET 5.

if pfrn(i)e>0 (11)

- 102 —



WE 5. TEDn (n=0,1,...) IOV TRAPKILT 3.
lim an,n = Lnn
k—o0

i 5 DFEHIE A A THZ 5.
R Fo(G) (k=n+1,n+2,...,j €M) ZRXRXNTERT 3.

kfn(j) - an,n + (Fn,n - kFrL,n)ee? = an,n + (I - k:Fn,n)ee? (12)

L, e; (jEM,) I3 FHOEEN 1 Th2HMFIR7 bL e L, T 3gEE2#£T, X (12) TERIN
72 1 Fo(j) & M, x M, lFRT50TH 5 Z IR TS, 22 Tp,(5) (k=n+1,n+2,...,j € M,) Z&
BHERITH | F,(j) DAEHERNZ L TH B EEHRT 2.

1Pn(7) = 1kPn ()kFn(4), KPp(j)e =1 (13)
WE 6 TEDn (n=0,1,...) ITHL TRADPRILT 3,
JHm P, (f) =Py J € M, (14)

7272L, P, =pn/(pne) TH5.
il 6 DFEIIINEK B 1252 5.,
X (11) BN D (I — 1 F, )t 12OV TEET 2, K (12) 230 (13) 1TfUAL, BT 2 L X252,

PN = 1Fun) = 6Pp () — kFun)ee), j €My (15)
CZTI, (k=n+1,n+2,...) 2ZXATchHE26N5% M, x M, fTHlLT %,
kP, (1)
WIL, = kﬁf@) , k=n+1,n+2,...
kT)n(.M’ﬂ)
ZOLE, R (15) 1F 4IL, ZHOVWTRD L HICEHEMMZ 2 2 LI TE 5,
WIL, (I — ¢ F,,) = diag(ra,), k=n+1,n+2,...
7L, kan (k=n+1n+2,..)E M, x1 X7 L THY, 20 j FKH (j € M,,) DEFE [ra,); 1F
[kanlj = 1Py (1) (I — kFnn)e
ThHZohs, ko TRX%EH5.
(I —F, )" =diag ' (ra,) - 1I0,, k=n+1,n+2,... (16)

%, diag '(ran) D j FH (j € M,) ORAEE 1D, (1) T — 1 Fon)e]™! = e;(I — v F, ) te &, IR
(n,j) 556 L 0L k ~NOPIFEGERFRINIC L~V n ZHIT 2 PREEZ R L TR Y, Rivera 7 8o EH
RS, FOKER LIS L TEE»OERE RS,

Kz, A (16) ZHWTRK (11) ZDAT O X ICHEMHRZ 5.,

ke (i)diag ™" (ray) - k11, - diag ™" (p,)
k.fk,n(i)diagil(kan) : an ' diagil(un)e

CITHIE 6 L0, EEOHEAEE n L T/NSRERDIER ¢ IKNLT, H2HRE K = K(n,e) D577
EL,

ﬁkyn(l) = if uk,n(i)e >0 (17)

€ — €
—— ep — ep >
0<<1 2+€>epn<kﬂn<(l+2+e>epn, Vk > K (18)
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DIEANLT 2. £z, R (17) KWHND ,fin(i), diag ' (ra,) B X diag ' (u,) BIHFEEATHE. ko7, R
(17), X (18), B H VI upn(l)e >0 225, UTOAREL21G2,

ndiog™ () (12 55 ) e - ding™ 1)
+ €

kFrn(1)diag ™" (kan) - (1 + 6) ep,, - diag ' (u,)e
2+4+¢€

1)diag ' (yan) - ( 1+ —— ) ep,, - diag ™!
o (ing ) (15 5 ) e, - ding ™ 1)

<Tpa(l) < - , VE>K
k.fk,n(l)diagil(kan) . (1 - 2+€> eﬁn 'diagil(un)e
oI ERIRD X HICEMINS,
1 p. diag " (w, P, diag ' (1,
,?"Fg4<“) <i@ma)<(1+q.§h%§%Tﬂil, Vk> K (19)
l+e p,diag™ (un)e p,diag™ (un)e
T4NE T2 € (e > 0) IR LTI,
1
1 _
Tte > €

BRALT 5, 7, R (9) kD
— . —1 . -1
fnqlaz%il (1n) _ anlagil (1n) —G, >0
p.diag” (nn)e  ppdiag™ (un)e

Ths, ko7T, X (19 &, EEOIFAELn L+ NI RTED e >0 1IN LT, H2HAR K F
EL,

(1 - G)ﬁn < ﬁk,"(l) < (1 + E)qn? Vk Z K
DIRALT B, PLRick D, & 2 VRSN,

3. LARIEKETZ M/G/1 BT 7E#EICHT ZHEHE7ILITY XL

REITIE, %3 2HEEEE L, LYUKRET 2 M/G/1 <)L o 7 8801 B 1 5 SEM & 58 5046 O $eftiit
By Va3 Ao %imd 5. K (6) TRLEKIIC, LYURET 2 M/G/1 Ble L a 7d8(c k1) 3 Uy,
X, Uk,n =Zy 1 Ly_o--- Ly THEZoh ST o, Zy, (k‘ =0, 1,...) ZIEXFEHT 22 LT Uk,n DEHE
HEETHS., 512, HHIARB N BNELZoNLEE, LRLYE N TH2BEWVI)ENE T TOMDEMEAN
EEHWIM gy R 3 ZAHLCREIE, KX (5) kb, FEMNEEEDA {qp(N); k=0,1,...,N} %
L22EMTEL, ZOBEZITHSBMEFTE 7L ) RLADOMEE 7L Y XA 1 IRT, Step 1 TlE Z,
(k=0,1,....,N—=1) 2R (7) X (8) LK EFFHHEL T2, Step2 T Uy (k=N+1,N+2,...) %
MEXRFEHELL, 5% 3 TR L 7RI L 2 B0 DHE 24T\, gy 2RO T WS, BRARIC Step 3 TIE, &
At EEH 24 {qu(N); k=0,1,...,N} %

ax(N) = @1 (N)Up416 = 41 (N)Zy, k=0,1,...,N—1

ZRHLCGGHEAL T3,

ZOBMEFIR 7 L2 R L%, Step 2 ICBWT gy DR uw OFERZ S VI ILEELPHR I N THR WL
TERBRE, IE 4 DFT, R [6] TIREIN TV REIEEIFE 7 L) XL LH—TH 5. KE 4 DT T,
ETD i (i€ M) IZHL CTugn(i)e >0, 22 upn(i)e (i € M) THERSNLD (M —1)-HUK Py v 1T LT
gy € mZO:NJr1ri,Pk,N VD RYAC A £ o7, ’Pka @V‘])ﬁ, il Z VXL

rav 1 — .
gen =57 2 ()
iEM
% qy OWPIRE L CTEHRAT S &
—(grav

. _ ) T .
Tim [z, () — g =0 (e M),

max [, (i) - gy | <e = [N vl <e
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FZILIAVRAL 1 (UM EEED {qp(N); k=0,1,..., N} DFIH)
Input: Qo; (1=0,1,...),Q; (k=1,2,..., 1 =-1,0,1,...), N, 55T €
Output: K & qi(N) (k=0,1,2,...,N)
Step 1: Z,, (n=0,1,...,N — 1) Oil&
T:= Qo,o
for k=1to N do
Zp1:=Qp1(-T) 1y XATT (=Ty) 23R

k—1
T:= Qk,O + Z Zk—lzk—Q Tt ZnQn,k—n (A)

n=0

end for
U:==I k=N
Step 2: IEHUL I N72BIRR T PV gy DRE
ki=k+1; Zy_1:=Qp1(-T) Y U:=2,_,U
U 6 qy DM u Z2E
if JHE e DN Tu 23 gy KPR L T % LHIB S 7z T3S then
X (A) 6 T Z5HEL, Step2 IZFE3
end if
K:=k
Step 3: gx(N) (k=0,1,...,N) Ot
gn(N) :==u; sum :=qn(N)e
for k=N —1to0by —1do
qi(N) := qr11(N)Zg; sum = sum + qx(N)e
end for
for k. =0to N do
qi(N) := qr(N)/sum
end for

PLT %, Thbb, (E 40T TR, gy OWER g ORERHIT 2 HOFIEDPFET 210, 2
TUE > TUHRHEZIT> T 5,

DIFClE, Uy (k=1,2,...,n=0,1,....k— 1) 25EA#EL L VUKEFET 5 G/G/1 AR < L 2
7HBITEB VT, HAIABBN BEZoNLE, FAROIHHENAEETH L 2 2R T. ZOHEHL
LT, £7, gy DEPBOBGZHERT 2. LKET 2 G/G/1 BLEFER <L 2 7 #8TlE, 2To
e N(G) (k=N+1,N+2,...,i € M) DIEEFETH 2RI\, 51T, FLVNTOHD 7 XU
MEETH 2720, —MRITIE, FEDOH i IV T upn(i) Dk — oo ICE T SMRZERT 2 2 LR TER
WV, 22T, gy SN BIERIEORA T v (LSS 2 M/G/1 Bl b 2 78I 2 7L 3 A4
1 ClEw) Z2ROEIICEDD.

ik N = M >0 (20)
’ eTU;mNe

Miy (k=N+1,N+2,..) Zun()e>0 (€M) 52T NVEGETEE, R (20) 1 Ty 2
N (i) (e Mf ) DIMERTEZSNSE I EERL TS, £, EXKLD, Uy DITONT, ug n(i)e =0
ktc%ﬁie/\/lk\/\/l;w gy ICHBRL 2\, 2 20, il 2729

(i) =0, i€ M\ My
kﬁ%j—% I 51 ﬁkJ\i (/{i = N+1,N+2,...) & M. x My ?‘Tﬁ”&: L, ZD g %E (7, S Mk) O)?“ﬂi
g, N () ThHZboNhbETH, ZDLE, Ugn (k=N+1,N+2,...)
Ui,y = diag(Uy,ne)Uyx,n (21)

LEEMASZENTELZNT, R (20)
1

T 3: T7
m - e dlag(UkyNe)Uk_’N

U, N =
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LEitHs. 22T

& N = (ak,N(l) ak,N(2) R ak,N(Mk)) = -eriag(Ukae)

eTUkae

k%%j—é é:, OékaEOZVPOOék,NEZIVC‘ZBZ). é{%ﬂ:, M;N?&@VG%D, ﬁ%ck D, ’L'GMk\M;N&

Uy = Y apn(iBen() = Y (@) (D) (22)
ieMy iEM
IO
arn(i) >0 (i€ M), > arn()=1
ieMi

L5 &% ap (i) (i € M) DFIET 5 2 LT 5.
WET. LVKET 2 G/G/1 BRI L 2 788, FROFEEE N LEROIES e KL T,
HHHRB K := K(N,e) IFIEL, 2 TD k (k=K +1,K+2,...) Icx L TRAPEILT 5.

[@hn (i) — g vl <€ i€ MLy
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Geometric convergence of finite-level M /G /1-type Markov chains

Yosuke Katsumata Hiroyuki Masuyama Yutaka Takahashi
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Abstract This paper considers the convergence of the stationary distribution vector of a finite-level M/G/1-
type Markov chain as its maximum level approaches to infinity. The main contribution of this paper is
to prove that the stationary distribution vector of the finite-level M/G/1-type Markov chain converges
geometrically to that of the corresponding infinite-level M/G/1-type Markov chain under the condition that
the level increment has a geometric decay. We first express the difference between the stationary distribution
vectors of the finite- and infinite-level M/G/1-type Markov chains, using the deviation matrix of the infinite
chain. Next, using a matrix-analytic expression of the deviation matrix, we present some asymptotic results
on the difference between the stationary distribution vectors.

1. Introduction

This paper considers finite-level M/G/1-type Markov chains. Such Markov chains appear as
the queue length processes in semi-Markovian queues with finite capacity (see, e.g., [4, 5, 7, 9,
14]). In fact, the finite-level M/G/1-type Markov chain is equivalent to the last-column-block-
augmented truncation (LC-block-augmented truncation) of the corresponding infinite-level M/G/1-
type Markov chain (see, e.g., [21, 25]).

We can compute, in principle, the stationary distribution vector of the finite-level M/G/1-type
Markov chain by using general-purpose methods, such as Gauss-Seidel method and LU decompo-
sition method. However, except for a few special cases [2, 17], the stationary distribution vector of
the finite-level M/G/1-type Markov chain does not have an informative and numerically feasible
expression. Thus, several researchers have studied the approximation and asymptotic analysis of
finite-level M/G/1-type Markov chains and related ones that originate from finite semi-Markovian
queues.

Miyazawa et al. [28] studied the asymptotics of the loss probability of a finite queue associated
with a finite-level quasi-birth-and-death process, which is a special case of both finite-level M/G/1-
type and GI/M/1-type Markov chains. J. Kim and B. Kim [19] extended Miyazawa et al. [28]’s
result to the finite-level GI/M/1-type Markov chain. Baiocchi [5] derived a geometric asymptotic
formula for the loss probability of a MAP/G/1/K queue, which is a typical example of finite queues
associated with finite-level M/G/1-type Markov chains. Baiocchi and Blefari-Melazzi [6] proposed
the approximation method for the loss probability of the MAP/G/1/K queue, using a partial
fraction decomposition of the matrix generating function of the total arrival number in a single
service time. Akar and Arikan [1] discussed the rational approximation of the virtual waiting time
distribution of a MAP/D/1/K queue.

Gouweleeuw [11] proposed an approximate formula for the loss probability of a BMAP/G/1/K
queue, which expresses the loss probability in terms of the queue length distribution of the corre-
sponding BMAP/G/1/0c queue, i.e., BMAP/G/1 queue. Gouweleeuw and Tijm [12] also applied
the approximate method proposed in [11] to various discrete-time finite-buffer queues. Ishizaki and
Takine [15] proved that such a connection between finite and infinite queues is exactly established
for a special finite-level M/G/1-type Markov chain whose level-decreasing jumps are governed by
a block matrix of rank one. Using this result, Ishizaki and Takine [16] also derived an approximate
formula for the loss probability of a BMAP/D/1 queue in discrete time.

This paper considers the asymptotics of the difference between the stationary distribution vec-
tors of a finite-level M/G/1-type Markov chain and the corresponding infinite-level M/G/1-type
Markov chain as the maximum level of the finite chain approaches to infinity. This study intends to
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evaluate the error of the approximate formulae for the loss probability of finite queues connected to
finite-level M/G/1-type Markov chains. As mentioned in the beginning, a finite-level M/G/1-type
Markov chain is the LC-block-augmented truncation of the corresponding infinite-level M/G /1-type
Markov chain. Some total-variation-distance error bounds are established for the stationary distri-
bution vector obtained by the LC-block-augmented truncation of block-structured Markov chain
including the M/G/1-type Markov chain (see, e.g., [23, 24, 25, 26]). However, these bounds do not
tell us an exact convergence speed of the difference between the two stationary distribution vectors.
Katsumata et al. [18] derived a subgeometric asymptotic formula for the difference between the
stationary distribution vectors of a finite-level M/G/1-type Markov chain and the corresponding
infinite-level M/G/1-type Markov chain, under the condition that the infinite chain has level incre-
ments whose equilibrium distribution is long-tailed [10]. Katsumata et al. [18] also assumed that
the level increments follow a subexponential distribution, under which the authors proved that the
difference between the two stationary distributions asymptotically decays at the same speed as the
stationary tail distribution vector of the infinite chain.

As far as we know, there have been no studies on the geometric convergence rates of the
difference between the stationary distribution vectors of the finite-level M/G/1-type Markov chain
and the corresponding infinite-level M/G/1-type Markov chain. In this paper, we assume that the
infinite chain has level increments with an asymptotically geometric decay. We then investigate
the convergence rates of the stationary distributions of the finite and infinite chains.

The rest of this paper is organized as follows. Section 2 describes finite-level and infinite M /G /1-
type Markov chains and provides preliminary results on these Markov chains. Section 3 discusses
the deviation matrix of the infinite-level M/G/1-type Markov chain, which plays an important role
to derive the main result of this paper. Finally, Section 4 presents the main result of this paper.

2. M/G/1-type Markov chains

In this section, we describe the M/G/1-type Markov chain together with related definitions and
assumptions.

Let Z = {0,+1,£2,...}, Z+ = {0,1,2,...} and N = {1,2,3,...}. Let x Ay = min(z,y) for
x,y € (—00,00). We then define {(X,,J,);v € Z} as a discrete-time Markov chain such that, for
allv € Z,

XV€Z+,
J, € My :={1,2,...,Mp} CN if X, =0,
J,eMy ={1,2,..., M1} CN if X, e N.

Thus, the state space of the Markov chain {(X,,J,)} is given by
F = | JL(k),
k=0

where L(k) = {k} x Mya; for k € Z. The subset L(k) of state space I is called level k.
Let P denote the transition probability matrix of the Markov chain {(X,, J,)}. We then assume
that P is in the form:

L(0) L) L2 L)

L) / B(O) B() B(2) B(@)

L) [ B(-1) A(0) A(1) A@2)
P-L2| O A1) A(0) AQ) | (1)

L3)| o 1) A(0)
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where O denotes the zero matrix. Note here that A(k) and B(k), k € Z4 U {—1}, satisfy

0)e+ZB(k)e: e, B(—l)e—i—ZA(k)e: e, Z A(k)e =
k=1 k=0

k=—1

where e denotes the column vector of ones whose order is determined according to the context.
The Markov chain {(X,, J,,)} described above is called the infinite-level M/G/1-type Markov chain
or M/G/1-type Markov chain, for short (see, e.g., [29]).

Throughout the paper, we assume the following.

Assumption 2.1 (i) The transition probability matrix P is irreducible and aperiodic; (ii) the
stochastic A is irreducible; (iil) Y po; kB(k)e < oo; and (iv) o := 7> ;o | kA(k)e <0, where
denotes the unique stationary distribution vector of A.

Under Assumption 2.1, the M/G/1-type Markov chain {(X,,J,)} is ergodic (i.e., irreducible,
aperiodic and positive recurrent) [3, Chapter XI, Proposition 3.1] and thus the Markov chain has
the unique stationary distribution vector, denoted by & = (x(k,))(,)er. For later use, we define
x(k), k € Z4, as the subvector of x corresponding to level k, i.e., (k) = (z(£,1))1i)eL(k)-

Next we introduce a finite-level version of the (infinite-level) M/G/1-type Markov chain. Let
{(X,(,N), J,SN)) € Zy} denote a discrete-time Markov chain with state space FSV := fcv o L(k),
whose transition probability matrix P®Y) is given by

L) L(1) L2 - LN-2) LN-1) L(N)
LL(0) B(0) B(1) B(2) B(N-2) B(N-1) B(N-1)
L(1) B(-1) A(0) A1) AN -3) AN-2) AN -2)
L(2) O A(-1) A(0) AN —4) A(N-3) A(N-3)

PN = : : : : ,
L(N —2) (0] O (0] A(0) A(1) A1)
L(N —1) o (o) o A(-1) A(0) A(0)
L(N) o o o A(-1) A(-1)
where -
Z A(0), B(k Z B(0), keZ,u{-1}.
l=k+1 {=k+1

We call the Markov chain {(X(N) JN )} the finite-level M/G/1-type Markov chain. Note that
PW) is the last-column-block-augmented truncation (LC-block-augmented truncation) of P (see,

g., [25, 26]). It thus follows from Assumption 2.1 and [26, Proposition 1.1] that P(") has at least
one and at most M; closed communicating classes. Therefore, P®V) has a stationary distribution
vector, denoted by (M) = (;U(N)(k,i))(m)@ggw. We extend PN) and (™ to the orders of P

and z, respectively, by appending zero elements. We also define ™) (k) = (V) (¢, i))(¢i)eL(k) for
k € 7., which is the subvector of V) corresponding to level k.
In addition to Assumption 2.1, we assume the following.

Assumption 2.2 It holds that > 7 | k2 A(k) < oo and > 7| k?B(k) < .

Under Assumptions 2.1 and 2.2, we can show (see Theorem 3.3 below) that there exists a matrix

D such that
D = Z —ex)
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The matrix D is called the deviation matriz of the Markov chain {(X,,J,)} and the transition
probability matrix P. It is known (see, e.g., [13]) that the difference between (™) and z is
expressed as follows:

) — g =2 (PWN) — P\D. (2)

Using this equation, we discuss the convergence of {£(™); N € N} to « in Section 4. To this end,
we provide a condition for the existence of D and then derlve a matrix-analytic expression of D in
the next section.

3. Deviation matrix

We define the first passage time to A C F as 7y = inf{v € N;(X,,J,) € A}. For convenience, we
introduce the notation:

[ ] E[- \(Xo,Jo) (k,9)], (ki) eF
- 1.

k:,z)E]F

The following proposition shows a condition for the existence of D.

Proposition 3.1 ([8, Lemma 2.6]) Suppose that a discrete-time Markov chain {(X,, J,)} is er-
godic. The deviation matriz D exists if and only if Bz [T i)}] < oo for some (k,i) € F. In addition,
if Bx[T{(k,i)}] < oo for some (k,i) € F, then Eg[ry ;)] < oo for all (¢,j) € F.

We need the following lemma to apply Proposition 3.1 to the M/G/1-type Markov chain.

Lemma 3.2 Suppose that the M/G/1-type Markov chain {(X,,J,)} satisfies Assumption 2.1. It
then holds that Assumption 2.2 is equivalent to > ;- | kx(k) < co. Furthermore, Y - kx(k) < oo
if and only if BEx[7(;)] < oo for all (¢,i) € F.

Using Proposition 3.1 and Lemma 3.2, we obtain a necessary and sufficient condition for the
existence of D of the M/G/1-type Markov chain {(X,,J,)}.

Theorem 3.3 Suppose that the M/G/1-type Markov chain {(X,,J,)} satisfies Assumption 2.1.
The deviation matrixz D exists if and only if Assumption 2.2 holds.

Next we derive a matrix-analytic expression of D. For any matrix (or vector) F, we define
|F'| as the matrix (or the vector) obtained by taking the absolute values of the entries of F'. We
then have Proposition 3.4 below, which shows that D is the unique solution of the following matrix
equations.

Proposition 3.4 ([8, Lemma 2.7]) Suppose that the M/G/1-type Markov chain {(X,,J,)} is
ergodic and D ezists. Under these conditions, D equals the unique solution A of the following
matriz equations:

(I — P)A =1 —ex, xA =0, Ae =0, (3)

where x|A| < 0.

In what follows, we obtain a matrix-analytic expression of D by using the matrix equations in
(3). For this purpose, we introduce some definitions and known results. Let L(n) = [J;_,L(k) and

- 112 —



L(n) = UpZpt1 L(k). Let ®(0) := (2;,;(0))ijem,, G = (Gij)ijem, and R(k) == (R;;(k))ijem,,
k € N, whose (i, j)th entries are given by

Di,5(0) = P (i) < 00 (X Jryy) = (0:9) | (X0, Jo) = (n,) € L(0) ),

Gij=P (TM”) < 00, (Xny s Tnny) = (1) | (X0, Jo) = (n +1,0) € E(l)) :

N———

TL(n+k—1)

Rij(k) =E [ o WXy, L) = (n+k, ) | (Xo, Jo) = (n, i) € L(0)

v=1

)

where 1(-) denotes the indicator function of the event in the parentheses.
The following proposition presents the basic result on the structure of G.

Proposition 3.5 ([20, Proposition 2.1]) Suppose that the conditions (i) and (ii) of Assump-
tion 2.1 are satisfied. After some permutations of the states, the matriz G is of the form:

G= (C?T.. gT) ’ 4

where G, is irreducible and Gt is strictly lower-triangular.

We assume, without loss of generality, that G is of the form (4). It then follows from Proposi-
tion 3.5 that G has the unique stationary distribution vector, denoted by g. We now partition P
in the following manner:

where
T = B(0), U= (B(1) B(2) B@3) -,
B(-1) A(0)  A(1) A2
B(-2) A(-1) A(0) A1)
V= B(-3) |- H = A(-2) A(-1) A

The above partition plays a role in solving the matrix equations in (3). We also define H =
(H (k,1i; E,j))(k D.(6,5)€L(0) 35 the fundamental matrix of H, that is,

o0
H=Y H"=(I-H)™"
m=0

Furthermore, we denote the (k,)th block of H by E(k;ﬁ) = (ﬁ[(k,i;ﬁ,j))(m)eMlle. Note that
the (i,§)th entry H(k,i;¢,j) of I/LI\(k:;E) is the expected number of visits to state (£,7) € L(0)
before entering IL(0), given that the Markov process starts in state (k,7) € L(0). We then have the
following result.

Proposition 3.6 ([32, Theorem 9]) The block matrices l/LI\(k:, 0), k. € N, are determined by the
TeCUTSION:

GH(k — 1;0), k>,

_ H(1;1)+GH(k—1;k), k=10>2,
H(k: () — (1;1) ( )

-1
ST H(k;n)R( - n), k<,
n=1

where H(1;1) = (I — ®(0)) " and ®(0) = 3°°_, A(m)G™.

m=0
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We need some more definitions to describe the matrix-analytic expression of D. We define
p(k) = (pi(k))iem, » k € N, as the column vector such that p;(k) is the mean first passage time to a
state in L(0), given that the M/G/1-type Markov chain {(X,,J,)} starts with state (k,i) € L(k).
It then follows that

pk) ={I-G" '+ (k—1eg}{I—A+(e—a)g} 'e+G"u(l), keN,
where a = 3°°°_ (m + 1) A(m)e. In addition, we define P(*) as
PO = B(0)+UHV.

Note here that P(©) is the transition probability matrix of a censored Markov chain with censoring
set IL(0) ([31, Theorem 2]). Note also that the stationary distribution vector of P(©) is given by
x(®) = (2(0)e)~'x(0). Furthermore, let

(I - PO = (I - PO 4 ex0)! —ez®)
which is the group inverse of T — P (see [27]).
The following theorem presents a matrix-analytic expression of the deviation matrix D.
Theorem 3.7 If Assumptions 2.1 and 2.2 hold, then the deviation matrix D exists and
D=(I-ex)K,

where K = (K (k,3;4,7))k,4),.j)er 95 a matriz such that K (k;€) := (K (k,7;4,5))(j)eMpn x My s
k.l € Z., is determined by

K(0;0) = (I — PO)# {I - (e + i i B(m)ﬁ(m;n)e) m(O)} ,

n=1m=1

K(0;0) = (I — PO)Y# { i B(m)H (m; () — <e + i i B(m)H (m; n)e) a;(e)} , (€N,
m=1

n=1m=1
K (k;0) = G* ' {I - @(0)} ! B(-1)K(0;0) — p(k)(0), keN,
K(k0) = H(k; 0) + GF 1 {I — &(0)} ' B(-1)K(0;0) — p(k)z(0), k,l € N.

4. Geometric convergence

In this section, we discuss the geometric convergence of the sequence {m(N );N € N} under As-
sumptions 2.1 and 2.2. Tt follows from (2) and Theorem 3.7 that, for k € ZiN ={0,1,...,N},

™M (k) — z(k) = 2N)(0) [ i B(n)S(N,n, k) + _LUE(N —1)ex(k)
n=N+1

+
M) =
8
=
=
i
NE
;>

(n)S(N,n+ £, k) + _igi(zv - l)em(k)] . (5)

=1 N—(+1
where - -
Am)= > A(m), B(n)= Y B(m), neZ Uu{-1}
m=n+1 m=n+1
and

S(N,n,k) = (GNF — G M H (k; k) + (GN' = G" 1) {I — ®(0)} "' B(-1)K(0; k)
+(GN1 g [{I —A+(e—a)gt le—p)|z(k).

Using (5), we obtain the following lemma, which provides a sufficient condition for the convergence
of {x"); N € N} to «.
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Lemma 4.1 If Assumptions 2.1 and 2.2 hold, then ™) (k) > x(k) for all k € Zf_N and

lim W) = x.
N—oo

For z € C, let A(z) := S 2FA(k) and B(z) := S0, 28 B(k) with convergence radii 4
and rp, respectively. We then assume the following.

Assumption 4.2 It holds that r4 > 1 and rg > 1.
Assumption 4.3 There exists a solution of det(I — A(z)) = 0 for z € (1,74).

Remark 4.4 If Assumption 4.2 holds, then « is light-tailed [22, Theorem 2] and Assumption 2.2
is satisfied. Thus, it follows from Theorems 3.3 and 3.7 that if Assumptions 2.1 and 4.2 hold then
the deviation matrix D exists and (5) holds.

Remark 4.5 There exists a € (1,74) such that 6(y) < 1 for all y € (1,a), where §4(z) denotes
the Perron-Frobenius eigenvalue of A(z). Furthermore, d4(1) = 1, and d4(y) is continuous for
y € (1,74). Therefore, if limy »., A(y) > 1, then Assumption 4.3 is satisfied.

Let 0 denote
0 = sup{y € (1,74); det(I — A(y)) = 0}
=sup{y € (1,74);0a(y) = 1}.

Let v4(z) > 0 denote a right eigenvector of fi(z) corresponding to eigenvalue d4(z). It is known
(see [30, Lemmas 2.3 and 2.4]) that if Assumptions 2.1, 4.2 and 4.3 are satisfied then there exist
K eN,v€(0,1) and b € (0,00) such that

PNy < Py < v+ bly k), N €N, (6)
where v := (v({,1))(s,i)er 1 given by
Ce, 0=,
(nva(n), LeN,

with € (1,0 Arp) and ¢ = (1 —~)~'. Pre-multiplying both sides of (6) by =™, we have
My < b/(1 —7) < co. Thus, we obtain the following lemma.

o(6) i= (006 )iery, = {

Lemma 4.6 If Assumptions 2.1, 4.2 and 4.3 hold, then

N
lim Znem(m(ﬁ) < 00, ne (1,0 Arp).
(=1

N—oo

For any functions f(n) and g(n), matrix-functions M (n) = (M; j(n));; and N (n) = (N;;(n))i
of the same order, we introduce the asymptotic notation:

£ R g(m) St T,
f(n) = g(n) <d:ef> llrlﬂigfm >0 and hﬁsogpg((:i)) < 00,
M(n) ~ N(n) & M; j(n) ~ N j(n), for all i,y

M (n) = N(n) M; ;(n) = N; j(n), foralli,j.

!

We now make an assumption on A
of V) — g

—

n) and B(n) in order to discuss the geometric convergence rate

- 115 —



Assumption 4.7 For some ka,kp € Z,

A(n) 9 nkArZ"CA, B(n) ~ nkBT]__gnCB,

where C4 and Cp are nonnegative matrices.

Lemma 4.8 If Assumptions 4.2 and 4.7 are satisfied, then

A(n) Znkar"Ca L A(n),  B(n) ZnFBrz"Cp & B(n),

and thus j(n) = A(n) and ?(n) = B(n).

Finally, using (5), Lemmas 4.1, 4.6 and 4.8, we obtain the main results of this paper.

Theorem 4.9 Suppose that Assumptions 2.1, 4.2, 4.3 and 4.7 are satisfied. The statements (i)
and (ii) below hold:
(i) If rg <6, then

(N) _
xr xr
lim —— = 1 .
Nl—l;réo a—N 07 o€ ( 7TB)
(ii) If < rp, then
(N) _
. €T Zr
]\/13){1)004_71\7:0’ a€(1,9)

In addition, if G is aperiodic, then the statements (iii) and (iv) below hold:
(iii) If rp < 0, then

(N) _
]\}gnoo M = 00, ﬁ > Trpg.
(iv) If 0 < rp, then
2™ —
lim = 00, B > max(0, A2),

N—o0 ﬁfN

where Ao denotes the second largest eigenvalue of G.
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ISy ND—VDEEERETIVICNRT S
RT7Y Vs BRRIELUCDWT

WEL LN =hFEA
FR TR

BME LIy bU—2IC) LT, EMFONMNEZ 2 M ROEF 2 HWTET WL Ui 2175 Z &
EFE AL, MRIFHEEREOV DL LT, a—¥ - BMRORBE AL RITHRBHEVH D, — D%
[RGB 2 W26, BRSNS e D BUERH R C & 2 & U TEIEHICEIERR AP 1 5560 H
5. AR TIE, —MOZEM AR ZHWAEZETIVIIN U T, K7V U rUBRGELL L ITEh 2588 Fik%E
WO ER 2 BUERTR T 5. 72, ZOELUTBER [F vy 7| LIFENSEEERPEMRTVIZ 05
BRHLDTENAKRDELZEZ S, U XD WEHER 2 ETIIZRD 5 DVRWHLIGETH, s
5 —FIEVWRE TCOHMO A2 HVTEBEZITS 2 MRS, £z, -V = 7V FGER Z AV THURSE
BREATWVIEB RO AR EZMGEET 5.

1. BX
RGBS Xy N7 — 2 ICHEREME T IV AR EA U, YEREREME %2 17 5 A BTERIZITbITWwWa. T,
ZFEREEESOBRIDVPEMOBEIZRELIKETEINOTHS. -2 23, EAELR Y b7 — 27 OMhE

MR & U CHERER D D 508, 2k / — N OIEHIZ X 2 F 5 ORERZE /) — FOALETD /) 1 X
EXERUZGEENTHE D 2HEZ2 B LHERTH Y, BEREELZRTHEETHD. WEMELREKEL
T B72OIE, R — NOBSHHAIIZ NS VA KK BEI N T WS Z DR TH 5 08, HIHLH 7 i @ 725
CIZE D EBIZIEAHANICEE S N T WS AR5, ZOME . — KORE O AN EA S & 220 fOEiE 2
WTRHTEL L ZAIMREMETILOA Y Y bA3H 5.

LTy b7 =228V TH, Andrews et al. [1] TIXMEAREIS OELE A Poisson sUEFREIZHE - 7€
TUDREI N, WEHERL YOI ITHONTWS. LALZOXHICH R XN T WS & 512 Poisson
FOBRETIREALOMEBEZBETERVWEZD, NV ARZEZTHEINTWAEME2RTETFILELT
HMUTWRWEWS MERD S, Z ORI LT Miyoshi and Shirai [2] Tl iR L 2SE OB % £ >
Ginibre SR Z HWEZETIVIZH U THT 217> T\ 5.

— D ZE ] FUBRE & W2 B TOVISN U T, R DR 217 - TW 2 DAY Haenggl (3] TH5H. 2D
X TIE, RN AG ICBEGIETE 2R 7 Y VRGERZ HWZE TV ERMA U ZEBTFE ORT7 Y Vit
FERD) ZELTVWS. ZOFETIE, KTV VREREHWEZET VL — RO SBREZHWEZETILO
WAEMHERIS TR I I IZE>TIEIE-HT I 2HOWTELZIT>TW5. 20, ELTIRET
BET 8 (Xvv /) BWEEGEE RS, Wei et al.[4], [5] Tl BEFEEO SEME % F W 72 SE5E1E
2y FT=ZIZBVWTERARDOT ¥y v T2HWTEBDPTAS I EZRLTWVWS. TDd, v v TOH
HIZ X D EEEZTY, ZNS5OMXTRF Yy 7RV Ial—varyTROSNTWEEITTHS.

AR TIE, BTV VBT ZE WS 72D BB X v v 7% — RO U8R, EREEEEBICE L
THEHULZ., ¥v v 7THEROBER B ICREMDE 2R 2 5ERH 52D TY v v TARDELEHIRELZ. 20
LTI —RDOMBEFED N2 6 —FEVWRE TOHEMOIHZ2HNTF vy T2 REHT DI Atk 5.

AWFZEDFEFRIZE D, —FE VR E TOHEHMDO DA X XL R Z2 KRELEMHT I LN TES
£ o2 VWA B, AROBEIZIROEBE D THE. 2HTH I ETINVERR, SHITRT VY ¥ EUERT
PLOFHE X ¥ v TOEE, ZOEMMEITS. £72, FHEHIE LT a-Y =TIV EREEZ AW, 4 #iTids
6] DBl % 6 FH U 72 A 51 & SR AR IO 20 SR D FE R 2 AT\ SE BT IE O B )M 2 MEET 5.
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2. FEXRBMEETIL

ZOHiTIEENT XY MY — T EBEMERETIVEHWTETILL, RIS T H 2 R % &
AT 5.

O = {X;}°, #HMFOREZRT AL U, KEMBOEFEENE P, =P (—&) £95. 2T
X @XM, BTAR, EWAAERE TS - —F—FLWEME B, LEETALINETS. OF
b, HM5 D Voronoi W VND L —H — X2 OEME LEET S, LR TIERBROEEED S, FHAIZW»
51— —%EZ5.

Fy 3R i D7 2 —Y 0 7% %L, Rayleigh 7 = — YV 7% {RET 5 & 1 OSSN & 7
5. F7z, FEEEIZ G U 7 AR R B ¢ X BRI A B e T 5. T OIRE T, FUR D 2 — 3 — Al Fit)5
PO BRMTBE L, = PY g Fil(|X;]) £ RBTE3. I, #HW3 &, G50 Tk SIR EMUT
DEISIZRES.

_ PR Xg,))

I
SIR In

o

SIRDHAHHME O 2 A7 SRV - —[FHMFHLBETEDLIRET D, I OHER%Z HEHE
R X, p(B,0) =P(SIR>0) £ T5. ZOETFTINCTIIWEERIIUTOL S IZRETE 3.2

p(8,0) = P(SIR > 6)
0(X;) N\
::E[II(1+9a;B$) ]

j#BO

3. RT7YVUVRBEOHEBEREREBWEM

3.1. K7V rm@EaEHl

WEMERIINT 2R TV v aGBRELL L 1%, Haenggi [3] TIREI NV IRy NT—2DFD Y VD
B D WBEMEROELAIETH D, ZOHFETIER L D& 52, —ORUEREZ AW THEE U 7= E R
MRT Y VEEEEZHCTEE U AR 2D 5B MABEIEL 2 ik > TEVWEEEZES 1
LZHEENLUTEBEIT>TWS. R7 YV VB E W2 E T IVOWEHER & — RO fUBFRE %2 W 7= 473
WROFETBRIT2EE G (Frv ) LU, p i —BOLEBRE AW HE KRR, pPre) 2 X7 ki
FBEHWZHEHERE T2 LU T 22T L0 G 2HWTERZITS.

p(GO)
p®pP) (0)
G 2IDDBRIZRE% 72 0 ZFAVEZ ERHEZ DY, 0 0 (RO EHERZ L 0 BEIZFHME L 72\ |k
OISR GCGEEZRD. £/, 0T nfETA 7 —EBHATLLUTIELONS.

—1,01]0

p(GO) 14 p'(0)GO 4+ o(0)
pePp)(0) 1+ p/®PP)(0)0 + 0(6)
_ 1+p(0)Go
1+ p/ere) (0)0

o T GRUTDEEDIZERES.

B PP (0)
P00
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U723 o T, BANDIE Tl 21T S Z &AM HES.

/ppp
p’PPP(0)
p(GO) = pP(0) | G =
’ P'(0)
1C
—  inilzres
T —  pOsson
=
ra - S
s \
:p ",
E "
(=5
: AN
n 04 O
E RN
N
2 T
ﬁ":'_'ﬁ-h__
T
! " ! 104
IR, thzrzshall

1 #EmER

3.2. —ROFBRICHTZYr/O0—"1) V{RE
B1ETHRT Y VAGEFEELIZ DOWTHIAL 2R Z DB ZH VWS IZIE G 2HILT 6 0ERH L. G %
BT 5I12iEp & pPP) O—ROX 270 =) VREABRETH S, LEN->T, 22 TR 70— VR
ZRD 5.
2%@%?»?4@1@:EHL#%o+9ﬂgﬂo_wT%Oﬁ@?i@pﬂﬁhf*ﬁ@?ﬁﬂ—u
VR EEZEAZS. ZTOBIZHWSERE 2 D% 5.6

TE 1 O = {X;}ien 2AUBRET 5. B, = {2 € R |z| < (-1 (L(|Xp,|)/s)} &F % &, BRI F
DE>IHBHTES.

- R e(B) -1
p(5.0) = Blexp(=0 [ 200
TIE 2 (—ROEMABRICEIE YT O— Y V) ¢ EREMBOERE TS &, 2 AGER © 124

T BB,

p(B,0) = Elexp ( — 0/100 (I;(gsj_;)lds)]

DEE ZO—RDY 7= VEEIZLLFTE 2 605,

2B, By = {x € R;|z| < 0101 Xp,])/s)} £T 5.
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ZZT, RO 70 =) MREPERIC R GEIIF U TOENEEZ 5.

23 1 (—ROEMSBRICH T2 O— Y VARROE) £ % EHFROEE L T 2 &, R OB
S B B RER

0(X5) N\ [T e(Bs) -1
E[jg <1+9£<XB )> ]—E[exp< «9/1 019 ds)]
@t%,%@*ﬁ@?&n—uy%ﬁ@ﬁ&@ﬁ??ﬁi%%é.

oo f [

72712U, Bs ={z e R;|z| < 71((|XB,|)/s)} £ T 5.

E[® —1]
/ 52 — s

g—l (X B,|) X =R
// C )Xz, ]P(|XBD|€dR)ds

L e

SFEHOR T —FBEL DEAPMD LM TH BIGE2EMAL L.
Bz, f(z) = 272° OWIE s ITIREFEL R WEMA L 2 5.

RQ)

P(|Xp,| € dR)ds

-R)

P(|Xp,| € dR)ds

p'(0) = (BA—Wl)/o R2P(|Xp,| € dR)

3.3. A7V VRBRBELUDOBERA (a-P =7 RifiE)

ZOHITI, a-YV = TIVAGBRRIZ DO W T BEICBA L, R 7V ¥V aafE a2 AW 7201l — kRO~ 7
0 —Y VR OFEE & T 5.
3.3.1. a-Y=Z7ILRif2

N DEREIX C ~ R EOFHASGERED D TH B,
EE 1 (BEBE[7) ¢ %2R Lo¥iziuiafte U, u % (R B(RY)) LORBHRERZIEE S5, £
7z, p™) % LGEEE & ORI 12T 2 n ROFEETE FHEEE) &3 5. $2bb ik ok, A RHE
BDOBEEROBE f T U T TOEADEILT 5.

E[ > f(Xl,Xg,...,Xn)]://.../Rdxnf(acl,:ng,...,xn)p(")(a@l,mg,...,xn)Hu(dmi)
=1

X1,..., X, €D
XL7£XJ77'7£.7

EE 2 (THUXBR[7]) HEWmE p" WU TOEXR 22T L &, fUBFE O T 2L T
K : R x R? - C 2FH 270 RACBETH BN .

p" (21, @2, ..., 1) = det (K (2, z;))
tﬁb«K@Wm»KUQJMWxR@TﬁﬁTEE@IwS—FﬁWT%a

1<i,j<n
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EE 3 (- =TILEBR[7]) C LOFFFIR AR © A u(dz) = 7 Le 1 m(dz) ic LT, A FD
WWEBINDEK 2RO L TR @ 2 a- V=7V AUERE WS .

K(z,w):ezw/a, z,we C, ae€(0,1]

7277Um iz C EOLR=FHETH .

-V TIVEBRIE, a=1 DL EVTNIERE —HL a - 0 DL EEERT YV ¥ AGERIZ RS
B2 EDNHISGNTWS (8] £72, -V =7 IV AGEFEDERED 2 DD AHIZHEET 2 L L FOMEIRES.

B 3 (Kostlan DEI [7]) X,,i € NA a-V= T lEOME RS L T5. Z0r s,
{1X11% 1 X2/, ... } < {V1,Ys,...}

72720, Y, i € N3 T YVi~Gamma(i, t\/a) TH 5.
R 1 (VZTNRBRENOD a-I ZTIVRBEDOER)) Oy/q = {Xitien ZRE N/a DY =T )Ll
35, -V 7V EGHRE @ IFPATRD LS ITRES.

C) = Zfilc’(Xi)7 C e B(C)
€N

72U A& LienEEWIZHN. TP =1)=a & P =0)=1—a &3 &9 5.
3.3.2. a-Y=—TIRBEO—ROTIO—") VG

T, ERBELEHRL - BRORBHRFRDBEBMTH L LINEL T a-YV = 7 IVEHEED — kD~ 20— 1)
VREERENTS. 20he, BAFIE LTESHVWLOND (z) =228 & FEAETHBLUAR WX D E]

CHIL 72 £(x) = (1 + 220) "L 2 WG a 2 AL LTHIT 5.
EE 4 HPBHPFBABEBT, g & l(2) = g(2?) - TERTHE LTS, £, pEa-V =T
FMBTEOWBHRE T2 L, ~IROWAFRBIZIRO LS 1252605,

p'(0) = —a? ZZEY ) By, [g(V){Y; < Vi}] [ (1= a+al'(5,Y))]

i=1 k#i VEN
7272 U {Y: bien 13N T Yi~Gamma(i, 1) TH 5.

(SEHR) D ={X;lien # a-V =TIV AHIE TH B E U, {&ienBEWICHSITP(E =1) =a &
P& =0)=1—a %=L, {Yilien LB HWNIMITHZ LT 5.

EH 2 2V e, By = {z € R |z| < g7 9(|XB,[?)/s)} &0 &(B,) — 1 = &(B,\By) DD L2
DT

_ 1]
2 — s

S\Bl ]d

/ E[®
S
/ E[®
ZZT, g l3HABRADTH L B ERODT,

E[(I)(BS\Bl)} = E[ Z 1{|XBD| < |Xk’ < g_l(m>}]

k#B, 5
ZZE[LHXZ-I < | Xi] < g_1<g(!)§i12))}1{30 = i}]
i=1 k#i
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X252 6NTHY, [Xi2 <Y BohoT0BEE,
{B, =i} = {|Xi|* <V}, = 1,7 e N\{i,k}} U {¢; = 0}
£oT,
_ Xp,|? .
B < 15 < o7 (LEED )1 0m, — iy
_ 2 1 (9(X8,1%) _ oy 12
= aP(Xi? < Vi < g7 (B=22) T (1= atal ()

J#ik

72, s T AIHEASZITD &,

oo P(|1X;]? < | Xi|? < g_1<g(‘ f"l ) - g(‘XBO‘ ) ykflefy
,/ ds—/ / dyds
1 X; |2
\
(

52 (k—1)!

e 1
X2 (k— 1). /g“f) 2) stde
= (9(1X:|*) " By, [g(Yi)1{| Xi|* < V3. }]

L7=-TC,
a3 B pla(X) B g0 < Vi) [T (1— a+al G )
i=1 k#i ik
= —a’ ZZEY By, [g(Vi)1{Y; <V} [] (1= a+al(j, 7))
i=1 k#i G0k
NI AIRVASR .

RIZHEIZE D T T ERFEEBEEE W TERT 5. a- V= 7V RBROWEMEREZ p L U722 &, {Vi}ien
PHSLT Yi~Gammal(i, 1) TH 2 LT 25 & —IROWHRBOFBEFNINTDOE B TH 5.
o l(z) =272 DIGH

p'(0) = —a? i Y BB Y 1Y < Vi) [T (- a+al'(5,)))]
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Maintenance Optimization for Multiple-unit Systems
Based on Markov Decision Process

Lu Jin
Department of Informatics
University of Electro-Communications

Abstract  Advances in technology have led to systems becoming complex and comprising several different units.
Breakdowns of such systems are usually due to the deterioration of one or more units. This study first focused on the
optimal maintenance decision policy for a deteriorating system consisting of two units for which the deteriorations are
assumed to be different and mutually dependent. Three actions, keep operating, complete maintenance, and partial
maintenance, are available for each unit. Since the units structurally form a system, maintenance of either unit may
imply maintenance of the other unit as well. The decision-making problem is formulated as a Markov decision process
for which keep operating or a joint maintenance is chosen at each decision epoch. We investigated the structure of the
optimal maintenance policy for such a system which can minimizes the expected total discounted long-run cost. A set
of sufficient conditions for a monotone policy to be optimal was identified.

1. Introduction

Preventive maintenance that can prevent breakdowns of deteriorating systems before they occur has been
widely investigated. In most of the proposed models, systems deteriorate randomly over time and, unless
maintenance is taken, eventually fail. Maintenance managers decide when and how to perform maintenance
actions, such as repair and overhaul, with the objective of reducing the overall operating and maintenance
cost. Maintenance optimization finds the optimal balance between the costs and benefits of performing
maintenance actions.

The optimal maintenance decision-making problem for deteriorating systems with single unit has been
studied extensively, and one of the most important achievements in optimal maintenance problems has been
to identify the structure of optimal maintenance policies. Derman [4] proposed a structure called a control
limit policy and provided a sufficient condition for the optimality of a control limit policy for the keep and
replace problem in the perfect observation case. Lam and Yeh [10] presented algorithms for deriving optimal
maintenance policies to minimize the expected long-run cost for continuous-time Markov deteriorating sys-
tems. Elwany, Gebraeel, and Maillart [6] presented a model based on exponentially increasing deterioration
with the problem formulated as an Markov decision process and showed that the optimal replacement pol-
icy is a control limit policy. Kurt and Kharoufeh [8] generalized Derman’s model for deteriorating systems
operating in a controllable environment. They obtained sufficient conditions for the optimality of a control
limit policy. Byon, Ntaimo, and Ding [2] investigated the optimal maintenance policy for wind turbines
operating under stochastic weather conditions, focusing on the effect of weather conditions on maintenance
lead time.

With the improvement of technology, systems become huge and complex. Such systems are composed
of multiple units with possibly different types of deteriorations.

Many researchers have considered the optimal maintenance policies for multiple-unit system and some
of the proposed models are for the case in which deterioration is independent between units. Thomas [13]
investigated a deteriorating system with multiple units and compared the replacement of the whole system
with the replacement of individual units. Sethi [12] considered a system consisting of two identical units
for which the failure are occur independent. Each unit has two states (good and failure) and three actions
(keep operating, replace one unit, replace both units). A monotone policy with respect to elapsed time was
derived under certain conditions. Kawaguchi and Suzuki [7] investigated a multiple-unit system without
deterioration. The true states in their model are not known directly and are monitored simultaneously using
several monitors. They first defined monotone policies in the strict and weak senses and provided a sufficient
condition under which a weakly monotone policy becomes optimal in view of a minimum total expected cost.
Wijnmalen and Hontelez [15] and van der Duyn Schouten and Vanneste [5] discussed the optimal decision
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problem for a multi-unit system under perfect observations on the basis of the results of simulation. Barbera,
Schneider and Watson [1] considered a system of two independent units in series and studied the optimal
solution to minimize the long-run expected cost of maintenance actions and failures.

During the past decades, there has been a growing interest in the modeling and optimization of mainte-
nance of system consisting of multiple dependent units, because people have realized that iterations between
units in a system cannot be neglected and should be taken into account in maintenance decisions. Interac-
tions between units can be classified into three different types (Thomas [14]): economic dependence, struc-
tural dependence, and stochastic dependence. Economic dependence means that either costs can be saved
when several units are jointly maintained instead of separately or the opposite. Dekker and Wildeman [3]
reviewed the literature on multiple-unit maintenance models with economic dependence. Lai and Chen [9]
investigated a maintenance policy for a two-unit system with failure rate interaction between units. The
components in their model are stochastic dependence, and the failure of component 1 affects the failure rate
of unit 2 while the failure of unit 2 causes unit 1 to instantaneously fail. They derived the long-run expected
cost per unit time by introducing relative costs as a criterion of optimality and discussed the optimal period
that minimizes that cost.

Most multiple-unit maintenance models consider independent case or only one of the three dependences,
whereas in practice, the dependences in a multiple-unit system are more complicated. In this paper, we in-
vestigate the optimal maintenance decision problem for a deteriorating system with two dependent units.
Besides keep operation, two types of maintenance actions, partial maintenance (repair) and complete main-
tenance (overhaul), are available for each unit. Due to the interaction between two units, a joint maintenance
policy should be determined based on the information of both units. In the model, the economic dependence
(interaction between maintenance costs), the structural dependence (interaction between the actions be im-
plemented to the two units), and the stochastic dependence (interaction between deteriorations of two units)
are taken into account. We formulate this problem as a Markov decision process (MDP) and analytically
explore the properties of the optimal policy along any deteriorating path. We provide a set of conditions for
the existence of the optimality of a monotone policy in a sense of component-wise order.

2. Model and Formulation

In this research, we investigate the optimal maintenance decision problem for a deteriorating system with
two dependent units. Besides keep operation, two types of maintenance actions, repair and overhaul, are
available for each unit. Due to the interaction between two units, a joint maintenance policy should be
determined based on the information of both units. In the model, the economic dependence (interaction
between maintenance costs), the structural dependence (interaction between the actions be implemented to
the two units), and the stochastic dependence (interaction between deteriorations of two units) are taken
into account. We formulate the decision-making problem as a Markov decision process and determine an
optimal joint maintenance policy which minimizes the expected long-run cost of a two-unit system over an
infinite horizon.

2.1. Model Description

Suppose that the system consists of two different units, U; and U,. The deterioration of unit Uy (k = 1,2)
can be measured as one of a finite number of states from space Sy = {0, 1,...,n;}. The states are ordered
to reflect the level of deterioration. That is, O denotes a new state, and n; refers the most worn state, of
unit Ug. The deterioration level of the whole system is evaluated using a two-dimensional information
vector s = (51, 52) in space S = S1 ® S,, where s; is the deterioration state of U;. We call s the system’s
information vector. We introduce a partial order among vectors to compare information vectors of the
system. For s = (s, 52) and §" = (s’l, sé), if 5; < slf for i = 1,2, then we say s’ is greater than s in the sense
of component-wise ordering, denoted by s <. s’. In this research, s’ represents a more deteriorated state of
the system than s, if s <, s’.

A decision is made whether to continue system’s operation for an additional unit of time period, or
to take one maintenance action from several options referring to the information s = (sq, s2). If “keep
operating” (without taking any action to either unit) is selected for information vector s, operation cost K(s)
is incurred and both units are deteriorating for the current time period. Note that any unit can not recover by
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themselves. We assume that the deterioration of system follows f(u|s), which is a conditional probability
that the system deteriorates to u(>. s) from s.

For a system which is formed by several units structurally, the maintenance of either unit implies main-
tenance of other units. Let a; (k = 1,2) represents an action implemented to unit Uy. ay takes a value of
1 or 0. Here a; = 0 represents a complete maintenance such as “overhaul” and a; = 1 represents a partial
maintenance such as “repair”. Overhaul recovers the deterioration of a system perfectly, while repair just
recovers the deterioration partially. If @z = 0, overhaul cost Oy is incurred for Uy, and the state of Uy is
reset to 0. If a; = 1, repair cost Ri(sy) is incurred for Uy, and the deterioration state of Uy will be improved
to a prespecified level ri(< si). Ri(sx) depends on the current state s; since the unit with a more deterio-
rated state usually needs a costly repair than that with a better state. Therefore, four types of maintenance
actions, a = (aj,az) € {(0,0),(0,1),(1,0), (1, 1)}, are available for a two-unit system. The corresponding
maintenance costs for action a = (ay, ay) is given as

Ri(s1) + Ry(sp) fora=(1,1)

Ri(s) + O fora = (1,0

Calst, 52) = {5+ O2 ora=(10) (1)
O + Rz(Sz) fora = (O, 1)
01> for a = (0,0)

We assume that O, < O; + O, since that the overhaul cost can be saved when two units are joint overhauled
instead of separately.

Let G(a1,a) = 2 — (a; + ay) be the size of action (a;, ap) which represents the scale of a maintenance
action. As the size shown, for overhaul of the whole system, G(0,0) = 2, and it is the largest maintenance
action, while for repairs of both units, G(1,1) = 0, is the smallest maintenance action for the system. For
convenience, let M(G),G = 0, 1,2 denote the maintenace actions with three different size, respectively.
2.2. Formulation of Maintenance Decision-making Problem
The decision-making problem can be formulated as an MDP, which is a sequential decision making model.
Union of the sets S¢ for all the paths forms the space of information vectors S. The maintenance manager
should decide whether continue operating the system or choose a maintenance action (ay, a;) to minimize
system’s total expected cost on the basis of § € S¢;. Let

KVV(s) = K(s)+B ), fluls)V V) 2)

s<cu

be the total expected cost if keep operating is selected for information vector s and optimal decision policy
is followed for the remaining N — 1 time periods. Here, 5 (0 < 8 < 1) is a discount factor.
Let
MV ®(s) = min{MV™(s|a)) 3)

be the minimal total expected maintenance cost of the process starting at state s = (s7, s2) over N time
periods. Here,
MV®(sla) = Cals) + VN Daor )

is the expected maintenance cost if action a is selected for s. The maintenance action will take one time
period and the deterioration of system is recovered to aor. Here a is the action to be selected and r = (r1, 1),
in which ry, is the prespecified level of Uy improved by a partially repair.

An optimal policy is a sequence of optimal actions for every possible s. In the decision-making process,
the optimal action that minimizes the total expected cost for each s can be determined by solving a set of
equations:

V®(s) = min {KV™(s), MV ™ (s)} (5)

Let V(s) = 0 for any s. From the standard argument of contraction mapping theory [11], KV¥)(s) and
MVW™(s) converge to KV (s) and MV(s) respectively as N tends to infinity. Therefore, we have a recursive
function for the optimal total expected cost function:
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V(s) = min{KV(s), MV(s)}. (6)

3. Optimal Maintenance Decision-Making

In this section, we investigate the optimal maintenance decision-making problem for a two-unit deteriorating
system. The properties of the optimal expected cost function are examined, and the optimal maintenance
policy is found to be given by a monotone policy.

When we focus on a state space in which the deteriorating states ordered by a component-wise order, if
the ordered state space can be divided into at most two regions, {keep region, maintenance region}, we call
this kind of decision policy, a monotone policy in the sense of a component-wise order.

3.1. Assumptions

We made the following assumptions regarding the deterioration process. Note that we consider functions to
be either increasing or decreasing in the weak sense throughout this paper.

(A-1) For any stateu and u’ € S,

f@ls)fuls’) < fu Au'ls)f(uV u'ls) (N

for any s <. s’. Here u A u’ = (min{uy, u}}, min{u, u}}) and u V u’ = (max{uy, u}}, max{uy, u’}).

(A-2) K(s)is increasing in s in the sense of a component-wise order.
(A-3) C,4(s) is increasing in § in the sense of a component-wise order.
(A-4) K(s) — C4(s) is increasing in s in the sense of a component-wise order.

(A-5) For two maintenance actions a and a’ for which G(a) < G(a’), C4(s) — Cy(s) is increasing in s in the
sense of a component-wise order.

Assumption (A-1) means that, as the system deteriorates, the system is more likely to move to a more
deteriorated state. (A-1) is known as a weak multivariate monotone likelihood ratio order [16], which is
the extension of monotone likelihood ratio of one-dimensional state transition probabilities. Assumption
(A-2) implies that the operation cost per unit time period do not decrease with the deterioration of the
system. Assumption (A-3) implies that, the repair cost of one unit depends on its current state. A more
deteriorated unit needs more expensive repair cost to recover it to a certain level. Assumption (A-4) implies
that, as the state deteriorates, the advantage of maintenance becomes larger than that of keeping it operating.
Assumption (A-5) implies that, as the system deteriorates, the advantage of large scale maintenance becomes
larger than that of small scale maintenance.

3.2. Properties of Optimal Maintenance Policies
Under Assumptions (A-1) to (A-5), we derive the following theorems.

Lemmal:

For any deteriorating state s, KV(s) — MV(s|a) for any a is increasing in s in the sense of a component-wise
order.

Theorem 1:

Under Assumptions (A-1) to (A-5), the optimal policy is given by a monotone policy.

Theorem 2:

Under assumptions (A-1) through (A-5), the scale of optimal maintenance action becomes larger as the
system deteriorates.

Lemma 1 ensures the establishment Theorem 1 under Assumptions (A-1) to (A-5). Theorems 1 and 1
define the properties of the optimal maintenance decision. Theorem 1 shows that under some reasonable
assumptions, there is exist at most one threshold for keep operation and maintenance. Theorem 2 shows
that the assumptions presented in section 3.1 are sufficient for an increasing trend in the scale of the optimal
maintenance.
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4. Numerical Example

Table 1 Operation cost K(sy, 52)

5]
0 1 2 3 4
0] 30 | 40 | 50 80 | 150
1140 | 50 | 60 | 90 | 160
s> 1 2] 50 | 60 | 70 | 100 | 170
31 80 | 90 | 100 | 110 | 180
41150 | 160 | 170 | 180 | 250

Here we present a numerical example. Consider a system consisting of two units (U and U ) for which
the deterioration can be classified into one of five states:s;, so € {0, 1,2, 3,4} where 4 means the greatest
deterioration. We assume that operation cost K(s1, s7) for every (s, s7) pair is given as shown in Table 1.
Repair can recover the state of both units to state 1; the repair costs are given by Rj(s;) = 16 + 10s; and
R>(s2) = 16 + 10s,. If the system is in a state better than (1, 1), repair is not selected. The overhaul costs
for Uy and U, are O; = 114 and O, = 164. The cost of overhauling the whole system is O1» = 227 since
overhauling the two units simultaneously reduces some of the cost. These cost functions satisfy assumptions
(A-2)-(A-5). We assume that discount factor S is 0.96.

The system deteriorates in accordance with

09 u=s
f@l$)s, 51012341 =90.1 @ = (min(s; + 1,4), min(4, s, + 1)) .
0 otherwise

)

and assumption (A-1) holds for f(uls).

Table 2 Optimal action for every (s, 52)

S1
0 1 2 3 4
0 K K K a=0,1) |a=(0,1)
1 K K a=(1,1)a=0,1) | a=(0,1)
s2 | 2 K a=(1,1)|a=(,1) | a=(0,0) | a=(0,0)
3 =1,1) |a=(,1) | a=(0,0) | a=(0,0) | a=1(0,0)
4 ={1,1) | a=(0,0) | a=(0,0) | a=(0,0) | a=1(0,0)

We calculated KV(sy, s2) and MV (sy, szla) for every (s1, s2) pair on the basis of these parameters. Taking
the action that has the minimal value for every state as the optimal action, we obtain the optimal action for
every (s1, 52), as shown in Table 2. The state space is divided into two regions: “keep operating” (cells
with “K”) and “ perform maintenance ” (cells with “a”). The different types of maintenance represents
different sizes of the maintenance action to be taken. Since the size of the action represents its scale, we can
see that a maintenance action with a larger scale is more likely to be implemented as a system deteriorates in
the sense of component-wise ordering. For example, if we focus on the states on one sample path {(2,0) —
3.,1) » 4,2) - (4,3) = (4,4),} which is one pattern of system deterioration starting from (2, 0), the
optimal action changes from “Keep operating” to “Maintenance” once. Furthermore, the corresponding
optimal actions are {“K” — “M(1) = (0,1)” - “M(2) = (0,0)” — “M(2) = (0,0)” - “M(2) = (0,0)”}.
The action M(1) = (0, 1) represents a maintenance action with size 1, i.e., the the overhaul of U; and repair
of U,, and M(2) = (0,0) represents a maintenance action with size 2, i.e., the overhaul of both units. This
numerical example shows that the optimal action for a two-unit system is given by a monotone policy, and
the scale of optimal maintenance action becomes larger as the system deteriorates.
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5. Conclusion

While optimal decision-making problems for multiple-unit systems of which the units deteriorate indepen-
dently have been investigated in previous studies, we investigated an optimal maintenance decision-making
policy for a system with two dependent units. In this research, the economic dependence, the structural
dependence, and the stochastic dependence are taken into account. We formulated the decision-making
problem as a Markov decision process and derived a set of sufficient conditions for the optimal joint main-
tenance policy to be given by a monotone policy. Furthermore, we found that it is preferable to implement
a maintenance action with a larger scale as the system deteriorates.
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Monotone properties of an optimal maintenance policy for a Markovian
deteriorating system with imperfect repair and incomplete information

Nobuyuki Tamura
Department of Industrial and Systems Engineering
Hosei University

Abstract This paper considers a system whose deterioration is modeled as a discrete-state and discrete-time
Markov chain. At each discrete time point, one of the following three actions can be taken: operation (wait),
repair, or replacement. After operation, the system deteriorates according to the Markov chain and it is
monitored to obtain some incomplete information on the degree of the deterioration. We propose a partially
observable Markovian decision process (POMDP) model with imperfect repair. When imperfect repair is
repeated, the system is less likely to move to better states after completion of repair. We show that, under
certain assumptions, a control-limit policy is optimal. Furthermore, we provide several structural properties
on the optimal maintenance policy focused on repetition of imperfect repair.

1. Introduction

Since any system necessarily deteriorates due to usage or age, it cannot remain in good operating
conditions and will eventually fail without maintenance. Therefore, it is important to decide when
and how to take maintenance actions. Many previous studies have been conducted on solving
maintenance problems mathematically. The papers by Pierskalla and Voelker [12], Sherif and
Smith [15], Valdez-Flores and Feldman [18], Cho and Parlar [1], Dekker [2], and Wang[19] are
excellent reviews of the subject. In the case of studies on the idea of imperfect maintenance and its
applications to optimal maintenance problems, the paper by Pham and Wang [11] provides many
examples.

If we assume that the deterioration levels of a system correspond to a finite set of non-negative
integers, then the deterioration process of the system can be described as a Markov process with
an absorbing state which expresses failure of the system. This model is called a Markovian deteri-
orating system. Derman (3] first studied the Markovian deteriorating system and derived sufficient
conditions that a control-limit policy holds. Douer and Yechiali [4]), and Tamura [16] studied a
Markovian deteriorating system for which repair or replacement can be selected as a maintenance
action and showed that a generalized control-limit policy holds under several reasonable assump-
tions. These models assume that the true state of the system can be identified with certainly at
any given time.

Unfortunately, we do not always detect the true state of a system. If it is costly and/or time
consuming to observe a system directly, we use partial(incomplete) information on the deterioration
of the system. For this situation, partially observable Markov decision process (POMDP) models
are appropriate. POMDP models consider a system that is monitored by some mechanism which
gives partial information on the state of the system but does not necessarily tell its true state.
Monahan [8] gave an excellent review of this subject. Ohnish et al. [9] proposed the maintenance
problem via a POMDP model and derived sufficient conditions that the optimal maintenance policy
satisfies the so-called “monotonic properties” by using the theory of stochastic order relations. Also,
Ivy et al. [5] and Tamura et al. [17] studied a POMDP model with imperfect repair. However, these
models assumed that repetition of repair does not influence degree of its imperfection.

The present paper considers a system whose deterioration follows a discrete-state and discrete-
time Markov chain with an absorbing state. At each discrete time point, the true state of the
system is not identified but is monitored instead to obtain partial information on the deterioration
of the system. For this system, we propose a POMDP model with imperfect repair. As the system
repeatedly undergoes repair, it becomes less likely to move to a better state after each completion
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of repair. For the model, we provide the total discounted cost for an unbounded horizon and
examine under what assumptions a control-limit policy is optimal. Furthermore, we examine the
monotonicity of the optimal maintenance policy.

This remainder of the paper is organized as follows. In the next section, we explain the structure
of the model in detail. In section 3, we provide the mathematical formulation as a partially
Markov decision process model. In section 4, we derive several structural properties of the optimal
maintenance policy that minimizes the expected total discounted cost for an unbounded horizon.
Finally, we present our conclusions in section 5. The proofs for the theorems and lemmas in section
4 are summarized in the appendices.

2. Model description

We consider a system whose deterioration follows a discrete-time and discrete-state Markov chain
with an absorbing state. The system can be classified into one of N + 1 states. State 0 represents
the process before any deterioration takes place, that is, the initial new state, whereas N is the
failure state of the system. The intermediate states 1, ---, N — 1 are ordered to reflect the relative
degree of deterioration in ascending order. At each discrete time point, we can select from one of
three possible actions: operation(wait), repair, or replacement.

Let p;; be the transition probability of the Markov chain and P be the transition probability
matrix. § ={0,1,---, N} is the state space of the Markov chain. We let g;;(m) denote the repair
probability that the system is returned to state j from state ¢ through repair when the system has
already undergone m repairs. Also, we let x; denote the probability that the true state of a system,
which has already undergone m repairs, is : € § = {0,1,--- ,N} and set ¢ = (xg,z1, - ,ZN).
Hereafter, we call « the state vector of the system. Also, e; means the IV + 1 dimensional vector
that has ith element 1 and all other elements zero. We consider actions to be selected based on the
state vector and the number of repairs instead of the true state.

When wait (W) is selected, the system is operated for one period. Thus, a system in state 4
moves to state j with probability p;; at the next time point according to the Markov chain. After
operation, we monitor the system and obtain the outcome which has some relation to the true state
of the system. We assume that the relationship between the outcome of the monitor 6 and the true
state of the system ¢ is given as follows.

~ig = Pr{the outcome is 6 | the operated system stays in state i}.

We define (T');9 = vip and assume § € M = {1,--- | M}. As a result, operating cost w; is incurred.
As defined above, when repair (Rp) is selected, a system in state ¢, which has already undergone
m repairs moves to state j with probability g;;(m). We define (Q(m));; = gi;j(m). In this case,
repair cost r;(m) is incurred. After completion of repair, the true state of the system is identified
and an optimal action is selected. When replacement (Ryp) is selected, a system in state i moves
to state 0 without fail and replacement cost ¢; is incurred.

We define

U = (uOv T 7uN)T7T(m) = (To(m), t 7TN(m))Tvc = (607' o 7CN)T7

FN = {f e R fii < i 1 <i < N},

where T means transportation.

We analyze our model based on the properties of the stochastic order relations(e.g. see Karlin [6],
Kijima [7]). The properties are very important in the study of these types of problems.

As part of our definitions, we also assume that a nonnegative matrix B is defined on the state
space N, where N = {0,1,2,--- ,n}.
Definition 1. The matriz B € TPs if and only if

by jbik — burbi; >0

for h <i and j <k.
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Definition 2. The matriz B € SI if and only if
n n
D by <D b
j=h j=h

fori<k.
B € TP, means B has the property of totally positive of order 2. Similarly, B € ST means B

=
has the property of stochastic increasing. Hereafter, if a matrix < > € TP, for vectors a and b,

bT

T
then we write a<b. Also, if
s+1 s+1

Z a; < Z b;
i=k i—k

then we write a i b.
For the model, we impose the following assumptions on the costs and the probabilities.
Assumption 1. For any m, u € FN*! r(m) € FN*! and c € FN*L
Assumption 2. For any i, r;(m) is increasing in m.
Assumption 3. For any m, u —r(m) € FN* u—c € FN* and r(m) —c € FN*L
Assumption 1 means that as the system deteriorates, it becomes more costly to operate, repair,
or replace the system. This assumption would appropriately reflect real situations. Assumption
2 means that it becomes more costly to repair the system with repetition of repair. Thus, this is
related to a technical difficulty with repetition of repair. We can interpret Assumption 3 as follows.
As the system deteriorates, the merit of repair or replacement increases relative to that of operation.
In addition, the merit of replacement increases relative to that of repair with deterioration.
Assumption 4. For any m, P and Q(m) are totally positive of order 2 (T'Ps).
If P e TP, then P € SI. Hence, Assumption 4 indicates that as the system deteriorates, it becomes
more likely to move to a worse state. Similarly, since Q(m) € SI because of Q(m) € TPy, the
system becomes less likely to move to a better state after completion of repair with deterioration.
Let q;(m) denote the ith row vector of the matrix Q(m). This comprises the probability that the
system in state ¢, which has already undergone m repairs, moves to different states after completion
of repair. Then we impose the following assumption to express the influence of repetition of repair
on the system.

T
Assumption 5. For any m and i € S, g;(m) < g;(m+1).
Assumption 5 indicates that as the system repeatedly undergoes repair, it becomes less likely to
move to a better state after completion of repair.

3. Formulation

Our problem can be modeled as a partially observable Markov decision process. Let 8 (0 < 8 < 1)
be a discount factor.

Although we consider a Markov chain with stationary probabilities, the repair probabilities
depend upon the number of repairs. For the formulation, we define a set X by

N
X:{mERN+1‘xizoforiES,inzl}.
=0

Furthermore, we let V(x,m) denote the optimal total expected discounted cost for an un-
bounded horizon when the state vector is & and the number of repairs is m.
When the system is operated at state vector @, the probability that the outcome of the monitor

is @ is given by
P(O]x) = E E TiPijV56-
iJ
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We let T'(j|x, 0) denote the probability that the true state of the system is j given that the outcome
is 0 after the system is operated at state vector . T'(j|x,0) is expressed as

. > i Tibijvie
T J .’L',H — Z—J’
e, 8) D2 225 TiPig V6

via Bayes’ formula. Thus, when Action W is selected at state vector @, the state vector at the
next time point becomes T'(z,6) where (T'(z,0)); = T(j|x,0). We let W (z,m) denote the total
expected discounted cost when Action W is taken at state vector @, the number of repairs is m,
and the optimal maintenance policy is employed afterwards. Hence, W (x, m) is given by

W(x,m)=a"u+8Y POlz)V(T(z,0),m). (1)
6

When the system is repaired at state vector  and has already undergone m repairs, it moves to
state j with probability (£ Q(m +1)) j. Afterwards, the true state is identified through inspection
and an optimal action is selected. Thus, we let Rr(x,m) denote the total expected discounted
cost when Action Rp is selected at state vector x, the number of repairs is m, and the optimal
maintenance policy is employed afterwards. Hence, Rgr(x, m) is given by

Rp(@,m) =z r(m+1)+8> (z'Q(m+1));V(ej;m+1). (2)
j

When the system is replaced at state vector  and has already undergone repair m times, it is
returned to state 0 without fail and an optimal action is selected. Thus, we let Rr(x,m) denote
the total expected discounted cost when Action Ry is selected at state vector x, the number of
repairs is m, and the optimal maintenance policy is employed afterwards. Hence, Ry (x, m) is given
by

Rr(x,m) =x ' c+ BV (eo,0). (3)

From the theory of dynamic programming (Ross [14]), V (2, m) is expressed by the following
recursive equation.

V(x,m) = min [W(x,m), Rg(x,m), Rp(x,m)]. (4)

4. Structure of the optimal maintenance policy

This section provides several structural properties of the optimal maintenance policy. As a prelim-
inary, we give some results below.

Theorem 1. For any m, V(x,m) is a concave function of x, and if x; 2 xg, then V(xy1,m) <
V(x2,m). Also, for any x € X, V(x,m) is increasing in m.
We can prove Theorem 1 by using mathematical induction. From the argument of the proof of
Theorem 1, we have the following corollaries.
Corollary 1. For any m, W (x,m) is concave in X.
Corollary 2. For any m, W(x,m) and Rr(x,m) are increasing in x € X with respect to T P;.
Also, for any x € X, W(x,m) and Rr(x,m) are increasing in m.

Using these results, some lemmas are obtained as follows.

T
Lemma 1. For any m, if €1 < x3, then

W(.’Bl,m) - RT(le,m) S W(CCQ,m) - RT(',L.Q)m)’
Rp(z1,m) — Rr(x1,m) < Rr(z2, m) — Rr(x2,m).

Lemma 2. For any m, W(x, m) — Rr(x,m) is concave in .
Lemma 3. For any x € X, W(x,m) — Rr(x,m) and Rr(x,m) — Rr(x, m) are increasing in m.
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These results are useful for deriving structural properties of the optimal maintenance policy.
Now we let D(x, m) denote an optimal action at state vector & and number of repairs m. By using
Lemmas 1, 1, and 2, a control-limit policy is optimal as follows.

Theorem 2. Suppose any & and & (T 2 x). Then, for any m, there exist real numbers &y, G,
and &, such that

W for 0<a<an,

Rr  for am < a<dpny,

w for Gy < a < ap,

Ry for oy <a<1,

D(x,,m) =

where o, = (1 — )& + az and 0 < &y < Ay < Gy < 1.

Also, according to Lemma 3, we can derive a property of the control-limit &,, under repetition
of repair. In this paper, the control-limit means the state vector such that replacement is optimally
selected for the system which has already undergone m repairs.

Theorem 3. a,, is decreasing in m.

Theorem 3 means that, since it becomes more costly to repair the system and less likely to be
repaired to a better state with repetition of repair, to select replacement is more preferable than
repair for a system which has undergone more repairs at smaller state vectors with respect to T P5.

Furthermore, by using Lemma 3 and Theorems 2 and 3, we obtain that the optimal maintenance
policy satisfies the following monotone property.

Theorem 4. There exist integers m’' and m* such that, if 0 < m < m’, then

W for 0<a< ap,
Rr  for &, <a<dm,
w for G, < a < ap,
Rr  for am<a<l,

D(xzq,m) =

and if m' <m < m*, then

W for 0<a< day,
D(xq,m) = Rr  for a,<a<anm,
RT fOT’ O <« S 17

if m =m* then
W for 0< o< an,
D(‘%"m)_{RT for Gm <a<l,

where £y, = (1 —a)Z + ax, 0 < &y < @y < Qg < 1, and 0 <m/ <m*.

Hence, m™* is the optimal number of repairs for the system because Action Rp is not selected
when the number of repairs reaches m*. Also, we find that the optimal maintenance policy may be
characterized by four regions at most. If m’ = m*, then the structure of the optimal maintenance
policy agrees with that of Ohnishi et al. [9)].

5. Conclusion

In this paper, we have proposed a POMDP model for a Markovian deteriorating system with
imperfect repair. As the system repeatedly undergoes imperfect repair, it becomes less likely to
move to a better state after completion of repair. We have derived the total expected discounted
cost for an unbounded horizon. For the model, we have shown that the control-limit policy is
optimal under certain reasonable assumptions. Furthermore, we have investigated the behavior
of the optimal maintenance policy with repetition of repair. As a result, we have shown that
the optimal maintenance policy is monotonic and may be characterized by four regions at most.
Finally, we have found that there exists an optimal number of repairs. These results are useful for
numerically determining an optimal maintenance policy. However, since imperfect repair influences
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the stochastic behavior of the system, we have adopted stricter assumptions than ST for the repair
probabilities.

Future work includes deriving conditions under which the number of regions of the optimal

maintenance policy is at most three. This means that we have to obtain conditions such that
m’ = m*. Also, to numerically solve our problem more efficiently, it is important to find a finite
upper bound on the optimal number of repairs.
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Abstract  This paper studies the heavy-traffic limit of the stationary distribution and its moments of the
GI/G/1-type Markov chain. The authors presented the same topic at the previous year’s conference, however,
the proof and result for the heavy-traffic limit of the moments contain errors. We first correct Kimura et
al (2012)’s proof of the heavy-traffic asymptotic formula for the stationary distribution. We then present a
corrected asymptotic formula for the moments of the stationary distribution based on this correction.

1. Introduction

This paper studies the heavy-traffic limits of the stationary distribution and moments of the
GI/G/1-type Markov chain. The GI/G/1-type Markov chain is a mathematical model for the anal-
ysis of various semi-Markovian queueing models. Several important classes of structured Markov
chains, such as quasi-birth-and-death processes (QBDs), GI/M/1-type and M/G/1-type Markov
chains are included in the GI/G/1-type Markov chains. Although the stationary distributions of
the GI/G/1-type Markov chains can be obtained by matrix analytical methods, they cannot be
expressed in analytical forms. Thus, it is difficult to understand how system parameters impact on
the stationary distribution in general. In addition, numerical methods may require high computa-
tional costs when considering heavy-traffic conditions. Therefore, the heavy-traffic asymptotics of
various queueing models has been studied in decades.

To begin with, we define the GI/G/1-type Markov chain and provide some necessary definitions
and assumptions. Let {(X,,Sp);n € Z4 := 0,1,...} denote a discrete-time Markov chain with
state space F := ({0} x Mp) U (N x M), where N := {1,2,3,...}, My = {1,2,..., My} and M =
{1,2,...,M}. We call X,, and S,, a level variable and a phase variable, respectively. Arranging
the states in lexicographical order, the transition probability matrix T" of the GI/G/1-type Markov
chain {(X,,S,)} is given by

B(0) B(1) B(2) B(@3)
B(-1) A(0) A1) A(2) -

T=| B(-2) A(-1) A(0) A1) - [, (1.1)
B(-3) A(-2) A(-1) A(0) ---

where A(k) := (Ai;(k))ijemz for k € Z := {0,£1,42,... }; B(0) = (Bi;(0)) j)emz; B(k) :=
(Bi,j(k))(i,j)eMoxM for k € N; and B(—k) = (Bi,j(_k))(i,j)eMXMo for kK € N.

We assume the following assumption throughout this paper.

Assumption 1.1
(a) T is irreducible and stochastic;
(b) A:=3", .7 A(k) is irreducible and stochastic;
(c) B := Y oy kB(k)e is a finite vector, where e denotes a column vector of ones with an
appropriate order according to the context; and

(d) 0:=—-mB4 >0, where B4 = >, ., kA(k)e and 7 is the unique probability vector such that
TA =T
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Under Assumption 1.1, T is irreducible and positive-recurrent and thus has the unique and positive
stationary probability vector [1, Chapter XI, Proposition 3.1]. We define & = (x;(k))(4,:)cr > 0 as
the stationary probability vector of T', which is partitioned level-wise, i.e., = (x(0), x(1), x(2),...),
where @ (¢) denotes a subvector of & corresponding to a level ¢ € Z .

We now briefly review the previous studies. Asmussen [2] proved that the diffusion-scaled level
process converges weakly to a reflected Brownian motion as the mean drift in level —o goes to zero
under the condition that

oo

> K’B(k) <oo, > [K}|A(k) < oo. (1.2)
k=1 kez

As a corollary, an asymptotic formula for the stationary distribution was also presented as follows:

PleX >z,S=1i)—e m, x>0,i€M, asolO0, (1.3)

where v > 0 is a certain parameter and (X,S) denotes a random vector distributed according to
the stationary distribution of {(Xy,Sn)}, i.e., P(X = k,S = i) = z;(k) for (k,7) € F. Falin [3]
proved the heavy-traffic limit (1.3) for the M/G/1-type Markov chain assuming that

[e.e]
Y kB(k) <o, Y k*A(k) < oo,
k=1 kEZ

z(0) -0, asol0, A:B(O)+iB(/~c). (1.4)
k=1

Kimura et al. [4] presented the heavy-traffic asymptotic formula (1.3) for the GI/G/1-type Markov
chain without Falin’s additional conditions (1.4), however, their proof includes some minor errors
and implicitly assumes a necessary condition on the continuity of the transition probability matrix
T with respect to the parameter introduced to approach it to the heavy-traffic limit. Kimura et
al. [5] showed a heavy-traffic formula for the moments of the stationary distribution of the GI/G/1-
type Markov chain, while the presented formula and its proof include errors related to those of [4].

In this paper, we first provide a complete proof for the heavy-traffic asymptotic formula (1.3).
We then assume that

> kmB(k) <oo, Y K™A(k) < oc.
k=1 k=1

Under this assumption, we show a corrected version of the heavy-traffic asymptotic formula of the
moments in [5] such that, for i € M and m € N,

E[(eX)"1L(S =1i)] = mIy"m, asol0,

where 1(-) denotes the indicator function.

2. Preliminaries

To describe the main results of this paper, we provide several important definitions related to
the GI/G/1-type Markov chain. Let T denote the transition probability matrix of the censored
Markov chain obtained by observing {(X, Sy,)} only when it is in the level 0. Let & = (K;)iem, > 0
as the (unique) stationary probability vector of the irreducible stochastic matrix T, For any fixed
v € N, let [®(0)];; denote the probability of hitting state (v,j) for the first time before entering
the levels 0,1,...,v — 1, given that it starts with state (v, 1), i.e.,

[®(0)]s,; = P(S1, =j | Xo =v,50 =1),

where T); = inf{n € N;X,, =1 < X;, (m =1,2,...,n — 1)}. Furthermore, for any fixed v € N,
let [G(k)];; denote the probability of hitting state (v,j) when the Markov chain {(Xy,S,)} enters
the levels 0,1,...,v 4+ k — 1 for the first time, given that it starts with state (v + k, ), i.e.,

[G(k)}%] = P(XT<k+u =V, ST<k+V =J ‘ Xo=k+v,5 = i)a ke N,
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where Ty = inf{n e N; X,, <1 < X,, (m=1,2,...,n—1)}. We also define My x M and M x M
matrices Ro(k) and R(k) (k € Z4) such that, for k € N,

[T,
[Ro(k))ij =E | Y (X0 =k, S =15) | Xo=0,5 =i,

_T<k+u
[R(k)ij=E| > W(Xp=k+v,58 =j)|Xo=veN,Sy=i

n=1

We now define A(§) = 3y ¢F A(k), Ro(§) = Zk L 5 Ro(k), R(€) = 332, ¢F R(k), and
G(¢) = S22, e kG (k), respectively, where i = v/—1. It then holds that

I-A() = (I-RE)I-2(0)I-G(), (2.1)
which is known as the RG-factorization [6, Theorem 14]. Let Z(£) = Y 3o, el*x (k). We then have
2(6)(I - R(€)) = 2(0)Ro(€). (2.2)

Combining (2.1) and (2.2) leads to

(6) = (ORI - 2(O)(T - G(9) "I A, (2.)
where adj(-) denotes the adjugate matrix of the square matrix in the brackets and
$(¢) = det(I — A(€)), EeR. (2.4)

Let () (£ € R) denote a maximum-modulus eigenvalue of Zi(g ), whose imaginary part is nonneg-
ative and whose real part is not less than those of the other eigenvalues of maximum modulus. In
addition, we define I'(&) such that

¢(§) = (1 = 6(£)I'(E).
In what follows, we assume the following.
Assumption 2.1 Y, , k?A(k) < cc.

Under Assumption 2.1, (d2/d¢2)A(¢) le—o exists and thus §(§) and I'(§) are all twice differentiable
at £ = 0. As a result, we obtain the following expression of §”(0):

§"(0) =20" —w Y K*A(k)e —2m Y kAK) (I — A+em) '8, (2.5)
keZ kEZ

3. Main Results
In this section, we show the heavy-traffic limit of the stationary distribution and moments.
3.1. «a-Parametrization

To consider the heavy-traffic asymptotics, we parameterize {(X,,S,)} with a parameter o > 0,
which is denoted by {((a)Xn,(a)Sn)}- All the vectors, matrices and functions associated with

{((0)Xn> (a)Sn)} are also denoted with a subscript “(a)”, e.g., () Z(k), ()T, (Q)A(f) etc. In addi-
tion, we make the following assumption hereafter.

Assumption 3.1
(a) Assumptions 1.1 (a)—(c) and 2.1 hold for all a > 0;
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(b) Assumption 1.1 (d) holds for all & > 0;

(c) as a ] 0, (40 converges to zero from above and ()0 = 0;

(d) A= A for all > 0.

(€) supy>0 Y pez k(@) A(k) < oo; and

(f) the sequences of the matrices {(o)A(k);k € Z} and {(,)B(k);k € Z} are uniformly right-
continuous at @ = 0, i.e., for any € > 0, there exists some ag > 0 such that, for all £ € Z and
0 < a<ag,

l()A(k) — 0AK)| <&, |B(k) = B(k)| <e.

Under Assumption 3.1, we can show the boundedness and right-continuity at o = 0 of the vectors,
matrices related to the Markov chain {(4)Xn, (4)Sn} as follows.

Lemma 3.1 Under Assumption 3.1, the following are true:
(i) $upPa>o(I — (o) ®(0)) ™" < o0,
(i) lima (I = (a) ( ))_ = (I - (y®(0))~".
(i) For any k € N, o) R(k), (o) ( ), and (o)G (k) are right-continuous at o = 0.

(iv) For any & € R, (a)A(f) (Q)R( )5 (a )ﬁg(g), and (a)é(f) are right-continuous at o = 0.
(’U) hmau) (a) (O)Iﬁ',.
3.2. Heavy-Traffic Limit of Stationary Distribution

In this subsection, we consider the heavy-traffic limit for the stationary distribution. To do this,
we provide several lemmas necessary for the proof of the main theorem.

Lemma 3.2 Under Assumption 3.1, (o4)Z(0) := limy |0 (o)Z(0) = 7.

Lemma 3.3 Under Assumption 3.1,

o ((@o)? 1 1
lim = . (3.1)
al0 () ®((a)0 _ . 8"(0) (0 I'(0
(@9 ((0)08) i€ 1 (16)? @ (0) (0)2(0)
Lemma 3.4 Under Assumption 3.1,
1 ~ ' ~
i )U(I— (@) G((78))adi(I — (0)A(()08)) = i0)I"(0)(0)do, (3.2)
where
©do = ©Bc+ I — G)I - A+em) ()B4 (3:3)
Lemma 3.5 Under Assumption 3.1,
(0
lim ﬂ = Uy - (0)K’7
al0 (a)O'
where v, s a finite positive number such that
-1
ve = [(0)%(0)Ro(I — (0)®(0))(0)do] (3.4)

Remark 3.1 Lemma 3.5 is a corrected version of Lemma 3.4 in [4], in which the expression of C
(corresponding to vy in (3.4)) is incorrect. This error is mainly due to the error in Proposition 2.3
in [4]. Fortunately, the main result shown in Theorem 3.1 still holds and is not affected by this
correction.

The following theorem shows the heavy-traffic asymptotic formula for the stationary distribu-
tion.
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Theorem 3.1 Under Assumption 3.1,
1

EJIB( ((a)Of) = 1— i£7ﬂ7 §eR, (35)
where
1 _
=57 D Ko Ak)e + 7> k) A(k)(I — A+ em) ! )B4 (3.6)

k€eZ kEZ

Remark 3.2 Theorem 3.1 shows that

loiz,ILIOl P((Q)U(Q)X > x, (a)S = ’L) = 6—7907”’ x>0, 1€ M.

Proof. Lemma 3.2 shows that (3.5) holds for £ = 0. Thus, we consider the case of £ # 0. From
(2.3), we have

lim (yZ((0)08) = hmﬂ(a)ﬁo((a)gﬁ)u — () ®(0))
al0 al0 ()0
I— (Glwot) . ~ (()0)?
X adj(I — ()A((0)0E)) —F——. 3.7
()0 I~ @Al ))(a)¢((a)0€) 3.7)
Applying Lemmas 3.1 and 3.3-3.5 to (3.7) yields
lim ()& 06) = ———
01?01( (a)O 5//(()) ™,
1-— 1§
from which and (2.5), we obtain (3.5) and (3.6). O

Remark 3.3 Kimura et al. [4] implicitly assumed that Assumptions 3.1 (e) and (f) hold and all
vectors, matrices appeared in the proof of Theorem 3.1 are bounded and right-continuous at o = 0.
These facts are proved in Lemma 3.1.

4. Heavy-Traffic Limit of Moments

In this section, we provide the heavy traffic asymptotic formula for the moments of the stationary
distribution. In what follows, for any function f (including vectors and matrix functions), we write
f™ (n € N) as an n times differential of f.

Before giving the main theorem, we provide two lemmas.

Lemma 4.1 If Assumption 3.1 (a)—(c) hold, then the following are true for any m € N:
(i) If sup,>g > pey kzmﬂ(a)A(k) < 00, then sup,>q Y pey k™ @) R(k) < oo.
(it) If supaso > opeq K™ (0 A(—k) < 00, then sup,sq > peq k™ (0)G(k) < oo.

(i) If sup,q 220:1 kMt ) B(k) < 00, then sup,sq > peq k™ (@) Ro(k) < 0.

Lemma 4.2 Suppose that Assumption 3.1 holds. If sup,sq> peq k™) A(k) < oo for some

m € Zy, then,
dm - -1 m! o
1;% ()7 ggm (I - (a)R((a)U§)> = i)™ (i)™ (I = (0)®(0))(0)dor, (4.1)

where v and (g)dy are given in (3.6) and (3.3), respectively.
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Remark 4.1 Lemma 4.2 is a corrected version of Lemma 4.2 in [5]. This error comes from the
error in Lemma 3.4 in [4] (see also Remark 3.1).

Theorem 4.1 Suppose that Assumption 3.1 holds. If

supz ka(Q)A(k) < 00, supz ka(Q)B(k) < 00,
k=1 k=1

for some m € Z, then,
m

lim @(a)i((a)dg)

=m! (iy)" - 4.2
im ml (i)™ -, (42)

where v is given in (3.6).

Remark 4.2 Theorem 4.1 in [5] states that the parameter (denoted as n) in the heavy-traffic
limit formula of the moments is not equal to v in (3.6), however, this is incorrect as shown in
Theorem 4.1.

Proof. By differencing m times (2.2) with respect to £, we obtain

am . o~ (m )
dTm(a)w( N((@)98) —(aﬂ(o)Z(g) (@) @R (@09
/=0
dmff

~ -1
XW (I - (oc)R((oz)Of)) . (43)

According to Lemma 4.1, sup ;2 k™1 () B(k) < oo implies that sup Y2, k:z(a)Ro(k) < oo for
all £ < m. Thus, applying the dominated convergence theorem, Lemmas 3.5 and 4.2 to (4.3), we
obtain

limt Ze @™ (@)
- (@®(0) ¢~ (m ¢ 50 dm—* ~ -1
= EJ’O (a)o_ pard / ((04)0') (Ol)RO ((a)of) ((04)0') W (I - (a)R((a)US))
L @x(0) = . dam - 1
lim & @ Fol(e79) 1t | (09) g (T~ @ Rl@00))
m!(iy) " v ym

m!(iy
R e ko) Ro(T — (0)®(0))0ydom = — 1
1 eyt OFO R =020 @dom = 7 v

where we use (3.4) in the last equality. Consequently, letting & = 0 in the above equation yields
(4.2).
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Abstract  We study a discrete-time first-come first-served (FCFS) single-server queue with an acceptance
period and no early arrival. The number of arriving customers is Poisson distributed, and their service times
are generally distributed. Customers choose their arrival times with the goal of minimizing their expected
waiting times. In this study, we show an arrival-time distribution of customers for the equilibrium mean
waiting time.

1. Introduction

Many real-life queueing systems have acceptance periods for arriving customers, that is, the system
accepts arriving customers only during the period between the opening and closing times. Typical
examples of such queueing systems are restaurant in lunch time, service counter at bank (or gov-
ernment office), and rush-hour congestion in transportation networks. Customers of these systems
face with the decision problem of when to arrive at the systems so as to achieve a certain goal, e.g.,
to minimize the waiting time for service. Customers’ decisions on arrival, naturally, interact with
each other, and thus the arrival times of customers are endogenously determined.

Glazer and Hassin [1]’s work is a pioneer study on the decision problem on when to arrive at the
queueing system with an acceptance period. Glazer and Hassin studied a continuous-time first-come
first-served (FCFS) single-server queue with an acceptance period, where a Poisson-distributed
number of homogeneous customers arrive at the system and customers may arrive at the system
before its opening time, i.e., early arrival of customers is allowed. The service times are assumed
to be independently and identically distributed according to an exponential distribution. Glazer
and Hassin assumed that customers choose their arrival times with the goal of minimizing their
expected waiting times. More specifically, they studied the queueing model by a non-cooperative
game with a random number of players, and obtained an equilibrium strategy of arriving customers
as a mixed strategy.

Similar queueing systems have been studied. Hassin and Kleiner [2] studied a queueing system
without early arrival, and obtained an equilibrium strategy of arriving customers. Hassin and
Kleiner [2] also reported that no early arrivals reduce the mean waiting time in equilibrium especially
when the system is heavily loaded (see Figure 3 therein). Haviv [3] and Ravner [4] studied queueing
models with a tardiness cost and an arrival order cost, respectively, as well as waiting cost.

In this paper, we consider a discrete-time FCFS single-server queue with an acceptance period
and no early arrivals, and discuss an arriving-time distribution achieving the equilibrium mean
waiting time, which is referred to as the equilibrium arriving-time distribution. As in the preced-
ing studies [1, 2, 3, 4], we assume that the number of arriving customers is Poisson distributed.
However, our study has three differences from these preceding studies. First, our model is in
discrete time whereas the existing models in the preceding studies are in continuous time. The
assumption of discrete time facilitates the computation of an equilibrium mean waiting time and
the corresponding equilibrium arriving-time distribution. Second, the service times in our model
are generally distributed whereas those in the existing models are exponentially distributed. Thus,
our model enables us to investigate the effect of the service time distribution on the arrival strategy
of customers. Third, the waiting cost of our model is the mean actual waiting time whereas that
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of the existing models is the mean virtual waiting time.

The rest of the paper is organized as follows. Section 2 describes the queueing model studied in
this paper, and provides some fundamental results on the mean workload and the actual waiting
time. Section 3 introduces the notion of equilibrium mean waiting time and equilibrium arriving-
time distribution, and then presents a procedure for calculating an equilibrium mean waiting time
and the corresponding equilibrium arriving-time distribution.

2. Preliminaries
2.1. Model description

We consider a discrete-time first-come, first-served (FCFS) queueing system with infinite waiting
room and one server as follows. The time axis of the system is divided into fixed-length time
intervals, where each time interval is referred to as slot ¢ for nonnegative integer t € Z+ :=
{0,1,2,...}. Without loss of generality, each time slot is assumed to have length one. The system
is open for arriving customers during an acceptance period, which is defined by a set of slots
T :={0,1,2,...,T} for a positive integer 7. The arriving customers entering during the same
time-slot are served in random order. We assume that the server is available to continue service
until all customers who arrived during the acceptance period T are served.

In what follows, some probabilistic assumptions on our model are listed.

Assumption 2.1 (Population and arrival time distribution) The number of customers seek-
ing service from the system is denoted by a Poisson random variable A with positive mean A, and
each arriving customers independently chooses its arrival time from the acceptance period 7 with
a common probability distribution P := {ps;t € T}V,

Assumption 2.2 (Arrival instants of customers) In each slot ¢ € T, the arrival of customers
can occur immediately after the slot starts. Let Ay, t € T, denote the number of arrivals in slot ¢,
then we have from Assumption 2.1, for t € T,
)\ n
P(At :n) :eikpt%, HEZ+. (21)
n!

Assumption 2.3 (Service requirement and processing instants) The service times of cus-
tomers arriving at the system in slots 0 through T" are independent and identically distributed
(ii.d.) with discrete distribution {b(k);k € N} having finite positive mean b. Thus, let B de-
note a generic random variable for the service time. It then follows that P(B = k) = b(k) for
keN:={1,2,3,...} and

b:=E[B] = f: kb(k). (2.2)
k=1

If the server holds a customer in the middle of slot ¢ (¢ € Z.), it processes the customer’s service
requirement by 1 at the end of the slot.

We note that the system is always stable because the acceptance period T is a finite set and
the expected total workload into the system is finite, i.e., E[A]b = Ab < co. For t € T, let B;’s,
i€{1,2,..., A}, denote the service times of the customers arriving at slot ¢t. For t € T, let X;
denote the total service times of the customers arriving at slot ¢, and z+(k) = P(X; = k) for k € N.
It then follows from Assumption 2.2 and 2.3 that

Ay
X = ZBt,i; teT. (2.3)
=1

YThe common arrival distribution P is referred to as a symmetric arrival strategy profile in Haviv 2013.
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and thus

oo (oo} B A n _ N "
kzozkxt(k:) - Z_:Oe e zt!) (B(2))" = exp {—)\pt (1 - b(z))}, (2.4)
where -
b(z) =Y 2*b(k).
k=1
Furthermore, since E[B] = b and E[4;] = Ap; for t € T, we have
E[X:] = E[AJE[B] = Aptb, teT. (2.5)

Finally, we assume the following.

Assumption 2.4 The system is empty at the beginning of slot 0, i.e., immediately before the
arrivals of customers (if any) in slot 0.

2.2. Workload in system and mean waiting time

We first consider workload in system. Let V;_, t € 7, denote the total unfinished workload
immediately before the beginning of slot ¢. Let v(k) = P(V,o = k) for t € T and k € Z,.
Assumption 2.4 shows that Vp— = 0, i.e., v9(0) = 1, and by definition, we have

‘/;5, = (Vv(t—l)—+Xt71 *1)+’ te {1725--‘7T}’ (26)
where (z)* = max(z,0) for x € (—o00,00). Thus, we obtain the following result.
Lemma 2.1 We have v9(0) =1 and vo(k) =0 for k € N, and

0:-1(0)2¢—1(0) + v4—1(0)z¢—1(1) + v4—1(1)2¢—1(0), k=0,
k+1

M= S a1 - 0), keN. (2.7)
=0
fort=1,2,...,T. Particularly, we have fort =1,
~{ 20(0) +20(1), k=0,
vi(k) = { zo(k + 1), keN, (2.8)

Proof. Equation (2.7) is obvious by Assumptions 2.3, 2.4, and the recursion formula (2.6) because
the unfinished workload (if any) is processed by 1 at the end of each slot. O

Lemma 2.2

E[Vi_] = A\pob + 1 — e 0, (2.9)
E[‘/t—] - E[‘/(tfl)f] + )\pt—lg - (1 - eiApt_lvt—l(O))ﬂ = 27 37 R T. (210)

Proof. From (2.6), we have for t € T,
E[Vie] = E[(Vi—1)- + Xe—1 — DI(Vjo1)— + Xe1 > 1)]

= E[Vi-1)-] + EXo 1] = (1= P(Vii_)- + Xo 1 = 0)). (2.11)

Furthermore, we note that
P(Vit—1)— + Xt-1=10) = P(V4_1)- = 0)P(X;—1 = 0) (2.12)
because V{;_1)_ and X; ; are independent and nonnegative random variables. Equations (2.11)

and (2.12) complete the proof. O

Next, we consider the (actual) waiting time of an arbitrary customer arriving in a slot. Let
Tt ={t e T;p: >0} We then define Wy, t € T, as the waiting time of an arbitrary customer
arriving in slot t.
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Lemma 2.3

E )\pt
E[Wi] = E[Vi_] + 3 (Hm - 1> , teTT. (2.13)
Proof. Forte T+, let q(k), k € Zy, denote the probability that a customer randomly chosen
from the ones arriving in slot ¢ enters the server after the & — 1 members of them receive service
and leave the system. Recalling that the arriving customers during the same slot are randomly
ordered, then it follows from (2.1) that

— 1P(A=0) 1 PA=0
ak)= 3 Z *—_
sz:-i-l L P( “ E P(A; =0)
—Apt )\pt)
_ Z T keZe (2.14)
l=k+1
Thus, for t € T, we have
E[Wi] = E[Vi- ]+ _ kaqu(k) x b
k=0
) 1 6_>‘p” ()\pt)g /—1 7
_Ewgy+;:£1_eﬂm i ;:kb
=1 =0

which shows that (2.13) holds. O

3. Arrival-Time Distribution for Equilibrium Mean Waiting Time

We introduce the equilibrium mean waiting time and equilibrium arrival-time distribution, and
present a procedure for calculating them.

Definition 3.1 A positive value w* is said to be an equilibrium mean waiting time if

E[Wy] = w*, teT™,
E[Vi] > w*, teT\T.

The arrival-time distribution P = {p;;t € T} is said to be equilibrium if it ensures the existence of
an equilibrium mean waiting time w*.

Let &7* denote the set of equilibrium arrival-time distributions. Let P* := {p;;t € T} denote
an arbitrarily element of &2*. In the rest of this paper, we fix P = P*, ie., pp =pf forallt € T.
It follows from Vy_ = 0, Definition 3.1 and Lemma 2.3 that 0 € 7T, i.e.,

po > 0, (3.3)
otherwise, i.e., if 0 € T\ T, we have 0 = E[V[_] > w* by (3.2), which contradicts to w* > 0. We
then have _

. _ _b (A
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Remark 3.1 It is easy to see that x/(1 —e™") is increasing in x > 0 and

lim ——— =1, (3.5)

z—=01—e 7

Therefore, (3.4) implies that w* is positive and increasing with p§ € (0,1).
It follows from Lemma 2.3, Definition 3.1 and (3.4) that pj (¢t = 1,2,...,T) satisfies following

equation.
b Apf _ * +
3 (1 1) = " —EWi)
b i 2V *
(2 =) 2T, (36)

which results in the following theorem.

Theorem 3.1 Fort=1,2,...,T, the probability p; is a solution of the following equation:

i 2E[Ve-]\ " _

1—e _<1—e_>‘Po_ T3 +1, t=1,2,...,T, (3.7)
E[Vi-] = EV(t 1)— |+ \pj_ 1b—(1—e APi 1y,-1(0)), t=1,2,...,T, (3.8)
Zpt L (3.9)
teT

where the last equation is the normalizing condition for the probability distribution {p;;t € T}.

Proof. Equations (3.7) and (3.8) are immediately obtained from (3.6) and (2.10). O
We close this section by summarizing the computational procedure for the equilibrium arrival-
time distribution P* = {p};t € T}.
e Step 0: Set pj = € for a small € > 0, and choose § > 0 as a precision parameter.
e Step 1: Compute w* by (3.4).
e Step 2: For ¢t = 1,2,...,T, compute p; by (3.7), where E[V;_] and v;—1(0) are recursively
computed by (3.8) and (2.7), respectively.
e Step 3: If [1 — > ,c7pf| < &, return {pj;t € T} as the equilibrium solution, otherwise
ps = Dpo + € and go to Step 1.
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Abstract This paper investigates the finite bottleneck game, in which we assume a finite set of commuters
and a finite set of departing time slots. We show that the set of Nash equilibria is equivalent to the set of
strong Nash equilibria when we assume homogeneous commuters in their preferences. We also show that
pure-strategy Nash equilibria do not exist in general in this setting. Moreover, when we allow commuters to
differ in their preferences, we show that Nash equilibria may not exist, and the equivalence result no longer
follows.

1. Introduction

A bottleneck model is used in analyzing a rush-hour traffic congestion, where commuters depart from their
origins (e.g. their houses) to their destinations (e.g. their workplaces). The simplest model was independently
analyzed by Vickrey (1969) and Hendrickson and Kocur (1981), where a continuum of commuters depart
from a single origin to a single destination connected by a single road. Along the road, there is a bottleneck
in which a queue forms if there are too many commuters in the bottleneck at a given time. In these papers,
commuters decide on the departure time based on the trade-offs between congestion and their optimal arrival
time.

Moreover, these studies assume homogeneous commuters in that all commuters have the same preferred
time of arrival and a specific form of the trip cost function. Their contribution was that departure time
decision made by commuters are endogenously determined by means of including trade-off between their
travel time and their arrival time.

Other subsequent papers, such as Smith (1983), Daganzo (1985) and Arnott et al. (1990), also consider
a continuum of commuters and a continuous time horizon. However, a finite set of commuters and a discrete
time horizon seem closer to real-life situations in which the population of a city is finite. The situation
corresponds to where there is a relatively small number of commuters, each of which can cause congestion
to occur.

Our model, which we call the finite bottleneck game, is endowed with a finite set of commuters and a
finite set of time periods, each of which is called a slot. Commuters have preference on two arguments: her
departure time and the queue-length which she have to wait through the bottleneck, where in this model
the capacity is the maximum number of commuters that can pass through it in each slot. We assume
homogeneous commuters as in the previous studies above, but we do not give a specific form of trip costs
function. In this sense, our model is an abstract generalization of models of the aforementioned papers.

Mathematically, our model is also an extension of the congestion game (c.f. Rosenthal (1973)). The
congestion game considers a situation in which n players choose a combination of primary factors out of ¢
alternatives. Each player’s payoff is determined by the sum of the costs of each primary factor she chooses,
while the cost of each primary factor depends on the number of players who choose it, and not on the players’
names. Rosenthal (1973) proved that there always exists at least one pure-strategy Nash equilibrium by
constructing a potential function, which is later formalized by Monderer and Shapley (1996).

Though Rosenthal (1973) and Monderer and Shapley (1996) assume that the cost functions, hence payoff
functions, have the same form among the players who take same factors, Milchtaich (1996) allows payoff
functions to be different between players in his model, where players choose only one factor from a common
set of factors. In Milchtaich (1996), it was shown that a Nash equilibrium always exists in pure strategies.
Moreover, Konishi et al. (1997a) shows that in the same model, the set of strong Nash equilibria, which is a
stronger concept than Nash equilibria, is nonempty.

Specifically, Konishi et al. (1997a) describes the games in the above class using the following three
properties: anonymity [A], partial rivalry [PR] and independence of irrelevant choices [IIC]!. First, [A]
requires that the payoff of each player depends on the number of players who choose each action and not

L[IIC] condition is also called no spillovers [NS] in Konishi et al. (1997b)
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on the players’ names. [PR] states that the payoff of each player increases if another player who had chosen
the same strategy chooses a different strategy. Finally, [IIC] states that the payoff of a player is not affected
even if another player that chooses a different strategy from hers switches to another strategy that is also
different strategy from hers.

In relation to congestion games, our model does not satisfy [IIC], whereas the other two conditions hold.
Specifically, [IIC] would be violated in the case where a player who had departed later then switched to an
earlier departure time and thereby possibly creating a longer queue for some of those players which she leaps
over.

In this paper, we restrict our attention to the special case where commuters are homogeneous. Then, we
can show that a set of Nash equilibria coincides with that of strong Nash equilibria (Proposition 3.1), while
pure-strategy Nash equilibria do not exist in general. It can be stated that this proposition partly explains
the difficulty in the existence of a Nash equilibrium. In addition, we illustrate that the equivalence of the
set of Nash equilibria and that of strong Nash equilibria does not hold when the homogeneity assumption is
dropped.

The rest of the paper is organized as follows: in Section 2, we define the model and notations. In Section
3, we state the main result, and Section 4 compares it and the heterogeneous case.

2. Model

We consider a bottleneck model with finite numbers of commuters and time slots. Let ¢ = 1,...,T be the
available time slots for departure. Each time intervals can be every minute or every five minutes, for example.
Let the set of time slots be T = {1,...,T}. At each time slot, ¢ cars can go through a bottleneck, where
c is a positive integer. If in the end of period ¢ — 1 the length of queue ¢;_1, and if m; cars arrives at the
bottleneck in period ¢, then the length of the queue in the end of period ¢ is given by ¢; = max {0, ¢: }, where
Go =0and ¢ = qs—1 + my — c for t > 1 is called the effective length of queue in period t. Effective and
real queue length vectors are denoted ¢ = (¢1,...,4r) and ¢ = (q1, ..., ), respectively. Let ¢ = 1,....,n be
commuters, and let the set of commuters be denoted by N = {1,...,n}. Commuter i’s choice (strategy) of
departing time is denoted 7; € 7. Given a strategy profile 7 = (71, ...,7,) € T, and the resulting departure
pattern is given by m(r) = (my(7),...,mp(7)) € Z] and resulting effective and real queue length vectors
are given by ¢(7) and ¢(7), respectively. Each commuter’s payoff function is written as u;(t,q;), where we
assume that u;(t,q;) > w;(t,q: + 1) for all t € T and ¢ € Z,. That is, each commuter would prefer the
situation of departing at time t with less congestion. We assume strict preferences that is generic case.

Definition 2.1 (Strict Preferences).
Foralli =1,..,n,all t,t’ € T with t # ¢, and all ¢, qp € Z, u;(t,q) # w; (', qr).

Definition 2.2 (Nash Equilibrium).
A strategy profile 7 is a Nash equilibrium if for all i € N and all t € T, u;(7, ¢, (7)) > wi(t, (¢, 7—4)).

Before we give a characterization of Nash equilibria,we introduce new terms that is used for its charac-
terization.

Definition 2.3 (Basin and Terrace).
1. A single slot ¢ is said to be a basin at 7 € T if §;(7) < 0 and G;_1(7) < 0.
2. A single slot ¢ is a single terrace at 7 € TV if G;(7) = 0 and ¢;_1(7) < 0.
3. Consecutive slots [t1,ts] with 1 < t; < ¢, is a connected terrace at 7 € TV if Gy (7) > 0 for all
t' € [t1,t2) and g, (1) < 0.

—————

Queue Length =0

| Capacity
|
|
|

Figure 1: Basin and Terrace

Figure 1 is an example, where there are five commuters, six slots and ¢ = 1, and the departure pattern
is painted pink. In this example, [2,4] is a connected terrace while t = 1 and ¢ = 6 each is a single terrace.
In addition, t = 6 is a basin.

With these notions, the following is a characterization of Nash equilibria in this game.

Proposition 1.
A strategy profile 7 is a Nash equilibrium if and only if for all i € N,
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1. wi(7iyqr, (7)) > wi (¥, max{qy (7) + 1,0}) for all ¢’ < 7,
2. for t' > 7,
2a. wi(7,qr, (7)) > ui(t',max{gy(7),0}) for all ¢’ € [t1,t2] with ¢’ > 7;, where [t1,t2] is a connected
terrace at T and 7; € [t1,ta].
2b. Otherwise, u;(7;, gr, (7)) > u;(t', max{g (7) + 1,0}).

Proof. First, suppose that profile 7 is a Nash equilibrium. By definition, for all i € N and all ¢ € T,
wi(7,qr (7)) 2> wi(t', qu (t', 7-4)).

We show that for the both cases of ¢ < 7; and t' > 7;, the queue-length at slot ¢/, gy (t',7_;) satisfies the
above.
Note that profile (¢',7_;) satisfies the following:

M, (tlvT*i) = mTi(T) - ]-7 (1)
my (t',7—;) = my (1) + 1, (2)
my(t',7—;) = my(T) Vit # 13,1 (3)

1. When t' < 7;:
Since qp—1(7) = q—1(t', 7—;) by (3), we obtain

G (t', 7—i) = qua(t',7—) + my (t', 7)) — ¢
= qt/—l(T) -+ (mt/ (T) -+ 1) —C
= (qr—1(7) +mp (1) —¢) + 1
= (}t/(r) —+ 1
Thus, qv (¢, 7—;) = max{gy (1) + 1,0}.
2. When t' > 7;:
2a. When ¢’ € [t1,t2], the connected terrace to which ¢’ belongs:
Note that since ¢/ (7) > 0, so ¢/ (1) > 1 for all ¢ € [r; + 1,¢' — 1], Gp (¢, 7—;) = G (1) = 1 > 0.
It follows that
G (t',75) = qua(t',7—i) + mp (t',7—5) — ¢
= (q—1(7) = 1) + (me (1) +1) — ¢
=qu_1(1)+mp (1) — ¢
= cjt/(T).
Thus, gy (t',7—;) = max{gy (1), 0}.
2b. Otherwise:
We first show qu(7) = g (¢, 7—;) for some ¢ € [1;,1'). Suppose not. Then, ¢:(7) > ¢ (t',7—;) >
0 for all ¢t € [r;,t'), implying that ¢’ belongs to the same connected terrace as 7;,. This is a
contradiction, since we have already considered in the case 2a..
When t” =t — 1, we immediately obtain gy —1(7) = qv—1(t', 7—;).
When " # t' — 1, using (3), we obtain
e+ (t/7 T*i) = g (t/7 T*i) + My (tlv T*i) —cC
= qt//(T) -I—mt//(’l') —c
— G ().
Thus, qt//+1(tl7 T,i) = (Zt”Jrl(T)- Similarly,

qprr+2 ('T) = Qyrr+2 (t/, 7'_7;),

Q1 (7) = qu— (t', 7).
With this assertion, we obtain
Go(t', 7)) = qua (', 7—) +my (V' 7-5) — ¢
=qu—1(7) + (M (1) +1) — ¢
= (qr-1(7) +my (1) —c) +1
= qt/ (T) + 1.
Thus, qp (¢, 7—;) = max{gy (7) + 1,0}.
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Suppose next that profile 7 satisfies the above but it is not a Nash equilibrium. Then, there exists some
i € N who can improve by switching to another strategy t'. However, this implies that either case 1., case
2a., or case 2b. does not hold. This is a contradiction. |

We also introduce a stronger concept, strong Nash equilibria. A strong Nash equilibrium is a strategy
profile, which is immune to any coalitional deviation — that is, for any coalitional deviation, there is at least
one player whose payoff does not improve by the deviation. Formally,

Definition 2.4 (Coalitional Deviation).
A coalitional deviation (S, 7§) from profile 7 is a pair of a nonempty subset of players S C N and their
strategy profile in S, 75 = (7)ies € T* such that u; (74, 7_s) > u;(7) for all i € S.

Definition 2.5 (Strong Nash Equilibrium).
A profile 7 is a strong Nash equilibrium if there is no coalitional deviation from 7.

Notice that a set of a strong Nash equilibrium is always a subset of a Nash equilibrium by definition.

3. The Analysis

In the following analysis, we assume homogeneous commuters. That is, we assume u = u; for all ¢ € N.
First, we show that the homogeneity in preferences is not enough to establish the general existence of Nash
equlibria.

Example 1.
Consider the following three commuter problem: N = {1,2,3}, T = {1,2,3}, ¢ = 1, and players have the
following preferences:

w(2,0) > u(1,0) > u(1,1) > u(3,0) > u(2,1) > u(l,2).

Then, there is no Nash equilibrium in this game.

Proof. There can be the following 9 strategy profiles.

1. 7t =(1,1,1) and ¢(') = (2,1,0). Then, player 1 moves to t = 3.
2. 72 =(1,1,2) and ¢(72) = (1,1,0). Then, player 3 moves to t = 3.
3. 7 =(1,1,3) and ¢q(73) = (1,0,1). Then, player 2 moves to t = 2.
4. 7 =(1,2,2) and ¢(7*) = (0,1,0). Then, player 3 moves to t = 3.
5. 7 = (1,2,3) and ¢(7°) = (0,0,0). Then, player 3 moves to t = 3.
6. 75 =(2,2,2) and ¢q(7%) = (0,2,1). Then, player 1 moves to t = 1.
7. 77 =(2,2,3) and ¢(77) = (0,1,1). Then, player 1 moves to t = 1.
8. 78 =(2,3,3) and q(TS) (0,0,1). Then, player 1 moves to ¢t = 1.
9. 79 = (3,3,3) and ¢(7°) = (0,0,2). Then, player 1 moves to t = 1.

Hence, there is no Nash equilibrium. |

Therefore, we need to restrict the domain of the preferences to establish the general existence of Nash
equlibria.

However, we show a theorem which asserts that the set of Nash equlibria and the set of strong Nash
equilibria coincide. Thus, it can be said that when a Nash equilibrium exists, it exhibits strong stability in
the context of a coalitional deviation.

Theorem 3.1.
Assume that preferences are homogeneous. Then, the set of Nash equilibria coincides with the set of strong
Nash equilibria.

Proof. The proof is omitted due to space constraint. |

- 165 —



4. Heterogeneous Commuter Case

In this section, we analyze a more generalized case, commuters with heterogeneous preferences. We observe
that there do not exist Nash equilibria in general, and also show that Proposition 3.1 is no longer true when
assuming heterogeneous commuters.

Example 2
Consider the following four commuter problem: N = {1,2,3,4}, T = {1,2,3,4}, ¢ = 1, and players have the
following preferences:

u (1,

1 2) > U1(2,1) > ’U,l(37].) > u1(2,2) > U1(1,3),
UQ(Q,l

) > ’UQ(LQ) > ’LL2(1,3) > ’UQ(Z,Q),
and for player ¢ = 3,4, u;(1,3) > u;(¢,0) for all t = 2,3, 4.

Proof. In this example, players 3 and 4 always choose t = 1. Player 1 may choose t = 1,2, 3, and player 2
may choose t = 1,2. There can be the following 6 strategy profiles.

1. 7t =(1,1,1,1) and ¢(7') = (3,2,1,0). In this case, player 1 moves to t = 3.
2. 72 =(2,1,1,1) and ¢(72) = (2,2,1,0). In this case, player 1 moves to t = 3.
3. 7 =(3,1,1,1) and ¢(73) = (2,1,1,0). In this case, player 2 moves to t = 2.
4. 74 =(1,2,1,1) and q(7*) = (2,2,1,0). In this case, player 2 moves to t = 1.
5. 79 =1(2,2,1,1) and ¢(75) = (1,2,1,0). In this case, player 2 moves to t = 1.
6. 70 =(3,2,1,1) and ¢(7%) = (1,1,1,0). In this case, player 1 moves to t = 1.
Hence, there is no Nash equilibrium in pure strategies. |

The next example shows that when commuters’ preferences differ from each other, the set of Nash
equilibria may not coincide with the set of strong Nash equilibria.

Example 3.
Consider the following five commuter problem: N = {1,2,3,4,5}, T = {1,2,3,4,5}, ¢ = 1, and players have
the following preferences:

up(1,1) > u1(4,1) > ui(1,2),

u2(2,0) > ua(1,1) > us(1,2) > ua(2,1)
u3(3,0) > us(1,2) > us(4,1) > us(3,1),
ug(1,4) > us(t,0) t=2,3,4,5,
us(4,4) > us(t,0) t=1,2,3,5.

Proof. There is only one Nash equilibrium 7% = (1,1,4,1,4) in this game. However, either S = { , 3}
or § = {1,2,3} can deviate from 7 with 7, ., = (7{,73) = (4,1), or 7(; , 4, = (7'1,7277'3) = (4,2,3),
respectively. |

—~

|
Queue Length =0 | i Queue Length = 0

3 4 \i\L A/i/ 5 3 Capacity 3 4 3 2 3 3 3 5 3 Capacity

Nash Equilibrium After Deviation

Figure 2: Deviation by S = {1, 2,3}

5. Concluding Remarks
We have investigated the finite bottleneck game with homogeneous commuters. The main result of this
paper is that the set of Nash equilibria coincides with that of strong Nash equilibria with this setting. In
other words, the set of Nash equilibria “shrinks” to that of strong Nash equilibria, which may explain why
the general existence of a Nash equilibrium is difficult to establish. We also have shown that this result
cannot be applied to the heterogeneous commuter case.

In this regard, our model is quite contrasting to Milchtaich (1996) and Konishi et al. (1997a), where
at least one Nash equilibrium always exists, and moreover the set of strong Nash equilibria is nonempty
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under fair conditions that characterize the “congestion (of each strategy)”—anonymity, independence from
irrelevant choice and partial rivalry—even though preferences of players are heterogeneous.

As our examples show, we do not give the sufficient condition for the general existence of a Nash equi-
librium. Hence, the remaining task is to establish such condition.
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BE . AKX TIEERROTFR, PO LRPE X 5 N MEE BRI OWTHE A, “HR ALK DN
FHED L5 2 288~ )L X — o BRUFERZS O G KB DO FHE TR T 5, T DAL — o BUFERZEHE £/
FU R B S0 B2 R OMEEREFRERTH 5,

1. IEL®ic
AV a—REME x Y MU — 7 O TREER 7R TR L JEFR R K2 X > T, TCPIP & v bV — 7 i3tk
FY NI —=Z L UTERE LT DOHD, LrLEDVS, BfTAYX—3v MiE, BEOREMHORMERD D,
ADHIZELZEBTMDO LS Y — AL, FLEEHATLIZENTER,

CORENDOHEL MRS 2 —D2DFiEe UT, BB RIEMDEDH D, ZOEMIE 2—Fh 5@ 75mE
2RO, BRI LORARGEZFRL T, ZIFANOAEZHWT 2, &I AH, WITFIHENEZZDE T 71
7 OREHRIZ Ty MEERERLR 2 FHEIZHRET DI HEREREZ TR TEATVWS LIRSS, BROHE
ERBIZTHREIZIZFEACHHTE RN,

ZDEIRFFNZBWT, EOIIBFENMFHAINTELZDONEASEZDIZ, 2y VT —2HEOHEEZEE
ENICHNT D, Ao xy b —JEIE (L, 2] 1k, REW R Y bT =2 RIELIFIEN D, AlfhE TH S Cruz i
Bl IZBWT, MOEIRNT T4 v 7 DRI 217572,

Ar(r,b) = {A; A(t) — A(s) <r(t—s)+b(0 < s <t), A TR }.

r>080>0E3IDMNIT74 v I ERHEOTBNITIA—XTHD, ZHIZIA, min-plus [REUT B 1T 5 HilHEE
i (4] ZHEATHI LT, RRIIZ R Y b T — 2 DRMIEE (FH0RPELE) ORAMEEZRDSE ZLNTED
LT o, BHRHIE. ATIRBGEED A T, BEEMEE ¢ > 0 DAFREEFBITHORFBITIIE Q(t) T
H5,

Q(t) = max A(t) — As) — c{t — )

W X(s) = A(t) — A(s) —-(t—s) B2y b 7a—LIFEN, Ae A (r,b) THDHLE, Xy h7u—bEHAR
ThHb, —c(t—s)<X(s)<r(t—s)+b—c(t—s) TDXSIT, AR CHEAERIEN* Y b 70 —BfE %5
BB LD, ZTOBROEED (FF7R) ZATIZED S,

71(X07X1) = {(Xl, ,Xn),\V/Z = 1, s Z'OJ‘ S Xi S .131,1‘}, X = (Z‘k,l; ...,xk,n), (k‘ = O, 1)

MM 3y MU — 7 BRI AR E UCIIERICERATH 205, BREFHIOMERH 572, Znidry b7 —
I BB L THRENIZ ERVBRLTCLUESHETH Y, BHTERVHETH S, BRI HIL [5) TRSZ
ENRTESL, FHNIE, ERNOBAERIZE > THRENZENRZ2ZBELTES T, MAFEREE5OTIAL
TWbZ2iZHb, ZOLIIZLT, HANZENRE2ZR TEIHRNI Y N -2 REOBEELEE -7
(1, 6-11], EFESCRERIFAREBH SR E 7ZIE Y —RAAXLDOATH D, ZZTHHALTOWRVIRXEZSIADHD, &
EThEX, ZNSDXEDSHE R E HIZMW > TIEL W,

MRy N — 28R, BHEEORAMEEZ RO R0 012, BEOHAMGD ERE2RD S, ASEFRE IR
EREE UTHbi, TR EVERICET RN R Z2 MR 2 BEDRH S, ED KD BEME2MITINZ
B RENITITHERDPBETH B0, KT, BAFOFERITHAIR N7 AZHMEFT 2 7212, HfFEIZD
WTOREEMITMAT AL OV T2 5 A Ay 2EBT 5,

Az(a, B) = {A; A(t) — A(s) < alt — s), B[A(t) — A(s)] < B(t —5) (0 < s < 1), A I }.

ZITaf AR EREOI 237 A—REBTHE, 7T A A IZET DH1IE. WIFELIGIZD» 256
[12-15] RWFHED FREET 2 [16-18] b D, T T T/ [18] DA DSHERIE. 7T A Ay O RIFRAHE
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BOLEFREUTRVR—A S AOBEERLBABLEHCTWS, [18] FINE2LZERDGEITHERL T, 2L BN
A=A NAOEERELEHNCT WS, 772 A IZETB I 749 271/ LTAHAY P 7R —@RDY 7 RE
KD &SI 5,

E(XOaX17Y) = {(X17 7XTL)7VZ = 17 sy Ty T4 S XZ S L1,y E[XZ] S yl}a
Xg = (Th1, 0 Thn), (K=0,1), ¥y = (Y1, Yn)-

NRIA=R xg ETFHRRZ ML, x1 B ERRZ bV, y P LR, Th (28T 2 BEECE R RERE %
oA FUERR & RS,

BREEEEO EREMNET B2 CEBOAMADHIFTEZ N WO R EZ RO AR VE L Ly, @
BB DA ADH T, 2—HFIZ v T T4 v 2D FHL— b r >0 8 NN—ZAMED >0 Z2HESES,
BOLEREELESLTEIN I 71 v 7OfELZI—PFICEFHTHDT, £I056 at) =rt+b,8(t) =rt oh
506 THD,

Bl O BB AL, /REROMER Ry VT =2 HIRIZE T 2EEOREICR Y MO DR R NG, FlZIE,
[19-21] &, BKRIEFHFTEROKEED BVFHED72DIHE T IVF V7 — AR E LT, & OREEDE ERGH
EEREELTVWS, UL, BICERSZEDIC, BIINARZAEL UTEILVLF U Tr—VEEERE WS Z 2id, %
DNT T4 IBEINF T =M eFEOZ e 2MO0NDOHIETRHRIELRTNIER ST, JOREEX 240 &
SILBRE, 77U VEHERT LD VI THERET2EEIIBWVWTHEBOMENFEET 5,

Ciucu %F [22] IZ i, mKIEFHFRIZOWT O, EHETLVIT— FBROZ 7 21253 LT, — KNI
AT 52 AROMEHAZTCIIREAR ETA2Z2IETET, 2 0RHNZEDRIIB SN LV, FETS b
T4 77T AOREAERESEIZ LT, HAtNZENRE2BLIEDNTESE 2 LRV ERRTWVWS,
BIANIIZ 7 0 — BOEHE AR Tl [16-18] 2VRT & D IR ARNEF#iEE R (2 B9 2 Wm0 SFAfi 1% 1F /22 D Bff 2s
FMERH B DT, ZO LD mMEIXEEZRN, UL, WL T, BnEdBEliomo ER UM E SRV
S, 7 —BUZET 2 ZHEAHEDBEWMIE SN, B2 78 —HHBERTHARE WG IEMEE UL THW
ZIZLTHEEDTMENTVEDIFTERVDT, HEZZDEEAVIDRINRVILBETH S,

PAEDZ & 2B L T, RiSUE T A=K x0,x1,y 2RO fAFRERE X = (X,...,X,) LT, %
DI KIEFAEEFEDH I AED EREZ2ERERD BIEIZDOVWTEZ D, KX TIREHEDZDHn =12 DEHEIZD
WTRRET 5,

KX OMEBIZA T D@D TH D, 2 H TR, PMHNRFHE LTF oL/ 78EFR e —BfbF V) 7R
R HERIER 23, 24] 2B 2. £AKBEBE L TO max OB R VL ARV X —1 MAHOEHE 5
2%, HIFTIH, FEoMOARMRBRE (n = 1,2) ORKIEFFHEEOMAHED EREZREE L., Frz— N2
AREHAVDILED EREOHRETS, HAMTARIIEDE L O LBFEIIDOVWTHRRD,

2. %
AHITIE, FHOZAHMZ DD, X7 MVOWREE n IZEE L, ZEKEKEE X HHE n 2B EE X
5, RTEDHEELEE N={1,..,n} LEDD, e 2R n DE i BAIRT ML, e FE2TOHN 1 ORI ML e
5, NI MVHEIORGEXNTHNAEFAE RS, ENERFE T IR MVOKEEZ KT,

2.1. FzI/IFRER

ZITRF N TREXRE —BALF =V ) TRERIZDOVTIERS,

F ) IRERIEFCELBAERNTH L, ZOLEREMD Z & THREH X OfAHO ERE X O
BRI E[e?X] 2o THERA B ENTE S,
Lemma 1 (Chernoff inequality).

logPr[X > 2] < gng —0z +1ogE[e?X], (z €R).
>

—ALF =N TARERBF 2V ) TRERDELER—RLTH D, MiBELOFRTH 5,
Lemma 2 (Generalized Chernoff inequality (Section 7.4.2 (pp.379-380) [25]). R™ & n iRyt —2 VU v F%E
M35, CCR® & nRThERRZ ML X = (X1, ..., X)) 16 UT, ATFOARERDKLT 5,

log Pr[X € O] < inf sup(—07z) + log E[eeTX].
OER” ;0
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ZIT 0= (01,...0,)7 TH5,
[18] T —MLF = b/ 7 RSERE T, BN O W T ORI 2 R0 & 5 3 L 7.

Lemma 3.

log Primin(Xy, ..., X;,) > 2| = logPr[X; > z,..., X, > «]
<inf =Y Oz + log Bleim X
S

= inf —0x +log  inf E[ezz;l epiXi].
6>0 p>0;pte=1

L TRBDSESE 0= 0, p; = 0,/0 £ BV,

ZOFERIFAER min(2y, ..., x,) < Yo pivi EF V) IREROEHIZ Lo T RDSENB, 22T
(P1y s ) &Y i pi = 1 Zl72THEBDIEANT MLTH S,

D& 21T U THEG I BRBREBIECCHE AR B O B2 RD D Z e T ERZFEKTE 5,
2.2. ®EXIEF
A CIEHERIET 2T oMz 5,

HEEBD I TR FIZDOWT, BRI ML X D F-HREFOEKRTHERRZ ML Y Iz shd &ik
MOARERE -T2 Th5,

VF € F, E[F(X)] <E[F(Y)].
REFW R F D07 220E, Rl G2 5N TWa, HIZIEHEFAINBEE S 7 2B U Tid@H O ERIER
(st) MBI 5 2B U TRMHERIET (cx), HFABIMNBEEK Y 7 2B U TR icx MERIEFEEY 2 7352

FA (&) IZBAL Tk sm ERIHT &\ o 220D 5,
LB F PHRFAKNTSH 5 L1k, N7 MVEAERZRFET LI TH D,

x <y = F(x) < F(y).

oz F ARBEENTHEILE £2TDxX,0,0 IZ2WTD4ED AVF(x) MHEATH S Z L RAMTH %,
ZITEMIUTOLIICERING,
ASF(x) = F(x + de;) — F(x).
LEMB F M THB Lk, FEORZ ML x,y ERA0< A <1 IZX LT,
FAx+ (1= N)y) <AF(x)+ (1 =N F(y)

WD LD ETH B,
“HEENIRII0DLE FREVAIMETHE LS, “HENHHIFAM CREM) £L52 3 F il
(%) TEV2TMWHTHZ LS, “HED AVAYF(x) BENOEN L LTERS NG,

AflAj F(x) = A7 F(x+die;) — AJ F(x) = F(x + d;e; + d;e;) — F(x + d;e;) — F(x+ d;e;) + F(x).

ENOIEFIIRBAEETH B Z LITERT 5, HRICLT m BESSBIRMWIZERI NS,
ZKEJH‘%XCL AMEDREEEAT S, 0;,0; WHHETH 2L HICTIIERTEI I DD 5, HIRIE. n =2
BIZF OB EUTHI DB w01, D MEALPE SRR MVETEEZXS L EITE, BRET 5518
= (1'0’1,1'0’2),(:60’1,;61’2)7(.%'1’1,1'0’2),(.’1,'1’1,1'1,2) DAY UDRD, 6 = 21, — xo,; EBTIE. A1F(x0) =
F(x1,1,202) — F(zo1,202) D& DT, 6; ZHIR LAV, TOEMEIEIZ. m BEEDDO X ST % & DZHDH
AT RHZRLR DM 7 2 Z e 2 <,
EZRu L DHORFDOEEZM->T

0; — A% NG
Ay =47 Ay =474
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LEDD, TITHRFOESEZH VLR, j =i OBEERNT S, N ={1,..,n} LBVT. RFEOWHES
KCNIZDWTD F O#ES AxF(x) RO LS ITEHI NS,

AgF(x) =Y (-)V*'F <x + Z@-ei> .
JCK =
CITY ex WK ORMES T RBRUTHIZL 3205 K TH 5, |J] 13 J OBEORERT, ()| =0 &
ED D,
KCNIZHUTRI bV x(K) ZIRDE 512375, i € NITRHUT x(K) D% i« Hz x(K);, £&7,
) %o (Z S KC)
x(H)i = {xl (ieK) -
Zoitsafis e F(x(K)) BARFEA K 258U L 5E£EGH G(K) = F(x(K)) L LTHRES, HWIZHK
A K, LC N IZHUT AxG(L) LS IZEABEBICH L TOERBEZ DI ENTE S,
2.3. SEHEH max OHE
2 ZTIEREABEB max(x) = max?_; z;(x = (¥1, ..., zn)T) OHEEIZDWTHERZ,
Lemma 4. max [ZH S 2 ICHFABM TN TH S, m > 1IZH LT, G(L) =max(x(L)) £BL &, GlE2m—1
BEAEDMIEATH D, 2m BEEDIIIEIETH S, AIHIROMEED R D LD,

(-DIEFTALG(L) > 0. (1)
AEHRIZEIET B,

R OEAIE minimum-maximium identity & U THIS 5,
Lemma 5 (minimum-maximum identity [26]). a1, ...,a, 3MEEZOFEHLTZ, ZDL &

n
mina; = E (—1)E+ 1 max ay,
i=1 i€K
KCN;K#0
n .
max a; = E (—1)E+ 1 min .
i=1 ieK
KCN;K#0

FZ n=2 ®¥ ZX min(a,az) + max(ai,as) = a1 +az TH 5,
RDOARFEARIT max IZEE L TE L flibN s,
Lemma 6 (Bool inequality). Pr(|J_, 4;) <> i, Pr(4;).
BIZIE Pr(max?_ X; > z) = Pr(J_{X; >2}) <X, Pr(X; >z). TH5,
ROAERS F V) 7AERE IO NG,
Lemma 7. X >0 @& & EmaxX| < Y " | B[X;].
BEO ZDODOAREFERL, —MINTRILT 55, £ O ERORENIEF IZE N,
2.4. NIXX—1BAYH
MERZILVY =(Y1,...,Y,) BDEEEBERVI—AHSHETHELIFEHY, PlELIrELENVWIEE2 NS,
Bl ZE

(-1,-2) w.p.03

-2 w.opo02
(¥1,¥2) = (-1,2)  w.p. 04
(1,2) w. p. 0.1

Y 21, -1 085500 HEL2ESRVWL, Yo k2, 2085500 ELNE SRVWOTERENILX—1
RINGHTHD, ZORA/GIE—EENIVI—A FHIZR 5,

-1 07 -2 0.5
Yl_{1 0.3’ YQ_{Q 0.5
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RNV R —A RS HORKIEFHRGT RO MAHEIRIAZICGETE 5, LOFIDGE,
E[max(Y7,Ys)] = max(—1, —2) x 0.3 + max(1, —2) % 0.2 + max(—1,2) * 0.4 + max(1,2) x 0.1
=—-1%03+1%x024+2%x044+2x0.1=0.9.

—4, Lemma 7 2 Y1, Ys DIEAMRLHTIZR VO TELEZHHEATE AW,
3. BIEARBED max OHFEDOLR (n <2)

AREICIEE A FIREO max OHFED ER %2522, fiHEDZDn=1,2 DHEIZDOVWTHE RS,
3.1. n=1DKEAE

n =108 mw(X;) = X1 TH526 X, OHFHEDO LA 2 ROIMETH D, 101 < 11 BDHFE
iﬂz 20,15 21,1 L:YVJ'[JVC\ %$§§i Xl fJ‘(KODf}iE%:{?Ef:’Q‘K?‘é Zo,1 S X1 S x1,1 ZBJ:U‘ E[Xl] S Y-
P = (X1 —201)/(x11 —20,1), P1 = (Y1 — ®0,1)/ (w11 —w0,1) B WoNIZ 0< P <122 E[P] <py

WY ID, X; = (1- Pl) * o1+ Prxx11 =201 + P * (1‘1’1 — 56'011) EMFBHDT

EXi] =201 +E[P]*(x11 —201) <xo1+p1* (110 —201) = (1 —p1)*x01 +p1*x1,1 = E[Y1],

Thd, ZIIZY, I3HER py Taq DiEZ LD, HEE 1 —py T oy DiEZE LDV —A BUERERTH 5,

ERR ST R
Lemma 8. X; € Ta(xg,x1,y) IR LT

E[max X;] < E[max Y7]

Zi 7z IOV X — A BIRERAE Y, € Ta(%0,%1,y) DRDOM B,

AEMIZIE max 2 FZ 722 LIRS R0WAL X, 22 DD FRE B EGiRE LT, A P :1—-P O

MEE L LCRT 7 A T 7 IR IR L7 St iz 5,
3.2. n=20HAE
%‘:*%ﬁ??*%%‘zﬁ*% X= (Xl,Xg) ’S:%i 5, 1= 1,2 C:;@bf\ X0,i < Yi < T1,i BNV,
xo,; < Xi < w14,
f&f&ﬁj—éo Pi = (Xl — -TO,i)/(xl,i — Z‘O,i), pi = (yi — 1‘071‘)/(1‘1)1‘ — xQJ-) &:33< é:\ 0 S Pi S 1 ff) V)\
0< P <1,
E[R] < pi,
MEPND, v7 =max(0,7) LB, —H, NVX—AHFERRZ ML Y = (Y1,Y2) 2RO K5 IZED 5,
(70,1, 20,2 op- 1—min(1,p1 +p2) = (1 —p1 —p2) T
(Y1,Ys) = Eﬂﬂl,hfo,z - p- min(l, py + p2) — p2 = min(py, 1 — ps)

) w

) w
To,1,1,2) W. p. min(1,p; 4+ p2) —p1 = min(1 — py,p2)
(z11,21,2) w. p. p1+p2—min(l,p1 +p2) = (p1 +p2 — 1)

Y, ORARFEIZRO LS IZFHETE B,

Yi{xw W. p. 1—pi.
Ti143 W. P. Pj

feoT, Y IZIROEM 27T DTY € Ta(xo,x1,y) TH S,

Zo,i <Y; <14,
ElYi] = v

Theorem 1. n =2 DHEHIZDVT, X € Ta(xo,X1,y) 25 I,
E[maxX] < E[max Y]

7T ZABNVI—ABSE Y € Ta(xo,x1,y) BROHM5,
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Proof. X = (X1, X)T ZKD X5 IZRFTE 5,
Xy (1—Pi)zo1+ Pixis
X5 (1= Py)zo2+ Pox1n

= (1 — max(Py, %)) < ) (max(Py, P,) — Py) ( L1,1 )
) —

Zo,2

+ (max(Py, P }U<%1>HH+&—mﬂ&&»<mJ)

I1.2 T1,2

COHBOBEBIZEATHRMZ L 2L 1 THH I LIFAZITMHMATE S, max DIMMEEZH WS Z & T, IROAE
Azfg5,
max(Xi, X2) <(1 —max(Py, Py)) max(zo,1,%0,2) + (max(Py, P2) — Py) max(x1,1,20,2)
+ (max(Py, P») — P1) max(zo1,%1,2) + (P1 + Po — max(Py, P2)) max (21,1, %1,2)-

FRHA 1, Pr, Py, max(Py, P) EOWTE L bRBT LADIIRD & 512745,

max(xo,1,%o,2) + PiApy max(xo,1,1,2) + PrgyAg max(x1,1, Zo,2) — max (P, PQ)A{LQ} max(%o,1,0,2)-

EP]<p, THBZLEBWIZES, £72, Lemma 7 £ D max(Py, P) < Py + P, TH %55 il O HFME
223522 T Emax(P,P)] <pi+p THDB, P <152 P <1»56 max(P,P) <12BHEDILDDT
Emax(P, P)] <1 B0 D, Zhs2E5bET Elmax(Py, P2)] < min(1, p; +p2) 23K Y 2D, F7z Lemma
4 &0

A{l} max(x071,x172) Z 0, AQ maX(l‘171,$072) Z 0, A{LQ} max(x071,xo72) S O
ThaNo6,

Elmax(X1, X2)] <(1 —min(1,p; + p2)) max(xo,1,xo,2) + (min(1,p1 + p2) — p2) max(xy,1,xo,2)
(min(1, py + p2) — p1) max(zo,1,z12) + (p1 + p2 — min(1, p1 + p2)) max(zy1,21,2)
ESND, Z0O LA Emax(Y;,Ys)] Z06DTH 5, O
A TH A 72 B X PEATRVWEGATHIHGAIEETH S, £72. Y € Ta(xo,x1,y) EADED L,
MAXX 75 (x0,x1,y) EMax(X)] = Emax(Y)] TH 2 Z & 0n b, THbl L Emax(X)] O B 2dET LI &
ETEARN, AL LT Primax(X) > o) ORBEO LRERDED T TRAW,
ZOHIORBIZIFAARERNZ ML X = (X1, Xs) IZ2WT Lemma 7 12 &% EF gy +y0 & OEE KD
60 x071 Z 0 7))0 x072 2 0 t'f}ii‘—g—éo
pr+p <1 &35, ZOLE
Y1 + Y2 — E[max(Y7, Y2)]
= min(xo,1,%0,2) + 1 (($0,2 - 33071)+ — (z02 — $1,1)+) + D2 ((370,1 - 330,2)+ — (0,1 — 901,2)+) .
Th5,
pL+p>1295, ZOEE
Y1 + y2 — E[max(Y3, Y2)]

= (p1 +p2 — ) min(z1,1,212) + (1 — p1) min(zo,1, 21,2) + (1 — p2) min(z1,1, 20,2).

Th5,

4. F&o

AFXTIE, n=1,2 D& SITE_FEFRBREORRNIEFREEOHRHEN, TDNITA—REMo>THEILL %
G AL R — A BRSO K> THIA SN B Z &R U7, DKL %57 1 F 7 I3E AR~
MVOELD 5 2 EAREBOUSIZER U, ORI EH > T max OMEIZET 2 REREERT 25 TH
%, NAHIZDWT Lemma7? LHERV I AT THEZ L 2tHTEZ LT, HAROKRTHIMN, NV X—A 1
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A D max DIFEIZIFRETE /2, TONIV X — o BIERERS - B _HERBRETH I 6. TO ERIEE
“HEFERO I IATORAKMETH D, (ZHED/AI WV EFIEFHEERY,) FRHE LT Pr(max(X) > z) O
D ERERD DI TIEZR,

n>3IZDOVWTIE, SBOBETH LN, FURTHHBHLTWASZ ik, AU XS RERz2iT5 &NV X—1 By
ADOWRDOHFVAILR>TUESHELH - T, FE_HARIFTAZWNEL LSS EL LRZ2LBZILENT
ETVRY, BMIZBW EROBRAEREMSRWEZT RO, CARIZHEHESTHZDO LI BRHMBEOR W R
ERETERVORIEDOD 54\, max IZFESTEHIVK D LDDT 2 DDEEE2FRMEHAT 22 L l07T
Ta—F L LTHEZILND,
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